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Preface 


Chapter | describes basic concepts of the theory of ordinary differential equations. 
Namely, solutions to ODEs, a notion of extended phase space, orbit (phase trajec- 
tory), motion, cascades and flows, trajectory, wandering point, w(@)-limiting point, 
attractors and repellers are defined, among others. Picard’s and Peano’s theorems are 
introduced. Furthermore, global existence and uniqueness of solutions are defined 
and proved, and examples illustrating the introduced definitions are added. 

Chapter 2 deals with ODEs of the first order. First, a general introduction to 
nonlinear ODEs is given, and a few illustrative examples are provided. Definitions 
and examples regarding separable homogenous and linear, as well as the exact and 
implicit differential equations are given. 

Chapter 3 is concerned with second-order ODEs. Firstly, we begin with linear 
homogenous ODEs with time-dependent coefficients, and four illustrative examples 
are added. Then the hyper-geometric (Gauss) equation, Legendre equation and 
Bessel equation supplemented by examples are studied. Particular attention is paid 
to ODEs with periodic coefficients including the Hill equation, Meissner equation, 
Ince—Strutt and Kotowski diagrams. In addition, modelling of a generalized para- 
metric oscillator using the nonlinear Milne—Pinney equation is carried out. Then 
ODEs with constant coefficients are briefly revisited. 

Variational Hamiltonian principle, exhibiting physical aspects of a studied 
dynamical system, is applied to derive the Lagrange equations. Next, in Sect. 3.4, 
a reduction of the second-order ODEs to that of the first order is presented. Then, 
the canonical (Jacobi) form after application of a dual (Legendre) transformation 
is derived and discussed. Both Lagrangian and Hamiltonian functions, and their 
mutual relationships are presented including the illustrative geometric interpreta- 
tion. Canonical transformations, Poisson brackets, as well as generating functions 
are described in Sect.3.5, and two illustrative examples are provided (Sect. 3.6). 
Section 3.7 deals with normal forms of Hamiltonian systems. Furthermore, it is 
shown how to solve the Hamiltonian equations with damping terms. Problems 
related to Riemannian formulation of dynamics and chaos exhibited by Hamiltonian 
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systems using the example of a swinging pendulum are described in Sect. 3.8. The 
Jacobi—Levi—Civita (JLC) equation is derived governing the evolution of geodesic 
separation. The original 2-DOF system oscillations have been reduced to consid- 
eration of one second-order homogenous ODE with time-dependent coefficient. 
Numerical results including the quasi-periodic and chaotic dynamics are reported. 
Next, the so far applied geometric analysis has been extended to study double pendu- 
lum dynamics. In particular, a connection between the JLC equation and the tangent 
dynamics equation is illustrated allowing us to define the Lyapunov exponents via 
the Riemannian geometry approach. This qualitatively different explanation and 
interpretation of chaotic dynamics as a parametric instability of geodesics has been 
illustratively supported by numerical results. Section 3.10 is devoted to a study of 
the linear second-order ODEs with constant coefficients presented in a matrix form. 
Both conservative and non-conservative non-autonomous systems are analysed and 
important question regarding their decoupling is rigorously considered. Then, a few 
problems of modal analysis and identification are addressed. 

Chapter 4 is devoted to linear ODEs. Firstly, we show how a single nth order 
ODE is reduced to first-order ODEs. Then, normal and symmetric forms of ODEs 
are defined, and five illustrative examples are added. In Sect.4.3 local solutions 
behaviour regarding the existence, extension and straightness are described. Classi- 
cal theorems are formulated including a few well-known proofs. First-order linear 
ODEs with variable coefficients are studied in Sect. 4.4. It contains some classical 
theorems with their proofs, fundamental matrix of solutions, homogenous and non- 
homogenous differential equations and numerous examples. Particular attention is 
paid to homogenous and non-homogenous ODEs with periodic coefficients, the 
Floquet theory, characteristic multipliers and exponents structure of solutions, etc. 

Chapter 5 focuses on higher order ODEs of a polynomial form. First, the 
Peano and Cauchy-—Picard theorems are revisited. Second, a linear homogenous 
nth order equation is studied. Third, it is shown how an nth order differential 
equation is reduced to the nth order algebraic equation. Distinct and multiple 
roots of characteristic equation are discussed. This chapter includes also numerous 
examples. 

Chapter 6 describes systems. It includes the system definition, as well as the 
asymptotic relations between Newton’s and Einstein’s theory, classical mechanics 
and quantum mechanics, and others. 

Theory and criteria for similarity are introduced and discussed in Chap. 7. 
Geometrical, kinematic and dynamic similarities are illustrated. Three different 
approaches of obtaining similarity criteria are outlined. Several examples serving 
as a guide for intuition and physical interpretations are given. 

Chapter 8 is devoted to a model definition and modelling. After an introduc- 
tory Sect. 8.1, the mathematical modelling characterized by interdisciplinary and 
universal features is described (Sect. 8.2). Section 8.3 focuses on the modelling 
in mechanics, whereas the next section deals with general characteristics of 
mathematical modelling. Modelling approaches applied in a control are described 
in Sect. 8.5. Ordinary, adaptive and distributed control systems are discussed, and 


Preface Vii 


associated block diagrams are given. The mechanical engineering oriented results 
of control systems and their block diagrams are reported and discussed. 

Chapter 9 deals with a phase plane and phase space based on the first-order 
ODEs. First, a general introduction of the phase plane concept is given in Sect. 9.1. 
Singular points are studied in Sect. 9.2, where also a classification of phase portraits 
is given. Section 9.3 yields the classification of singular points with a use of 
“Mathematica”. An analysis of singular points governed by the three first-order 
ODEs is carried out in Sect.9.4, and analytical and numerical solutions of phase 
space trajectories in the neighbourhood of singular points are derived. 

Problems of stability are studied in Chap. 10. Introductory Sect. 10.1 gives a few 
classical stability definitions of Lyapunov, Lagrange, exponential, conditional and 
technical stability. 

In addition, the limiting sets, attractors and repellers are also defined. Finally, 
a concept of Zhukovskiy’s stability is illustrated and its impact on the stability 
of quasi-periodic and chaotic orbits is discussed. Lyapunov functions and second 
Lyapunov methods are discussed in Sect. 10.2, where also the so-called first and 
second Lyapunov theorems of stability/instability are formulated. Then a few other 
theorems are introduced including these of Chetayev and Barbashin—Krasovski, and 
two illustrative examples are added as well. Section 10.3 deals with the classical 
theories of stability and their impact on chaotic dynamics. 

Chapter 11 is focused on modelling via perturbation methods. First section 
describes advantages and disadvantages of asymptotic methods. Section 11.2 
presents some perturbation techniques including the Krylov method and Krylov— 
Bogolubov—Mitropolskiy method applied to autonomous and non-autonomous 
oscillators. In the latter case resonance and non-resonance oscillations are studied. 

Continualization and discretization approaches are described in Chap. 12. Intro- 
duction is followed by a study of the 1D chain of coupled oscillators, which is 
then converted to a PDE governing propagation of waves (Sect. 12.2). The approach 
is extended to a model of planar hexagonal net of coupled oscillators (Sect. 12.3). 
The discretization approach is briefly commented on the basis of vibrations of 
a nonlinear shell with imperfections (Sect. 12.4). Finally, the modelling of 2D- 
structures governed by the amplitude equation is presented, and the latter equation 
is studied using a perturbation method. 

Bifurcation phenomena are the subject of Chap. 13. Introductory Sect. 13.1 
presents a relation between bifurcations and ODEs, stable and unstable manifolds, 
global and local bifurcation diagrams, as well as the classification of isolated 
solutions. Singular points of 1D and 2D vector fields are illustrated and analysed 
in Sect. 13.2. Examples taken from mechanics are given. Local bifurcations of 
hyperbolic and non-hyperbolic fixed points are studied, and next the double Hopf 
bifurcation is addressed. Section 13.3 deals with fixed points of maps and the 
associated bifurcations. Continuation (path following) approach using either the 
Galerkin approximation or shooting method is described in Sect. 13.4. An illus- 
trative example from biomechanics is added. The next section aims at illustrating 
basic features of global bifurcations. Section 13.6 copes with bifurcations exhibited 
by piece-wise smooth dynamical systems. First, their importance is described and 
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then stability of discontinuous systems useful for numerical applications is given. In 
the next section orbits exhibiting a degenerated contact with discontinuity surfaces, 
bifurcations in Filippov’s systems, bifurcations of stationary points and periodic 
orbits are analysed. 

The optimization of systems is a subject of Chap. 14. Firstly, historical roots 
are briefly revisited and variational principles are mentioned. Secondly, simple 
examples of optimization are reported (Sect. 14.2). Thirdly, conditional extremes are 
defined (Sect. 14.3), and then static optimization problems are revisited (Sect. 14.4), 
including local function approximation and definition of stationary points and 
quadratic forms. In the fourth place, Sect. 14.5 addresses problems associated 
with convexity of the sets of functions with a few definitions and theorems. 
Next, optimization without constraints and with conditions of local optimality 
is given in Sect. 14.6. Subsequently, optimality conditions regarding quadratic 
forms are presented in Sect. 14.7, whereas Sect. 14.8 deals with the equivalence 
constraints. Afterward, both Lagrange function and Lagrange multipliers, including 
their geometrical interpretations, are discussed in Sect. 14.9. Then, constraints of 
inequivalent types are described in Sect. 14.10. Finally, the shock work optimization 
is discussed in Sect. 14.11. 

Chapter 15 describes phenomena of chaos and synchronization. Introductory 
Sect. 15.1 deals with a historical background and intuitive understanding of chaos 
and synchronization occurring in Nature as well as in pure and applied sciences. 
Modelling and identification of chaos is presented in Sect. 15.2, whereas Sect. 15.3 
describes the role of Lyapunov exponents and their geometrical interpretation in 
quantifying chaotic orbits. Then, a frequency spectrum and autocorrelation function 
are described in Sects. 15.4 and 15.5, respectively. Modelling of nonlinear discrete 
systems with an emphasis on the chaotic dynamics is addressed in Sect. 15.6. 
It consists of an introduction, Bernoulli map, logistic map, map of a circle into 
circle, devil’s stairs, Farey tree, Fibonacci numbers, Henon map and Ikeda map. 
Section 15.7 focuses on modelling chaotic ODEs and it includes a study of non- 
autonomous oscillator with different potentials, Melnikov’s function approach, 
externally driven van der Pol’s oscillator, Lorenz ODEs and their derivation. The 
synchronization phenomena of a mechanical system consisting of coupled triple 
pendulums with time-periodic mass distributions are analysed in Sect. 15.8, where 
many different kinds of synchrony as well as rich nonlinear dynamical effects 
including synchronization between chaotic as well as chaotic and regular dynamics 
have been numerically reported. 

Finally, in Sect. 15.9 chaotic vibrations of flexible spherical rectangular shells 
loaded harmonically via the boundary conditions are investigated. In the first part 
one-layer shell made from an isotropic and homogeneous material is studied. The 
second part addresses nonlinear dynamics of multi-layer shells, taking into account 
gaps between the layers (design nonlinearity). Phase portraits, Fourier power spectra 
and wavelet spectra are constructed and investigated. Analysis of the shell curvature 
and shell design nonlinearity on the synchronization phenomena is carried out using 
also the phase difference as a new characteristic for monitoring and quantifying 
nonlinear vibrations. 
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Chapter 1 
Introduction 


In this book we consider only processes, which future configurations are completely 
defined by their initial states, i.e. the so-called evolutionary deterministic processes. 
Since this chapter deals with basic concepts of theory of ordinary differential 
equations, the reader is encouraged to be familiar with the monographs [10, 11, 
54, 63, 70, 84, 103, 105, 111, 114, 122, 193,216, 217, 236, 257]. 

A solution x = g(t) to the system of ordinary differential equations 


Xt = F(t,x), (1.1) 


where x = (xX ,,...,X,) and F = (F),...,F,), is the function g(t), which 
substituted into (1.1) satisfies it identically. We have assumed that F),..., F, are 
C’(r => 1) smooth functions. 

The representation of g(t) in the space IR"*! of the variables (t, x) is called the 
integral curve of (1.1). 

The solutions of (1.1) have the following properties: 


(i) If x = ¢(f) is a solution to (1.1) then also x = g(t + fo) is a solution to (1.1). 
Both of them correspond to the same initial point x9 but for different time 
instant. 

(ii) Let the solution satisfy the initial condition x9 = g(to). Then it can be written 
in the form x = g(t — to, Xo), where g(0, x9) = Xo, t = fo. 

(iii) The following group property is satisfied: 


P(t2, P(t, Xo)) = O(ti + fo, Xo). (1.2) 


There exist two geometrical representations of a solution to (1.1). Let Dc R*"*! 
denote the so-called extended phase space D = D x R!. Changing the parameter t 
(time) we get points in phase space D for different values of the parameter f. 
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When only smooth systems are considered, a velocity vector F(t, x) is tangent 
to the phase trajectory at a given point xo, and there is only one trajectory passing 
through such an arbitrary point (this question will be clarified in more detail later). 
The phase curves are also called phase trajectories. 

As it has been mentioned earlier, the space D contains integral curves. Their 
projection into the phase space D are phase trajectories or singular points (equili- 
brium states). If a non-singular trajectory corresponds to a solution g(t) of (1.1), 
and y(t) = @(t2) for t; # ty, then g(t) is defined for all ¢ and is periodic. 

However, there are trajectories having no points of self-intersection, i.e. quasi- 
periodic or chaotic orbits. When any two distinct solutions corresponding to the 
same trajectory are identical up to a time shift t + t+4%, all solutions corresponding 
to the same periodic trajectory are periodic with the same period. 

A solution also possesses a mechanical interpretation. Trajectory made by a point 
with an increase of time is called a motion. Sometimes it is useful to consider 
a ‘time-reversed’ system 


x = F(-t,x), (1.3) 


which can be obtained from (1.1), by reversing the direction of each tangent 
vector. Knowing the trajectories of one system we can easily find the corresponding 
trajectories of another system, simply by reversing the direction of the arrowheads. 

Dynamical systems are the systems solution of which can be continued for time 
t € (—oo, oo), and the corresponding trajectories are called the entire trajectories. 

Since in Eq. (1.1) the independent variable x(t) as well as the function F are 
treated as vector functions, one can investigate the system state via its vector state. 
Hence, analysis of the function x, = @;,(xo) with respect to time ¢ and the initial 
condition is referred as system’s dynamics investigation. 

Let Y be the metric space and g, : Y — Y bea family of transformations 
depending on the parameter ¢ in a smooth way. 


Definition 1.1. If Vz € D and t,t* € [0, co], family of transformations satisfies 
the identity 


PilGr* (Z)] = Gr+e* (2), (1.4) 


then the pair (Y, g;) is called dynamical system (with continuous time) or a flow. In 
a case of homeomorphism, when ft € (—oo, +00), we have yg; ! = gy. 


In a case, when time has discrete natural numbers, one obtains the definition of a 
cascade. 


Definition 1.2. The pair (Y, ¢), for natural values of the parameter t, where Y is 
the metric space and g : Y — Y, is called a cascade (or a dynamical system with 
a discrete time). 
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Let g” = pog...og. (Since Vz € Y andn,m = 0,1,2,..., we have 
—S—— 
m-times 
go" 9" (z)] = e"*'"(z)). If we have homeomorphism, i.e. one-to-one continuous 


mappings with continuous inverse, then the above identity is true for all integer 
numbers 7 and m. The definition of cascades is used during analysis of all problems 
related to numerical solutions of the ordinary differential equations. Now we give 
some basic notations and definitions related to either cascades or flows. 

The sequence {x,}t%., is called a trajectory of the point xo, where 
Xn+1 = (xn). There are following distinct trajectories: 


1. When w(xo) = Xo, then xo is called a fixed point (or a periodic point with 
period 1). 

2. When x; = W' (xo), i =0,1,...,k — 1 and x9 = W* (x0), (x1 # x; fori # J), 
then each x; is called a periodic point of period k. 

3. When fork — too, x; # x; fori # j, then a sequence {x,}12& called 
a bi-infinite (or unclosed) trajectory. 


Recall that a set B is called invariant if B = g(t, B) for any t. If x € A, then the 
trajectory g(t, x) € A. 

A point x9 is called a wondering point if there is an open neighbourhood U(xo) 
of xo and T > 0, such that 


U(x0) N v(t, U(xo)) = 9 fort > T. (1.5) 


A set of wondering points W is open and invariant. In contrary, a set of 
non-wondering points M” = D/wW is closed and invariant (equilibrium states 
and periodic trajectories). The points on bi-asymptotic trajectories tending to 
equilibrium states and periodic trajectories as t — +oo are also non-wondering. 


Definition 1.3. A point xo is said to be positive Poisson-stable if for a given any 
neighbourhood U(xo) and any T > 0, there is t > T such that g(t, xo) C U(x). 
If for any T > O there exists ¢ such that tf < —T, then the point x9 is called 
a negative Poisson-stable point. A point is said Poisson-stable (p) if it is positive 
(p*) and negative (p~) Poisson-stable. Note that p*, p~ and p trajectories consist 
of non-wandering points. 


A very important result has been obtained by Birkhoff. 


Theorem 1.1. /f a p(p~, p*)-trajectory is unclosed, then its closure p(p-, p*) 
contains a continuum of unclosed p-trajectories. 


Considering ¢-neighbourhood U,(x9) of a point x9 and denoting by series 
{tn (e)}t& the successive intersection of U, (xq), then values t,(€) = th41(€)—th(€) 
are called the Poincare return times. When the series {t,(€)} is bounded for 
a finite ¢, then the p-trajectory is said to be recurrent. A closure p, corresponding to 
this trajectory, is non-empty, invariant and closed and it creates a so-called minimal 
set. The return time in this case is not constrained. 
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When the series {t,,(¢)} is unbounded, then the closure p of D-trajectory is called 
a quasi-minimal set. In this case the closure may contain other objects, like periodic 
or quasi-periodic trajectories, which can be approached by a flow arbitrarily close. 


Definition 1.4. A point x* is called an w-limit (a-limit) point of the trajectory 
to" (x)} if 


lim g(x) = x*. (1.6) 


tha 


A set of all w-limit (a-limit) points of the trajectory L are denoted by 7 (Az). 


Observe that all of the points of the periodic trajectory L are both a and 
o-limit points and L = Q, = A_. For an unclosed Poisson-stable trajectory 
L=Q L = AL, where L is the closure of L. As it has been stated earlier, L is 
either minimal or quasi-minimal set. 

Owing to the earlier investigations of Poincaré and Bendixon, only three topolo- 
gical cases can be found in two-dimensional (planar) systems: (a) equilibrium; (b) 
periodic orbit; (c) cycles. In the latter case one deals with either w-limit homoclinic 
(one equilibrium state) or heteroclinic (two or more equilibrium states) cycles. 
A similar observation holds for negative semi-trajectories. The planar systems will 
be considered in more detail later. 

Another important feature of the trajectory studies is a topological equivalence. 
Two objects in the phase space are topologically equivalent if there is a homeomor- 
phism mapping the trajectories of one to another object. If the space D is compact 
one (for instance a closed and bounded subset of IR"), then for Vx the set Q(x) is 
non-empty and closed. 


Definition 1.5. A subset J C D is called an invariant set of the cascade (D, ¢) if 
gp) = 1. 


Let us introduce a set of homeomorphism H = {h;} and the metric dist(h;,h2) = 
sup ||2\x — hox||. 
x€G 


Definition 1.6. If the condition h;L = L holds for all homomorphism h;, 
satisfying dist(t;,1) < ¢, where J is the identity homomorphism, then L € G 
is called the special trajectory. 


Closed trajectories are equilibrium states and periodic orbits. 

In the case of cascades, the fixed points, periodic points and w-limit sets are 
invariant. If the mapping ¢ is invertible, then an entire trajectory {g*}, k = 
0,+1,+2,...is also invariant. It can be shown that a sum or a product of invariant 
sets is also an invariant set. 

Finally, let us introduce a definition of an attractor (repiler). 


Definition 1.7. A closed, bounded and invariant set A C D is called attractor of 
the dynamical system (D, y), when it has a neighbourhood U(A) such that for any 
x € U(A) the trajectory {y”(x)} remains in A and tends to A for n — on, i.e. 


ein P((p(t, x), A), A) = 0, (1.7) 
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where 


p(x, A) = inf ||x — xol|. (1.8) 
Xxo€A 


A set of all x for which {g”(x)} tends to A is called the basin of attraction of A. 
A similar like definition can be formulated in a case of the repiler. 


Definition 1.8. A closed, bounded and invariant set R C D is called repiler of the 
dynamical system (D, ¢), if there exists a neighbourhood U(R) of R such that if 
x ¢ Rand x € U(R), then there is n when g* (x) ¢ U(R) fork > n. 


The equilibrium states, periodic and quasi-periodic orbits can be either attractors 
or repilers depending on their stability. The question how to find regular attractors 
or repilers will be addressed later. 


1.1. Existence of a Solution 


It is well known that Eq.(1.1) may have a unique solution on a given interval, 
may have no solution at all, may have infinitely many solutions or may have a 
few distinct solutions. However, finding an analytical solution explicitly to specific 
initial problems governed by (1.1) does not belong to easy tasks. It is important in 
many cases that even if we do not know a solution, we are still interested in getting 
the answer to the following problem: how we may know that a given ODE possesses 
a solution, and if it so, then we would like to know if it is a unique one. 


Theorem 1.2 (Picard’s Theorem). Let a function F(t, x) of (1.1) is continuous on 
the rectangular TI = {(t, x): |t —to| < a,|x —xo| < b,a > 0,b > O} and satisfies 
the Lipschitz conditions uniquely regarding x, i.e. 


| F(t, x1) — F(t, x2)| < L|x; — x2| 


for all t, where |t —to| <a, |x; —Xo| < b, |x2-—Xo| < b. Let M = max |F(t,x)|, 
(t.x)e 


t* = min (a, i): Then the Cauchy problem associated with (1.1) has a unique 
solution in the interval 


|t-—t*|<a,a< min (a, &, +) 


A proof of Theorem 1.2 is given in [191] and it is omitted here. Picard’s theorem 
allows not only to estimate a solution existence of (1.1), but it also guarantees its 
uniqueness. 

In what follows we apply this theorem to find the solution, when we cannot 
find it using elementary approaches. If assumptions of Theorem 1.2 are satisfied, 
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then a solution to (1.1) can be found as a limit of the uniformly convergent series 
lim {x,(¢)} defined by the following recurrent rule 
noo 


t 
Xn41(t) = Xo + i F(y,xn(y))dy, xo(t) =x, n=1,2,... (1.9) 
to 
Furthermore, one may also estimate an error introduced by the N approximation 
{x,(t)} via the following inequality 


L"-! 
= ay (1.10) 


Ix(t) — xn (t)| < 
Example 1.1. Consider the one-dimensional initial value problem 
&=t+x,x(0)= 1. 
Equation (1.9) takes the form 
t 
snail) =1+ [+ x0)dy. 
0 


n =0,1,2,...,xo(t) = 1. 


We substitute successively n = 0,1,2,... to equation in the above to get 
Xo(t) = 1; 
t 
12 
n= 1+ ft Day = 14045: 
0 
t 
a ae 
wal | (yr lt ye dy=1+t+t © ae 
! 
t 
ee a 2... OE t+ 
n=1+f (ytityty +O )ayat4ets Te T 
r 3 Qyr-l n 
x= 1+ | yey + foe ea dy 
3 (n—1)! an! 
Siepattn a. yo peti 
7 3! ni (n+1)! 
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Final result can be presented in its equivalent form 


n 


tk tktl 
n(t) =2 — + —— -?t-] 
*n(t) Lat &a0) 


The solution to our problem follows 


CO Lk 
. t £ 
x(t) = dim xn (1) = Um —t-—1=2e-t-1. 


oO 


Example 1.2. Apply the method of successive approximations to the following 
Cauchy problem: ao = t—x?, x(0) = 0 defined on the rectangular |t| < 1, |x| < 1. 
Estimate an interval of the successive approximations convergence guaranteed by 
the Picard’s theorem as well as an error between the exact solution and its second- 
order approximation. 


Observe that the function F(t,x) = t — x? is continuously differentiable 
regarding x, and dF = —2x. Function F satisfies the Lipschitz condition with 


L = max || = 2. Since 


M= max |F(t,x)|= max |t—x?|=2, 


|t|S1;|x|<1 |tl<b|x|<1 


Therefore, the Picard’s approximation is convergent in the interval [-5. ve 
Successive approximations obey the following rule 


t 
xn4ilt) : [(y —xn(y)dy, 2 = 0,1,2,..., 
0 
and hence 


t 
n=0: x(t) = f(y —O)dy = §; 
0 


2 2 2 5 
(»- (4) )= 4-5 


n=1:x(t)= 


OM 


Equation (1.10) takes the form 


ML! 071 
k®-mOl = =H = (5) = 


Nie 
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Example 1.3. Show that the so-called Riccati equation 


e =a(t)x? + b(t)x + c(t) = F(t, x), 


where a(t), b(t) and c(t) are continuous functions, cannot have a singular solution. 


Function F(t,x) is continuously differentiable with respect to x, and 
ae : 2ax + b is bounded in an arbitrary rectangular 


TI = {(t, x) € R?; |t — to| < a, |x — xo| < dD}. 


Function F (t,x) satisfies the Lipschitz condition in the rectangular I] with 
respect to x, and hence it satisfies the Picard’s assumptions. The studied equation 
does not have singular solutions. Oo 

In the given below Peano theorem one may guarantee existence of a solution but 
its uniqueness is not defined. 


Theorem 1.3 (Peano’s Theorem). Let function F(t, x) of (1.1) is continuous on 
the rectangular 


TI = {(t, x): t € [to, to + a], |x — xo| < 5}, 


where sup |F(t,x)| = M. Then the Couchy problem regarding (1.1) has a 
(t,.x)ETl 


solution in the interval [to, t) + a], where a = min (a, 7). 
Example 1.4. Find singular solutions to the equation oe =1+ 3 (x —t) 3, 


Let us introduce the new variable x — t = y, and the problem boils down to 
investigation of the following equation y = 3 y3. For y = 0 the last equation 
does not satisfy the Lipschitz conditions, i.e. assumption of the Picard’s theorem 
are not satisfied, although the Peano theorem assumptions are satisfied. The studied 


equation can be solved by the following steps. 
fy fdy =3 fat yi =O-OC) y =(VE- 0). 


Initial condition y(to) = 0 is satisfied by y = (./f — f)° and by y = O. Therefore, 
y = Ois a singular solution to equation ay = ys, and the function x = ¢ isa 
singular solution to the initial equation. The remaining solutions are defined by the 
formula x =f + (t—C)?. Oo 

In general, if the function F(t, x) satisfies the Picard’s theorem on the closed 
rectangle II, then its any solution x = x(t), x(%) = Xo, (to,X0) € TI can be 
extended outside the rectangle. Furthermore, if the function F(t, x) ina slab a, < 
t < @, |x| < co (a; > —00, a2 < +00) is continuous and satisfies the inequality 
|F(t,x)| < a(t)|x| + b(t), where a(t), b(t) are continuous functions, then any 
solution of Eq. (1.1) can be extended in the interval a; < ft < dp. 
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Theorem 1.4 (Global Existence of Solutions). Let F be a vector-valued function 
of n+ 1 real variables, and let I be an open interval containing t = to. If F(t, x) is 
continuous and satisfies the Lipschitz condition for all t in I and for all x;, x2. € R", 
then the initial value problem x (to) = Xo has a solution in the entire interval I. 


Proof ([{84]). In what follows we demonstrate that the series {x,, (¢)}§° of successive 
approximation 


t 
X(to) = X0, Xn41 = X0 + f Fxn(s), sds 
0 


converges to a solution x(t) of a = F(t, x), x(to) = Xo. Oo 


We take f) = 0 and consider t > 0. We show that if [0,¢*] is a closed and 
bounded interval of 7, then {x,,(t)} converges uniformly on [0, ¢*] to a limit x(f). 
In other words, given ¢ > 0, there is an integer N such that 


|Xn(t) =x{7)| <6, 
for alln > N and allt € [0,t*]. Let M = max|F (xo, t)| fort € [0,¢*], then 


t t 


x(t) — x0(0)| = i F(x0(s),)ds| < | [F(eo(s),9)lds < Mt, 


0 0 


and similarly 


[x2(t) -— 1 (| = [lFe00).s)- F(xo(s),s)]ds| < mf |x1(s) — xo(s)|ds 
0 0 


and therefore 


t 
1 
|x2(t) — x1 (t)| < m [ Meas = 5M’. 
0 


Assuming that 


ee ee 
m ni! 


it follows (using induction) 


benes(t)—xalt] = | [LF C%n(8)-8)-F%na(5).s)}ds] mf onl) =m) 
0 0 
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and finally 


_M (mty" ey ee 
m (n+1)! ae ty 


t 
M (ms)" 
[Xn41(t) — Xn(t)| < mf ds 
m n! 
0 
It means that the terms of the series 


x(t) + ) [en (t) — xn-1 0] 


n=1 


are dominated in the convergent series with positive constants. Since the sequence 
of this uniformly convergent series on [0, t*] is the original sequence {x,(t)}9°, then 
its uniform convergence has been proved. Standard theorems of advanced calculus 
yield the following conclusions: 


(i) The limit function x(t) is continuous on [0, ¢*]. 
(ii) The Lipschitz continuity of F gives the estimation 


IFQn(t).1) — F(x), 0)| < mlxn(t) — x()| < me 


fort € [0,¢*] andn > N; it means that the sequence { F(x, (t), )}§° converges 
uniformly to F(x(t),t) on [0, ¢*]. 
(iii) It follows that 


t 


t 
x(t)= lim Xn+1(t) = Xo+ lim [ Fes6).syds=xo+ [tim FC (6).s)as 
0 0 


t 


rot f FlxG).s)ds. 


0 


(iv) Since x(t) is continuous on [0, t*], then the latter results imply that dx/dt = 
F (x(t), t) on [0, t*]. Because this is true on every closed subinterval of 7, then 
it is true on the entire J. 


Theorem 1.5 (Global Existence of a Solution of Linear Systems). Let then x n 
matrix-valued function A(t) and the vector-valued function f(t) are continuous on 
the open interval I containing t = to. Then the Cauchy problem 


“ =A)x + f(O, xt) = x0 


has a solution on the entire interval I. 
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Proof. We need to show that for each closed and bounded subinterval of J there is 
a Lipschitz constant L such that 


I[A@)x1 + f()] — [AM x2 + fM]| < Llxi — xl. 
It means that 


|A(e)x| < L|x| = [|All - |x1, 


n 
where ||A|| = >> (ai;)*. Further, it means that L = ||A||, and because A(t) is 
i j=l 
continuous on the closed and bounded subinterval J, then its norm || A|| is bounded 
on the considered subinterval. The global existence theorem for linear system has 
been proved. Oo 


In the case of nonlinear ordinary differential equations a solution may exist only 
on a small neighbourhood of t = fo, and the length of existence interval can depend 
on a nonlinear differential equation and on the initial condition x (fo) = xo. 

If F(t, x) of (1.1) is continuously differentiable in vicinity of the point (xo, fo) 
in (n + 1)-dimensional space, then it can be concluded that F(x,t) satisfies the 
Lipschitz condition on a rectangle IT centered at (xo, to) of the form |t — fo| < a, 
|x; — Xo;| < B;,i = 1,...,n. If one applies the Lipschitz condition 


t 
Xn+1(t) = Xo + / F (xn(s)s)ds, 
to 
then the point (x, (¢), ¢) lies in the rectangle IT only for a suitable choice of f. 


Theorem 1.6 (Local Solutions Existence). /f the first-order partial derivatives of 
F in (1.1) all exist and are continuous in a neighbourhood of the point (Xo, to), then 
the Cauchy problem (1.1) has a solution on some open interval containing t = to. 


However, if the Lipschitz condition is satisfied, then an investigated solution is 
in addition unique. 


Theorem 1.7 (Uniqueness). Let on some region Q in (n + 1)-space the function 
F (x,t) in (1.1) is continuous and satisfies the Lipschitz condition 


|F(x1,t) — F(x2,t)| < L(x — x2). 


If x\(t) and x2(t) are solutions to the Cauchy problem (1.1) on some open interval 
I, where t = to € I such that the solution curves (x,(t), t) and (x2(t),t) lie in O 
for allt in I, then x\(t) = x2(t) for allt in I. 


Proof. We consider only 1D case, where x is real and we follow the steps given 
in [191]. 
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Consider the function 
O(t) = [a() — 2(P, 
where x1 (fo) = x2(to) = Xo, Le. b(to) = 0. 
Differentiating equation in the above one gets 


lb(t)| = [201 x2) — 2) = [201 22) F 1, 1) F(2. d))| S 2L [1 —x2/? = 2L (0). 


On the other hand a solution to the differential equation 
P(t) =2L¢e(t), P(t) = go 
is as follows 


(1) = gre"), 


For (to) = 9 (to) it yields 


H(t) < GC) for t > to. 
Therefore 
0 < (x(t) — x(t)” < (1 (to) — x2(to) 7 ™, 
and taking into account square roots we finally obtain 


0 < |xi(t) — x2(t)| < |x1(to) — x2(to) eX". 


Because x; (to) — X2(to) = 0, then x; (t) = x(t). oO 


The carried out so far proof allows to illustrate how solutions of (1.1) depend 
continuously on the initial value x(fo). Namely, if we take |x1 (fo) — x2(to)| < 46, 
then the last inequality implies that 


|x] (t) = x2(t)| < beL(t*—t0) =F, 


for all 9 < t < t*. The Cauchy problems are said to be well posed as mathematical 
model for real-world processes if the considered differential equation has unique 
solutions that are continuous with respect to initial values. 

As we will see further, through a point (¢9, x9) may pass only one integral curve 
of Eq. (1.1) satisfying a given initial condition, which in many cases corresponds to 
a proper modelling of real-world processes. However, more archetypical questions 
are valid before starting to solve a given differential equation. The so far discussed 
theorems allow to verify if a solution actually exists, and if it is unique. 

As it will be shown further, one may deal with (a) failure of existence; (b) failure 
of uniqueness; (c) one, a few or infinitely many solutions. 


Chapter 2 
First-Order ODEs 


Modelling of various problems in engineering, physics, chemistry, biology and 
economics allows formulating of differential equations, where a being searched 
function is expressed via its time changes (velocities). One of the simplest example 
is that given by a first-order ODE of the form 


dy _ 
“a F(y), (2.1) 


where F(t) is a known function, and we are looking for y(t). Here by tf we denote 
time. In general, any given differential equation has infinitely many solutions. 
In order to choose from infinite solutions those corresponding to a studied real 
process, one should attach initial conditions of the form y(to) = yo. 

In general, there is no direct rule/recipe for construction of an ODE. Let y = y(t) 
be a dependence between ¢ and y of the investigated process. We are going to 
monitor the difference y(t + At) — y(t) caused by the disturbance At. Then, if 
we take 


ae re y(t + At)— y(t) 
~ dt Aro At : 


we obtain a differential equation, i.e. dependence of the process velocity in the point 
t governed by the function F(y). 

There are also cases where a function y(t) appears under an integral and the 
obtained equation is called the integral equation, which in simple cases can be 
transformed to a differential equation. 
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14 2 First-Order ODEs 
2.1 General Introduction 


A differential equation of the form 


dy\ _ 
f (r». *) =0 (2.2) 


is called the first-order ordinary differential equation, where ¢ is the independent 
variable (here referred to time, but in general it can be taken as a space variable x), 
and y(t) is the unknown function to be determined. Observe that Eq. (2.2) is not 
solved with respect to its derivative dy /dt. In many cases, however, one deals with 
the following differential equation 


dy 

—= f(t, y), 2.3 

Free bee (2.3) 
which is called the first-order ODE solved with respect to the derivative. Alternati- 
vely, one may deal often with the following form of first-order ODE 


P(t, y)dt + O(t, y)dy = 0, (2.4) 


where P, QO are given functions. 
We say that y = ¢(¢) is a solution to either (2.2) or (2.3) in an interval J, if 


dp(t)\ _ 
f (:.000. <n) = 0, (2.5) 
or 
dg(t) _ 
<= fo). (2.6) 
forallt € J. 


One may also find a solution to Eq. (2.2) in the implicit form g(t, @(t)), where 
o(t) = y is a solution to Eq. (2.2). Solution in the form of g(t, #(f)) is also referred 
to as the integral of Eq. (2.2). 

A graph of solution y = ¢(t) of Eq. (2.2) is called the integral curve of the 
studied differential equation. Projection of the solution graph onto the plane (f, y) 
is called the phase curve (or trajectory) of the investigated first-order ODE. 

A problem related to finding a solution y = ¢(f) satisfying the initial condition 
y(to) = yo is called the Cauchy problem. 

If we take a point (t, y) fort € J, then a tangent line passing through this point 
creates with the axis ¢ an angle a, then tanw = f(t, y). A family of all tangent 
lines defines a direction field for the studied differential equation. If we draw a short 
line segment possessing the slope f(t, y) through each of representative collection 
of points (¢, y), then all line segments constitute a slope field for the investigated 
ODE. 
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A curve constituting of points with the same slope field is called the isocline. 
In other words all integral curves passing through an isocline intersect the axis ¢ 
with the same angle. 


Example 2.1]. Prove that the function y = @(f) given in the parametric form t = 
xe*, y =e ™ satisfies the following differential equation 


dy 2 
1 — = 0. 
( tty) a re 0 


We have 
dy dy dx 
1 ty) —— a 1 a? 2 pe a —2x 
ee ee) ene) re 
1 
= —(1+ x)e* -—__+e* =0, 
( ) (1 + x)e* 
which proves that (t) satisfies the studied equation. Oo 


Example 2.2. Construct a differential equation of a family of ellipses of the 
following canonical form 


where 0 < b <a. 
Acting by d/dx on both sides of this algebraic equation yields 


dy 
x Via 


a2 Bb ss 


Solving both equations we get 


oO 


Example 2.3. Construct a differential equation of the force lines of a dipole 
constituted by two electric charges (+q, —q) located on the distance 2a, where the 
force lines satisfy the Coulomb algebraic equation of the form 


x+a x-a 


r| r2 


where: r? = (x +a)? +y?, rj =(x—a)*+y”’. 
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A differentiation of the algebraic equation yields 


ri —(x +a) ro — (x —a) #2 =, 
fe - a ~ 
and also 
dry xtaty? dry x-a+y 
dx r dx 12 


Oo 


Example 2.4. How many solutions of the equation (x — 12 + y = 0 defines the 
relation 


yx-N=C, 


for each fixed C ¢€ KR. Find the solutions associated with the initial conditions 
y(0) = 0, y(0) = —-1, y(2) = 1. Define intervals of solution existence as well 
as the corresponding integral and phase curves. 


First we verify that p(x) = & satisfies the given differential equation. We have 
gi(x) = — with x € (C, +00) and g2(x) = — with x € (1, +00). 

The initial condition y(0) = 0 is satisfied by the solution y = 0. Its integral 
curve corresponds to the axis of abscissa, whereas its phase corresponds to a 
projection of the integral curve into the axis of ordinates, i.e. the point y = 0. 

In the case of y(0) = —1 we find that C = 1. It means that the integral curve of 
this solution corresponds the hyperbola branch y(x — 1) = 1 for x € (—oo, 1). The 
phase curve of this solution is the ray y < 0. 

Finally, in the case y(2) = 1 we obtain C = 1. Integral curve of the solution 
y= + is the hyperbola y(x — 1) = 1 branch, where x € (1, +00) phase curve is 


the ray y > 0. oO 


2.2 Separable Equation 


The first-order differential equation of the form 


® = fg) 2.7) 
Xx 


is called a separable differential equation. 
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If g(Co) = 0 in the point y = Co, then the function y = Cp is the solution to 
Eq. (2.7). If g(y) ¥ 0, then the following relation is obtained 


[3 - f feoax =. (2.8) 


Theorem 2.1. Let the function f(x) and g(x) are continuously differentiable in 
the vicinity of points x = Xo, y = Yo respectively, where g(yo) 4 0. Therefore, 
there is a unique solution y = (x) of Eq. (2.7) with the attached initial condition 
(Xo) = Yo in the vicinity of the point x = xo, satisfying the relationship 


G(x) d x 
| ca a / F(x)dx 
g(y) 
yO xo 
If we have the equation 
d 
@ = flax t by +e), (2.9) 
dx 


then introducing a new variable 


z=ax+by+t+ce, (2.10) 
we get 

dz 

— = bf(z) +a, (2.11) 

dx 


i.e. the problem is reduced to Eq. (2.7). 
One may use the following physical interpretation of the differential equation 


& = f0). (2.12) 
x 

Let us attach to each point y a vector of the length | f(y)|, which direction is 
defined by the axis Oy providing that f(y) > 0. Therefore, a set of all vectors 
defines a vector field. The points f(y) = 0 are called singular points of the vector 
field (or its equilibrium positions in the case when we deal with time). Having drawn 
the vector field of the given Eq. (2.12) one may draw schematically the integral 
curves. 


Example 2.5. Find a solution of the following differential equation 


d 
x+y) + yd +x) =0, 


We transform the studied equation to the form 


xdx ydy 
=21InC 
pee bee : 


and hence after integration we get 


In(1 + x?) +In(1 + y?) =InC, 


which means that 


(+x) +y7) =C. 


Example 2.6. Solve the following ODE 


dy 
—-+y=2x+1. 
dx 
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In order to transform the given ODE into that of separable variables we introduce 


the following new variable 


y—2x-1=z, 
and hence 

ree 

Pras ee 


Separating variables and integrating we get 
d 
i : + / dx =0, 
z+2 


Injz+2)/+x=InC, |z+2|= Ce”, 


which means that 


Co > 0. 


Observe that z = —2 satisfies the studied equation directly, and therefore, all its 


solutions are given by the following formula 
z=—2+Ce*, CER, 


and finally we get 


y =2x-14+Ce™. 
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In what follows we proceed with a few examples of real-world applications. 


Example 2.7. A particle of mass m is subjected to action of a constant force, and 
it moves with the constant acceleration a. The viscous damping of the surrounding 
medium is c. Find the particle velocity providing that v(0) = 0. 


The second Newton law gives 


dv(t) _ ma— cv(t) 


dt m 
or equivalently 
dv c Eo 
—_— =-——Vt+a. 
dt m 


The trivial (time independent solution) is 
m 
v(t) = —a, 
c 
and hence all solutions are given by the formula 
m c 
v(t) = —a+ Cea! 
c 
The initial condition allows to find C = —"a, and finally 
v(t) = i (1 - enn) ; 
Cc 
which means also that 
lim v(t) = ma. 
too Cc 


oO 


Example 2.8. A meteorite of mass M starts to move from its rest position into the 
Earth centre linearly from the height (Fig. 2.1). Determine the meteorite velocity, 
when it touches the Earth surface assuming the Earth radius R. 


0. M Earth 
e~. 
ud) 
; x 
Fig. 2.1 Meteorite a ee h > 


movement towards Earth oe 
centre —~ 
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We denote by y = y(t) the meteorite distance from its movement beginning 
point y(0) = 0, and by h — y(t) we denote the meteorite distance from the Earth 
centre in time instant t. The meteorite is subjected to action of two forces: Ma and 
Mg. Owing to the Newton principle we have 


Ma_ Mg 
Re hay) 
and hence 
_ _gR 
hay 
Therefore, 


dv dv dy adv 
—4 . —4 Vv 
at “dy odt. dy 


a= 


and the following governing ODE is obtained 
dv gR? 
v= => 
dy (h—yy 
or equivalently 


Id(v)? _ gR? 
2 dy — (h-y)?” 


Integration of the obtained equation yields 


2gR? 
jee Se Oe 
nay 
Taking into account y(0) = 0, we get C = ae. and finally 
(ee 2gR*y 
h(h—y) 


On the Earth surface y = h — R, and we get 


2eR{1 a 
v= —-— 
& h 


Taking into account that h—>oo, the last formula yields 


v= V2gR. 
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Example 2.9. Two substances A and B undergo a chemical reaction yielding a 
substance C. We assume amount of the C substance by y(t) in the time instant ¢ 
after the reaction, and we denote by w and 6 the amount of substance A and B, in 
the beginning of reaction, respectively. Find ay assuming that the reaction velocity 
is proportional to the product of reacting masses. 


The governing equation is 


dy _ 
Fp 7 Pa — yb -y), p> 9, 


and p is the proportionality coefficient. Separation of the variables yields 


dy dy 


as Gee = —p(B—a)dt. 


After integration one gets 


YD es CGR 


WP 
Taking into account the initial condition y(0) = O we obtain the constant 

C =a/B, ie. 

wo _ o 2 P(B-a)t 

Ee 
or equivalently 

1 — e  P(b-a)yt 
YO) = 0B aa 


Observe that for B > a we have 
lim y(t) =a, 
too 
whereas for 8 < a we obtain 


. . eP(b-a)t en | 
an 0) EOP oper ge 
In the case when a = f the governing equation is 


dy _ 2 
a Pe yy. 
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Separation of the variables of this equation and the integration allows to find the 
following dependence 


= pt+C. 
a—y 


Since y(0) = 0, therefore C = 1/qa. In this case the reaction B governed by the 
equation 


1 
#o=0(1- Topi): 


which for t—>oo yield 


lim y(t) =a. 
too 


2.3 Homogenous Equations 


A function F(x, y) is called homogenous of order k, if for all o > 0 the following 
property holds [208] 


F(ox,oy) = o0* F(x, y) (2.13) 
For instance the functions 


x+y x? + xy 
x-y' y-x 


. Boy Poy (2.14) 


are homogenous of order k = 0, 1, 2,, respectively. 
A differential equation 


& = F(x.) (2.15) 
xX 


is called homogenous, if the function F(x, y) is of order zero. 
Equation 


F,(x, y)dx + Fo(x, y)dy = 0 (2.16) 


is called homogeneous, if the function F;, F) are homogeneous of the same order. 

In the case of a homogeneous equation the introduction of a new variable 
y = zx allows to get en equation with separable variables. One may use also polar 
coordinates (@, gy) and by substitution x = gcos¢, y = @sing again an equation 
with separable variables is obtained. 
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It should be mentioned that the equation 


Oar (ee) 


7 ax + boy + C2 


rz (2.17) 


can also be transformed to a homogeneous equation through the following linear 
transformation 


X=xX+X,y=yot, (2.18) 


where (Xo, Yo) is the point of intersection of straight lines a,x + bjy +c; = 0 and 
a2x + boyy + cp = 0. If the lines do not intersect then a,/b, = az/b2, and in this 
case Eq. (2.17) is transformed to that with separable variables using 


axthyt+tc=X. (2.19) 


The function G(x, y) is called quasi-homogenous of order k, if for certain a and 
B the following relation holds 


G(o°x, oy) = o G(x, y), (2.20) 


for all k > 0. 

Exponents a, 6 are called weights. We say that x(y) has weight a(8), and for 
instance 7x” y> has the weight 2a + 58. 

Differential equation (2.15) is called quasi-homogeneous if the associated func- 
tion F(x, y) is quasi-homogeneous with weights a and 6 of order B — aq, i.e. 
F(o%x, of y) = o8-* F(x, y). 

A quasi-homogeneous differential equation can be reduced to a homogeneous 
one. However, in many practical cases one may use the direct variables change 


B : ‘ : : 
y = zx allowing to get an equation with separable variables. 


Example 2.10. Find a solution of the following ODE 


dy _ xy+ yer 


dx x2 


We introduce the new variable y = zx, and obtain 


dz ¥ wb 
X—+z2=7z+7€e :, 
dx 


or equivalently 


24 


Integration of the last equation yields 
-e:= In|x| —C, 


or equivalently 


e? + In |x| =C. 


Example 2.11. Solve the following equation 


a =2( yt if 
dx “\x+ty—-2})° 


We introduce the following variables 


yt1=Y,x-3=X, 
and we get 


dY 2% ¥7 
dX “(X+Y)? 


Now we introduce the following new variable 
Y =uX, 


and the following ODE is obtained 


du _ Qu 
ayo Aan 


or equivalently 
In |u| + 2arctanu + In|X| = InC, 
which means that 


uX = C exp(—2arctanu). 


In the original variable the solution is 


1 
(y + 1) exp (2aretan” + ) =C. 


x—3 
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Example 2.12. Prove that integral curves of the equation 


[2x(x?-axy+y)—y? Vx? + y2|dx+y[2(x?-axy+y*)+x Vx2 + y2|dy =0 


are closed curves surrounding the coordinates origin for |a| < 2. 


Since the studied equation is homogenous, then we introduce polar coordinates 
to get 


o°[2(1 —asing cos) cosy — sin’ y](cos pdo — a singdg) 
+o°[2 sin g(1 — asing cos ¢) + cos” g](singdo + oe cos dy) = 0 


or equivalently 
2(1—asingcosg)do + osingdg = 0. 
Separating the variables we obtain 


do sin g 


dy = 0, 
re) 2—asin29 - 


and after integration we get 
g 
sinudu 
Ino+ are =Ina, a= @(0), 


—asin2u 
0 


or equivalently 


sin u 


— ———d 
a BOSE —S . 
0 


sinudu 
2—a sin 2u 


g 
If we prove that the function [ is periodic regarding gy with the period 
0 


2x, then 9 = e(¢) for arbitrary Qo > 0 is the 27 periodic function and its integral 
curve is closed. We have 


g+2n 


Qn gt+2n 
sinudu = sinudu a sinudu 
2—asin2u 2—asin2u 2—asin2u 
0 0 


20 


4 20 


) 
=i sinudu / sinudu i / sin(2a + u)du 
2—asin2u 2—asin2u 2—asin2(2n + u) 
0 0 


of 
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uw os 


g g 
=| sindu / sinudu +/ sinudu = sinudu 
2—asin2u 2—asin2u 2—asin2u 2—asin2u 
0 0 0 0 


which proves that 0(¢) = o(g + 27). 
Example 2.13. Solve the following differential equation 


dy _ 4x®—y‘ 
axe Dey 


Let x(y) assign the weight a(f). Then 


4a x6 — o 48 4 4x6 — 4 
F(x,y) = a = oh Z : 


2a4e+B y4y a 2x4y 
This equation is satisfied when 


6a —4a—-B = 48 —4a-B=B-a 
which means that B/a = 3/2. Therefore, it has been proved that the studied 
equation is homogeneous. In order to separate its values, the following variable is 
introduced y = zx 2. We obtain 


ae Oe 2z 
or equivalently 
22d d 
—— *=0, z#41. 
(2+ 4)(-1) x 
Direct integration yields 
lg 

Hog tO el ne: (*) 


In order to verify the obtained result we use the following differentiation 
formulas: 


/ 
Uu 
(nly) == y=s, ual, va2+4. 


2.4 Linear Equations 27 


Since 
, (uy vil =u! 22 +. 4) — 22(2? — 1) 10z 
AG) = (2+4) ~ +42" 
hence 
y’ 10z 


y @+4 (2-1 
Full differentiation of (+) yields 


10zdz 5 
+ —dx =0. 
Pade2=)  e 


Formula (+) yields 
2 
z-l. 
2 a On 
e+4 
Since z* = y?/x?, therefore 
y-x3 ee 
y? + 4x3 


2.4 Linear Equations 


Linear first-order ODE has the following form 


d 
a ay = FS: (2.21) 
x 


There exist three different methods yielding a solution of Eq. (2.21) 


(i) The Lagrange method. This method is based on a constant variation. We 
consider first a homogeneous equation associated with (2.21) of the form 


d 
& + a(x)y =0, (2.22) 
dx 


and its solution is 


y =Cexp |- f acnas| ' (2.23) 
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We are looking for solution to Eq. (2.21) by variation of the constant C = 
C(x), namely 


y = C(x) exp |- f acnas| . (2.24) 
Substituting (2.24) to (2.21) we obtain 
aC) = f(x) exp || a(xds| : (2.25) 
dx 
and hence 
C(x) =C+ / EG exp | a(syds|| dx, (2.26) 


where C is the arbitrary constant. 
Finally, substitution of (2.26) into (2.24) yields 


y =exp |- [aces jc + | [sore ([aax) |] . (2.27) 


Any solution passing through the point (xo, yo) can be written in the 
following form 


x u 


y = exp = f a@az vo+ f foo exp [coax du 


xo x0 


(ii) The Bernoulli method. We are looking for a solution of (2.21) in the following 
form 


y = u(x)v(x). (2.29) 


Substitution of (2.29) to (2.21) gives 


d d 
oe tu +a(x)uv = f(x). (2.30) 
dx dx 
If we take u(x) as the solution of equation 
du 
—+a(x)u=0, (2.31) 
dx 


then 


u(x) = exp |- f acoas| : (2.32) 


29 
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Substituting (2.32) into (2.30) gives 


exp |- f acnas| “ = f(x), (2.33) 
(2.34) 


and therefore 


v(x) =C+ / F(x) exp | [ acoas| dx, 


where C is a constant. 

(iii) The method of an integrating multiplier. We multiply both parts of Eq. (2.21) 
by exp (f a(x)dx), and we get 

d 

ax |? oP a(x)dx } | = f(x) exp a(x)dx (2.35) 


or equivalently 
y = exp (- [ acoar) E + / F(x) exp ([ acar) as| (2.36) 


Equation of the form 
dy 
Ay) + [BO)x — COZ = 0 (2.37) 
can be transformed to the form (2.21). We multiply both sides by aa and we 
get 
dx 
7 a(y)x = Bly) (2.38) 
ai 
where 
B Cc 
=-, =—., 2.39 
Ly = POS (2.39) 
It should be emphasized that equations of the form 
(2.40) 


d 
Fy) + FQV)alx) = B(x), 


can be transformed to the linear equation by introduction 


where ’ denotes a 
of the relation u = 


S(y). 
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A particular role in theory of first-order differential equations play the Bernoulli and 
Riccati equations. The equation 


dy 


t+a(x)y = b(x)y",n 40,1 (2.41) 
dx 


is called the Bernoulli equation. It is transformed to the following form 


d 
ee +a(x)y'™" = b(x), y £0, (2.42) 
and it is reduced to a linear equation via the variable change u = y!~". This 


approach will be illustrated through examples. One may also apply here the 
Bernoulli method. 
The equation 


d 

a + a(x)y + b(x)y? = C(x) (2.43) 
is called a Riccati equation. In general it cannot be solved in quadratures. However, 
if one of its particular solutions is known, say y;(x) then the transformation y = 
y; + u allows reduction of the problem to that of finding solution to the Bernoulli 
equation. 


Example 2.14. A current in the electrical network with the resistance R, induction 
L and excitation voltage u(t) = up sin wt is governed by the following equation 


di . : F 
L—+Ri=usinot, i(0) =0. 
dt 
Find i = i(t). 
We have 
di 
Caen ely ener) 
oF ai = Bsinw 


where a = g B = “2. We apply here the Bernoulli method, i.e. we assume 
i(t) = u(t)v(t). 
Substitution of i (¢) into the governing equation yields 


du 
dt 


dv ; 
eer + auv = Bsinat. (*) 
We consider a solution of the homogeneous equation 


du 


rf +au=0 
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of the form 


u = exp(—ar). 
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We substitute it to (*) and we obtain oe = Be sinwt, what means that 


v(t) = B | e™ sinwtdt + c| ; 


We successively compute 


; 1 a 
V(t) = fe sinwtdt = —e*' —coswt + = fen cosatdt 
a) @ 


1 at a at os a? Qt os 
= ——e™" coswt + —e™ sinwt — — | e™ sinwtdt 
o a) ro) 


2 


1 at a at os a 
= — —e™ coswt + —e™ sinwt — — V(t), 
o w? w2 


and therefore 


e“ (—@ coswt + a sinat) 


V(t) = 
© w? + a? 
Finally, we find 
e“™ (—@ coswt + asin@t) 
th= C}, 
= [§e—rreec| 


and 


wo + a2 


i(t) = u(t)v(t) = B ( 


Since i(0) = 0, C = —*,,, and therefore 


w2+a?’ 


B =v 
i(t) = ——~ (-@ coswt + a sinwt + we : 
O> =e ) 
Observe that 
: ‘ uo : uo 
lim i(t) = —.—_~~(-o cosawt + a sinot) = —— 
too () L(@? + ay ( = ) JV(Lo) + R? 


where tang = © denotes the initial current phase. 


—wcoswt +a sinwt = 
+ Ce ) ; 


sin(wt — @), 


32 


Example 2.15. Show that equation 


OY sie Hey. a> 0, 
dx 
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possesses only one bounded solution assuming that f(x) is bounded for all x € R. 
Find this solution, and show that if f(x + xo) = f(x), then y(x) = y(x + Xo), 


where Xo is a period. 


First we find a solution to the homogeneous equation 


dy 
a oy 


After variables separation we get 


dy 


= -—adx, 


and hence 
Injy| tax = InC, 
which means that 
y=Ce™ 


assuming that y 4 0. 
We apply here the Lagrange’s method. Namely, we have 


y(x) = C(xje™, 
and substitution of y(x) into the governing equation gives 


dC 


ae e f(x). 


It means that 


x 


C@) = Cl) + i e f(2)dz. 


The sought solution has the following form 


x 


y(x) = C(xe"™ + / eH W—D F(Q)dz, 


x0 


(*) 
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Assuming y(xo) = yo we obtain 

yo = C(x)e, 
or equivalently 

C(xo) = yoe*”. 


Therefore, solution (+) takes the following form 


x 


V(x) = eT) yy i; ern Fada: 


xo 


We multiply both sides of the last equation by e**~*°) to get 


x 


ere y(x) = yo fe fide 


xo 


We consider the case x—> — 00 (the case of x + oo can be studied in the similar 
way). We have 


—0o 


tim Jet y(x) = yo+ fet fds, 


xo 


and hence 
x0 


Yo = ; e%@—0) f(2)dz, 


—oo 
because for a bounded solution lim e®*~*0) y(x) = 0. It means that 
x—>—00 


x 


lim, y@) = ¥0) = f exp-atx 2) faz (4%) 

—oo 

is bounded, assuming that f(z) is bounded. 
In what follows we show that Y(x) is the only bounded solution of the studied 


equation. Let us assume that there exists one more bounded solution denoted by 
Y,.(x). It means that the difference 


AY = Y(x) — Yu(x) 
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is bounded. We also have 


ae +aY = f(x), 


dx 
dY. 
+ aY, = f(x), 
dx 
which means that 
d(AY) 
AY) =0, 
Ay + a(AY) 
and hence 
AY(x) = Ce™. 


Owing to our introduced assumption AY (x) is bounded for all x € IR, which means 
that Ce** must be bounded. This is true only if C = 0, which yields Y(x) = Y.(x). 

Let us now show that if f(x + x9) = f(x) than Y(x) = Y(x + x0). It follows 
from (**) that 


x+x0 x 
Y(x + x0) = i ee +x0-2) F(z)\dz = 1 gO? F(x + xo)dt 


x 


= / e789) F)dr = ¥(zx). 


—oo 


Example 2.16. Solve the following Bernoulli equation 


d 
<= +y=y7lnx. 
dx 


We use the Bernoulli method, and we look for a solution of the form 
y = u(x)v(x). 
Substitution of y(x) into the studied equation yields 


d d 
ai + xv +uv = wv" Inx (*) 


dx dx 
We take 
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and hence 
1 
u=-. 
x 
Substituting this result into (*«) we get 
dv 
2 2 
x°— =v Inx, 
dx 


and hence 


1 


1 
AP — 2 Inxdx. 


Integration of the last obtained equation gives 


which means that 
x 


a 1+Cx+Inx’ 


and finally 
1 


VS Gas aia 


Example 2.17. Solve the following Bernoulli equation 
d 
(1+ ohn —2xy =4V/y(1 4+ x?)arctanx. 
x 


Assuming 


y(X) = u(x)v(x) 


we get 


dx 


d d 
(4x7) Ge + it) — 2xuv = 4 Juv(1 + x?)arctanx 
x 


or equivalently 


2x 


d d 
(d+ ry 44a") (2 - =) u=4/uv(1 + x?)arctanx. 
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We take an arbitrary solution to the equation 


dv 2x 
Ss eg, 
dx 1+x? 


i.e. for example the following one 
v(x) = 14+ 2x7. 


Therefore, we get 


d+ vp = 4(1 + x?) /uarctanx. 


One of the solution is u = 0, and the other solutions are found through the 
successive transformations 


du 4arctanx 


dx 1+x2 vu, 


du 2arctanx 
= —— Xx, 
2f/u 1+x? 
Ju = arctan?x + C. 


Finally, the solutions are 


y =0, 


y =(1 + x?)(arctan?x + C)’. 


Example 2.18. Solve the following Riccati equation 


dy 5 2 


Let us look for a particular solution of the form 
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The second-order algebraic equation yields two roots Ay = —1, Ay = 2. Let us 


introduce a new variable z of the form 


and therefore 


or equivalently 


We multiply both sides of the obtained equation by x? to get 


d 
x—(zx) = 3zx — (zx). 
dx 
We take 
zx = U, 
and integrate the following equation 
du 
x— =u(3—y). 


Separation of the variables yields 


du _ dx 
u(3—u) x 
Since 
1 _ i 4 1 
u3—u) 3u  3(3—u)’ 
therefore 


{otf du -/{< 
3 u 3/ 3-u x? 


and consequently 


1 
g Un |u| — In [3 — ul] = In|x] +InCy, C, > 0. 
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Finally, we find 


u 


In| | = 3inICixl, 
3-u 
or 
In| 7 | = In|(C,x)*|. 
3-u 
We consider two cases: 
(i) 
Uu 
> 0. 
3-u 
In this case we have 
u 
= Cx, 
3-u z 
which means that 
wee Cx?, 
3 — zx 
and hence 
oy BO 
~ Cxe4+1° 
We finally get 
1 2 
y = 27--=S- 
x x 
and 
os Oe ak.) SC 
~~ OS4e1 x x(1+Cx3)) 
(ii) 
u 
<0. 
3-u 
In this case we have 
oS Cx’, 
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which means that 


zx = C(zx — 3)x?, 


and hence 
aCx 
= ed 
We finally obtain 
2 
Sere 
x 
and 
BOS 
7*3(Ce—D 
oO 
2.5 Exact Differential Equations 
The differential equation 
M(x, y)dx + N(x, y)dy =0 (2.44) 


is called an exact differential equation if its left-hand side is the full differential of a 
certain function V(x, y) such that 


OV 


5 dy = M(x, y)dx + N(x, y)dy =0. (2.45) 
y 


oV 
dV(x,y)= ano + 


A necessary condition that Eq. (2.44) is exact one follows 


dM(x, y) = ON (x, y) 


2.46 
oy Ox ee) 
If V(x, y) is known than all solutions of (2.44) satisfy the condition 
Vix,y) =C, (2.47) 
where C is an arbitrary constant. 
We show how we can find the function V(x, y). Since 
OV OV 
5 = M(x,y), 2 =N(x,y), (2.48) 
Ox oy 
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then 


Vix») = f M(x, y)dx = Yo. ») +90). (2.49) 
We differentiate (2.49) to get 


dp(x, y) e av(y) 
dy dy 


= N(x, y). (2.50) 
In some cases the general form given by (2.44) can be transformed to an exact 
differential equation by introduction of a so-called integrating multiplier m(x, y) 


[208]. In Eq. (2.46) we introduce m(x,y), and we obtain the following exact 
differential equation 


© mM) = § (mw), (2.51) 
oy ax 


which means that m should satisfy the following equation 


m(- SE) -w awe. (2.52) 
oy ox 


The obtained general form (2.52) can be simplified in the following cases 


(i) If m(x, y) = m(x) then 


aM _ aN 
l1dm aye Oe 
m dx N ( ) 
(ii) If m(x, y) = m(y) then 
aM _ aN 
1 dm By Ox 
m dx M ( ) 
(iii) If m(x, y) = m(r(x, y)), where r(x, y) is a known function then 
aM _ aN 
ldm By ax 
2.55 
m dr N= = Me 22) 


Example 2.19. Solve the differential equation 
(2xy + 3y”)dx + (x? + 6xy —3y)dy = 0. 
We have 


M(x, y) = 2xy + 3y”, N(x, y) = x7 + 6xy — 3y?, 
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and hence 


It means that the left-hand side of the differential equation is a full differential of 
a certain function V(x, y). 
We have 


V OV 
— =2xy+3y?, —=x*+4+ 6xy —3y’. 
ax oy 


First equation of the above yields 


V(x, y) = x°y + 3xy? + Hy). 


We differentiate the last equation with respect to y and thus 


Dee GON ee a 
oy oy 


It means that 
p(y) =-y? $C. 
Hence 
Vix,y) = x?y + 3xy?-y +C, 
and a general solution to the studied ODE is defined implicitly by the equation 


x?y +3xy?—-y=C. 


Example 2.20. Solve the differential equation 


2x (i+ Vx? =y) dx — /x?— ydy = 0. 


Observe that 


0 0 x 
jy 2x + Ve? — WI = aC VP y) = Tes" 


and hence we deal with the exact differential equation. We have 


we 2x(1+ Vx?-y), eres. (*) 


dx ay 
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and integration of the first equation yields 
2 3 
V(x, y) = fo + 2x Vx? — y)dx = x? + 3 —y)? +90). 
Substitution of V(x, y) into the second equation of (*) gives 


0 2 3 > 
gy tg — 9)? +90) = — vx? -y, 


or equivalently 


which means that 


W(y) =C. 


Finally, we have 
2 
Vinny) = + 50? —y)}, 
and a general solution to the studied differential equation is 


2 3 
P+ 5?—yh=c 


or 
3 2 
yar—F(e-x yh. 


oO 


Example 2.21. A mirror reflects solar radiation in a way that a light ray coming 
from a source 0 after the reflection is parallel to a given direction 0X, which is the 
rotation axis. Figure 2.2 shows a scheme of the light ray 0A coming from the light 
source 0, and the rectangular coordinates 0.X Y . Derive the mirror shape analytically. 


Since A belongs to the mirror surface, the marked angles y before and after 
reflection are equal, and n(t) denotes a normal (tangent) to the curve being 
intersection of the mirror and surface OXY. 

Owing to the reflection principle (the angle of incidence is equal to the reflection 
angle) 0A = OB, and hence 


AA’ AA’ 
tang = — 


BO+0A’ — ,/(QA’)? + (A’A)?2 + 0A" 
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Fig. 2.2. The mirror shape y(x) and light rays 


or equivalently 


dy y 
dx x+ Jx?+y? 


We may rewrite the latter equation in the following way 


xdx + ydy = Vx?2+ y2dx, 


because 


= 2 2 _ 2 2 
a y(x — fx? + y7) a Vx omar 


et VHD VT = 


Applying the integrating multiplier 


1 
m(x, y) = >. 
Vx? + y? 
we get 
xdx + yd 
EE eG 
Very 
or equivalently 
d 2 2 
nc a ee ee 
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It means that 


Vx2-+y2?=x4+C, 


which allows to find the mirror surface as a paraboloid that intersects with the 
surface OXY yielding a parabola governed by the equation 


y? =2Cx+C?. 


Example 2.22. Solve the differential equation 
ydx —(x+ x74 y?)dy =0 


assuming the integrating multiplier m = m(r(x, y)), where r(x, y) = x? + y?. 


We apply formula (2.55) directly, and we get 


1 dm 1+1+2x 2(1+ x) 1 
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Therefore, the following differential equation is obtained 


dm adr 
— + — 


m r 


= 0, 


which yields 


1 1 
Hey) 2 


m(x,y) = 


Now, we multiply by m the studied differential equation to get 


ydx x 
_ 1) dy =0, 
Ay? eo ) . 


which is an exact differential equation, i.e. 


ves ae x a4 
ax x24 y2? Oy x24 y? : 


Integration of the first equation in the above gives 


y Xx 
V(x,y) = | ———dx = arctan— + - 
(x, y) i Pep : 69) 
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and hence 
aV 0 : x +) x i 
— = — | arctan— = ———. - l. 
dy ay y x? + y# 
It means that 
1 ox dp _ x 1 
1+ dy + ye 
and finally 
dtp 
—=-l, =— Ci, 
i vO) =-yt CQ 
and 


Vax,y)= arctan — ytC. 
y 


We have the following solutions: one given explicitly y = 0, and other given 
implicitly 


arctan -y=C. 
y 


2.6 Implicit Differential Equations Not Solved 
with Respect to a Derivative 


We consider here the differential equation (2.2), which cannot be solved with respect 
to a , 1.e. we cannot reduce the problem to that of Eq. (2.3). It may happen, however, 
that Eq. (2.2) can be solved with respect to either x or y. In what follows we describe 
briefly the method of the parameter introduction yielding a solution in the latter case. 
Let 


dy 
y=f@y), YSZ =P, (2.56) 

x 
where p is the introduced parameter. The full differential of y = f(x, y’) follows 
————dp. (2.57) 


It means that we have got the exact differential equation form (2.44), where 


0 O(x, 
Mey = 2, N(x, y) = oP) 


(2.58) 
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In the previous section supplemented by many examples we have described 
various methods yielding solutions to Eq. (2.56). Namely, we can take 


x=W(p,c), y= f(x, p), (2.59) 


where x = )(p, c) is the implicit form of solution governed by Eq. (2.56). 


Theorem 2.2. Suppose that the function f(x,y, y') in a neighbourhood of the 
point (Xo, Yo, Yo), where yo is one of the roots of the equation f (x0, Yo, yo) = 9, 
is continuous regarding x and it is continuously differentiable with respect to y, 
y’, and 55 (Xo, Yo. YO) # 0. Then there exists a unique solution y = w'(x) of 
the Cauchy problem f(x,y, y’) = 0, y(xo) = yo defined in a satisfactorily close 
neighbourhood of the point xo, where W' (xo) = Yo. 


Recall that the uniqueness of problem of Eq. (2.2) means that the point (xo, yo) 
is a point of the solution uniqueness, i.e. there are no other integral curves of (2.2) 
which pass through the point (xo, yo) and have the same slope in this point. 
Otherwise, the solution uniqueness is violated. 

Theorem 2.2 yields sufficient conditions of a solution existence and uniqueness 
for Eq. (2.2). 

Assuming that the function f(x,y, y’) is continuous with respect to x and 
continuously differentiable with respect to y and y’, then a possible set of singular 
points is defined via the following system of algebraic equations 


f(x,y, y') =0, 

0 

ow, y,y') =0. (2.60) 
y 


It is required, while solving Eq. (2.2) to find singular solution, i.e. we remove 
y’ from Eq. (2.60) and we get a so-called discriminant-type curve. Each branch of 
this curve should be verified if it is a solution to Eq. (2.2). Assuming a positive 
reply, our next step consists of checking if its points correspond to the solution non- 
uniqueness. 

The method of parameter introduction can be directly applied either to the 
so-called Claurait equation 


y=xy’ +0’), (2.61) 


or to the so-called Lagrange equation 


y=xe(y) + H(y’). (2.62) 


Example 2.23. Solve the following Claurait equation 


Vi? +1+xy'—y =0. 


2.6 Implicit Differential Equations Not Solved with Respect to a Derivative 


We introduce p = y’ to get 
y=xpt+ v1+ p’. 


Differentiation of the last equation with respect to x yields 


and hence 


It means that either 


or 


A solution to the problem is as follows: 
y=Cx+t+ V1+ C2 


or equivalently 
P 


=, 
v1+ p? 
y=pxt+ 1+ p’. 


Example 2.24. Solve the following Lagrange equation 
y ty =x"). 
It is easily solved with respect to y, i.e. 
y=x(y'-y’ 


or equivalently 


y=xp’—p, 
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where p = y’. Differentiation of this algebraic equation yields 


dp dp 
2 

2px—— — —., 
= PX ay dx 


dy _ 
a 


P 


or equivalently 


dx 
pip = ee = (1—2px), 
P 


aN 2H 1 
dp p=1 p(p=1) 


In other words, the problem has been reduced to a linear differential equation 
with the following solution 


_po-lptec 
(a= 1) 
oO 


Example 2.25. Derive an equation governing a family of equipotential curves of 
the electric field generated by a dipole. Recall that the equipotential curves are 
orthogonal to force curves of the electric field (see Example 2.3). 


As it has been shown previously in Example 2.3, we have 
x-a x+a)\ dy 1 ee 0 
ve re J ax a) aa 


r=(x+aP+y, re=(x-ay+y’. (*) 


where 


We may generalize the studied case in Example 2.3. Namely, we began with the 
algebraic problem governed by the following equation 


F(x, y,a) = 0, 


where 
x+a x-a 


F(x, y,a) = = —C 
an" emaiaa JE=ar ea 


For a given C, we have a family of one parameter curves. In what follows we 
define another family of the isogonal curves, which interset the first family curves 
with the same angle gy, for gy = z/2 we say that both trajectories (curves) are 
orthogonal. 
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Fig. 2.3. Two curves | and 2 Ya 
intersecting in point A 


“) A 


We differentiate the algebraic equation to get 


dF _ OF (x, y,a) 4 OF (x,y,a) dy _ 


dx Ox dy dx - 


We may also exclude the parameter a using the equation F = 0. In our case we 
have 


3 3 
Mm Py 


OF 1 1 OF x-a x-a 
ys a . 
a4 "9 " 
In Fig. 2.3 two curves belonging to both families are shown intersecting in the 
point A = A(x, y). 


The angle between two curves at point A is g (known), which is given by the 
formula 


m=at+tgo+n—B. 
Therefore, we get 


t t 
tanB = tan(a + yg) = ee : 
1 — tanatang 


We apply the following notation tanw = y’, tanB = y‘,, tang = m, and hence 


,_ y+m 
= 5 = 


In a case of orthogonal trajectories we have y = 2/2, and therefore 


tana + tan > 
IU 


tanB = 
1 — tanatan ° 
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tana 
= lim i =— 
9>F rial tana tana 
or equivalently 
1 
/ 


The so far consideration implies a simple recipe. In order to find a differential 
equations of the family of isogonal trajectories to the trajectories (curves) governed 
by equation F(x, y,a) = 0, we need to substitute the term y’ = ay standing in 
equation dF /dx + dF /dyy’ = 0, by the term y’,. In a case for ¢ = 4 (orthogonal 
trajectories) we substitute y’ by ——> = a 
In the studied case, using the so far described orthogonality property we obtain 


the following differential equation 


or equivalently 


d 
(x -ayri -(x +.) + yO} —)S = 
dx 
From (*) we get 


ridr, = (x +a)dx + ydy, 
rodryp = (x —a)dx + ydy, 


therefore the problem is reduced to the following differential equation 
rerodro = r3ridni, 


which yields the following solution 


and hence 


Vaqarty V@rarry 


Chapter 3 
Second-Order ODEs 


3.1 Introduction 


One may wonder why we introduce this chapter, since second-order systems of 
differential equations are reducible to the earlier discussed first-order systems of 
differential equations. The reason has at least two main sources. First of all, they 
appear in a natural traditional way beginning with the works of D’ Alembert, Fermat, 
Maupertuis, Jean Bernoulli, Hamilton and Lagrange in that period, when mathema- 
tics and mechanics have inspired each other very strongly. The second reason is that 
the second-order differential equations are obtained from Newton’s second law or 
from Lagrange’s equations and they have a direct physical meaning. In addition, 
there exist some direct methods to deal with the second-order differential equations 
without their reduction to a set of first-order equations [59, 130, 160, 242]. 


3.2 Linear ODEs 


3.2.1 General Approaches 


We show that the general form of a second-order linear homogeneous ODE 


d*y dy 

t)— + b(t)— thy =0, 3.1 
aN + b= + ey G.1) 
where a(t), b(t), c(t) are continuous function on a certain internal [fo; t;], can be 
transformed to so-called self-conjugated equation of the form 


d dy d?y dp dy 

— t)— thy = pt) + = thy = 0. 3.2 
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We multiply both sides of (3.1) by a7! (t)e! 24" 4t to get 


sol |(2)o)-£8o(/ (a) ~Seee(F)a) =» 


(3.3) 
Observe that (3.3) can be presented in the form of (3.2), where 
b(t) c(t) / b(t) 
t) = ex —adt }, t) = —~ex —dt 3.4 
p(t) p( [22 ) q(t) aoe a@ (3.4) 
Example 3.1. Solve the equation 2t a + o —2y=0. 
We multiply both sides of this equation by a7 t > 0, to get 
d*y 1 dy 1 d dy 1 
t = = t - = 0. 
Vip =o 2/t dt ae dt (vi) Je 
Introducing t = 2 J/t (./tdt = dt) we obtain 
d?y 
—.-y=0 
dw 7 
and finally 
y=Cre’+CQe%. 
O 


In what follows we show that if functions (¢) and w(t) are solutions of the 


self-conjugated equation (3.2), then there exists a constant C such that this equation 
possesses the following first integral 


dp(t) do 7 G 

1-7 =a O= (3.5) 

Note that the Wronskian 
O(t) H(t) dp do C 
Wa) =|" ay | = oO— -y¥— = ; 

dt dt dt dt exp (/ dt) ae 

dp 
C o( ; ri) a) = Cexp(—Inp(t)) = ro” 
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On the other hand we have 


> dp 
W(t) = W(t) exp | - / ds 'S) 4.) = Wheo)Pto) (3.7) 
J p(s) p(t) 
Comparison of (3.6) and (3.7) yields 
C = W(t) p(to). (3.8) 


Because W(fo) depends on (¢) and w(f), than the constant C depends also on 


p(t) and p(t). 
We consider now a non-homogeneous equation corresponding to (3.2) of the 
form 


e dy =F 3.9 
5 (oS) +q(t)y = F(t). (3.9) 


Assuming that p(t) 4 0 we introduce the new variable 


t 


d 
t=1(t)= / ot (3.10) 


i) 


and let the function t = y(t), where y = t |. Equation (3.9) takes the form 


d dy\_— d dy ty 
di (» © i) = bide (» Oar) BO ae oN 


where p(t)dt = dt. Therefore, Eq. (3.9), taking into account (3.11), can be cast to 
the following form 


d’y 
qq + PWaOy = p(t) F(t) (3.12) 
or equivalently 
d2 
sar + Ole)y = RCo), (3.13) 


where 


Q(t) = p(y(t))a(v(7)), 
R(t) = p(y(t)) F(v(2)). (3.14) 
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Assuming a(t) # 0 and adding the non-homogeneous term, Eq. (3.1) can be 
presented in the following form 


d?y 

dt2 

Alternatively, in what follows we show that Eq.(3.15) can be reduced to 
Eq. (3.13). Namely, introduction of a new variable of the form 


+ nn +c(t)y = f(t). (3.15) 


y =xexp } f scot (3.16) 
to Eq. (3.15) yields . 
es + O(t)x = R(t) (3.17) 
where we have 
Q(t) =e(t) — 7(y - 59. 
R(t) = f(texp LP sce (3.18) 


It should be emphasized that second-order ODEs with time-dependent coeffi- 
cients only in rare cases can be solved in elementary functions. Let us find solution 
to the equation 


2) ia? scape (3.19) 

dt2 = c( y ‘. 

where b(t) = >- B;t', c(t) = ¥ ait’. 
i=0 i=0 


Theorem 3.1. /f functions b(t) and c(t) are analytical for |t — to| < T (here to = 
0), then any solution y = y(t) of Eq. (3.19) can be presented by the series 


yO = > ait’, (3.20) 


having a limit for |t — to| < T. 


We substitute (3.20) into (3.19) to get 


Soi — Da oh 5 iat! M+ Da! Yea! = 0. (3.21) 


i=2 i=1 i= 
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We compare next terms standing by powers f°, t!, ¢7, ¢°, ..., and we obtain the 
following recurrent set of unknown coefficients do, @1, d2,... 


codo tbopay 4 1-2a.=0 :f° 
C1d9 + (co + by)ay + 2bpa2 +2-3a3 = 0: t! (3.22) 


Although ap and a; can be arbitrarily taken, but at least one of them should not 
be equal to zero. They serve as the initial conditions: y(0) = ao, #0) = a,. Then 
we successively compute a2, a3, ... 


Example 3.2. Find a solution of the equation 


d?y 
—+ty=0. 
dt? de 


We differentiate two times the solution 


a) 
y= Seat 
i=0 


to get 
Cc Co 
YliG — Dati? +2 > ajt' = 0. 
i=2 i=0 


Comparison of terms standing by the same powers of ¢ yields the following 
algebraic equations 
2-1-a =0, 
3-2-a3+d) =0, 
4-3-ag+a, =0, 
i(@i — 1l)a; + aj-3 = 0, 


Linear algebraic equations have the following solutions 


aj 


per saa Nh De 
GHD" 


a2=0, aj43= 
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If we take ag = 1, a; = O, then we obtain 


43m 
m ——— : >i 0 ead Beas eee 
st as Dee Ceti) (Cr mer | a 
yn 
A3m ( ) => 1 eo are 


~ 2-3-5-6...(3m—1)-3m’ 
First solution has the form 


bays (-1)"25" 
WS £1 9-3-5-6... Bm — 13m 


Taking dy = 0, a; = 1 yields 


a3m+1 


= tr 20,122. 6 
Gm+3)Gm+4’ 


A3m+4 = 


It means that a second solution is 


oO (—1)"23"71 
th=t , 
y2(t) + 23 eT an GHD 


All solutions of the investigated equation are governed by the following formula 


y(t) = Ciyi(t) + Crya(t), 
where C, C> are arbitrary constants. oO 


Example 3.3. Find all solutions to the equation 


We are looking for solutions in the following form 


Cc 
y= Yo ait’, 
i=0 


and substitution of this series to the studied equation yields: 


lo.) lo. 2) lo.) 
So aii li Sy ead Yo ajiti + Sait’ = 
i=2 


i=1 i=0 
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Comparison of terms standing by some powers of f gives 
G@+)D@+4+2)ai42+ G+ Da; =0, i =0,1,2,... 


We take dy = 1, aj = 0 and we obtain 


fast Os 


n= > = 1,2,..., m+1 = 90, 
= BAe. Om) ayn 
and hence 
t2 t+ r° (—1)"42" 2 
th=1—-=+ — peeet gy 
yi) a ee ae oe ay meee OF aa 


On the other hand, by taking ay) = 0, a; = 1, we get 


(-1)” 
m = 0, m = > =0,1,2,..., 
ie: Sony Teaeg (Ogty | 


and therefore 


oO A Lye i27- 1 


y(t) = Lr 5...Qm+1) 


Finally, all solutions are given by 


y(t) = Ciyi(t) + Cryr2(t). 


oO 
One may deal with the equation 
sae 
pot + (> +c(t)y =0, (3.23) 


and for analytical b(t), c(t) in the interval |t| < 7, then for b(0) 4 0, c(0) ¥ 0 the 
point t = 0 is called the regular singular point. If b(t) = po te. and c(t) = an 
then the point f, where either bo(t) = 0 or co(t) = 0, is called a singular point. 
In what follows we show how to find a solution in the neighbourhood of singular 


point t = fo in the form of a power series. We take the following series 


y= (¢-%)" ) a(t — 0), (3.24) 


i=0 
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where o and dpo,d1,d2,a3 are going to be determined. Substitution of (3.24) 
into (3.23) yields 


la(o — 1) + boo + colao + {[o(o + 1) + bolo + 1) + cola + (obo + Co) ao}t 
+--+ {[(o +i)(o +i-1) +--+ bolo +1) + cola; +-:: 
+(obo + co)aotti +---=0. (3.25) 


Comparison of terms standing by the same powers of t allows to get the following 
recurrent set of nonlinear algebraic equations 


Fo(a)ao = 0, 
Fo(o + 1)a; + Fi(o)ao = 0, 


Fo(o +i)a; + Fi(o +i — la; + Fo(o +i — 2)aj-2 + +++ + Fi(o)do = 0, 


(3.26) 
where 
Fo(o) =a(o — 1) + boo + co, 
Fiy(o) =oby +Cm, m=1,2,... (3.27) 
Assuming do # 0 one gets the following characteristic equation 
o(o —1)+hbo+c = 0. (3.28) 


The following two possibilities exist depending on the difference of roots 
0, — 02: 


(i) Ifo; — 02 # i (integer), then fo(o1 +7) 4 0, fo(o2 +i) # O. In this case two 
non-dependent solutions have the following forms 


[o,) 
nO => ay", 
i=0 


Co 
ya(t) =t? \ 0 anit’; (3.29) 
i=0 


(ii) If o;—o> = i (integer), then only one solution yj (t) can be constructed. Second 
solution has the following form 


eS baydt 
y2(t) = nia f ——dt. (3.30) 
yi(t) 
It means that the second solution is 
co 
y(t) = Cyt) Int) +t" Sait’, (3.31) 
i=0 


where C is a constant, which can be equal to zero. 
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Example 3.4. Solve the following ODE 


d?y dy 
21? = + (3t —207)— -(¢ + Dy =0. 
ar t Btw) (e+ Dy 
Point ¢ = O is a regular singular point. The corresponding characteristic 


equation is 
20(o —1)+30-1=0, 


having roots 0 = 5 and 07 = —1. Let us construct a solution associated with the 
root 01: 


lo) 
1 : 
yp =t? Dajt',a #0,t>0. 
i=0 


A successive differentiation gives 


d*y, = ; 1 : 1 i-3 
77D =d(i+5) (i-3) a0 2, 


i=0 


. . 2 
Substitution of y,, a we 


= 1 3 = 1 f = 1 
a (7- i) ajt'? +4(3—21) >> ( + 5) ati? -(@¢+1) > ajt't? =0, 
i=0 1=0 


i=0 


to the studied equation yields 


or equivalently 


lo. ) lo, ) 
ii + 3)ajt' — }° 2G + Dajt't! = 0. 
i=0 i=0 


Comparison of terms standing by the same powers of ¢ gives the following 
recurrent set of linear algebraic equations 


i(2i + 3)a; = 2iaj-1, (ae ae ae 


Taking ao = 1 we get 


a= i=1,2,... 
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and hence 


i=1 


lo-e) (21)! 
yit) = Alle Seas as): 


A solution corresponding to the root o2 has the form 


1 CO 
th=—-) oat’. 
y(t) 7a" 


Substitution of y2, pr ay to the studied ODE gives 
2(@i — 1)(@ — 2)a; + 3 — l)a; — 28 — 2)aj_-1 — aj_1 — a; = 0, 
or equivalently 


i(2i —3)a; = (2i—3)aj-1, i = 1,2,3,... 


Taking do = 1, we get 


and therefore 
(ee eres jeg aes 
eS 2! i! Te 
Finally, the being sought general solution has the following form 


y =Ciyi(t) + Coyr(t), 


where C), C2 are constants. 


3.2.2 Hypergeometric (Gauss) Equation 


A hypergeometric (or a Gauss) equation has the following form 


d? d 
He -D> + Ly + @+ B+ DIS + apy =0. (3.32) 
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Observe that points tf = 0 and¢ = 1 are singular. In the vicinity of t = 0 
Eq. (3.32) can be presented in the following form 


2, W-@+h+D de op yo 
d“y ee i=o ay _ __i=0 


dt? t dt t? 


y=0. (3.33) 
The characteristic equation associated with (3.33) has the form 
o(o —1)+ yo =0, (3.34) 


and its roots are: 0; = 0, 02 = 1—y. For y € N, N > O one may construct 
two linearly independent solutions of (3.33) in the series form being convergent for 
It} <1. 

We show how to solve Eq. (3.32) when y is not a non-positive integer number. 
A solution corresponding to 0; = 0 has the following form 


yilt) = ait’. (3.35) 
i=0 


. a ) va 
Substituting y,, ay oo 


same powers of ¢ we obtain 


to (3.32), and comparing the terms standing by the 


iG — DYa;-@ + Diag: —v@ + Yaigi + @+ B+ Dia; + aBa; = 0, 
iG-)+i@a@+P+I+ap 
G+)i+y) 

_@rTnGt) | 

G@+D)(y+i ” 


ai+1 = 


i =0,1,2,... (3.36) 


Taking dy = 1 we get 


eZ gp MH VBB+I oa + Do + 2H(B + IB +2) 
Sy? ys! Ivy + Dy +2) 
MED @ +i = VBB + DB +2)...B+i-1) 


a ily(yt Diy +2)...y¥ +i-D 


’ 


(3.37) 
Therefore 


_ SS a(at+1)(at2)...(a+i-1B(B + (B+ 2)...(B+i-D,; 
Oe ivy + Dy +2)... +i—D : 


= F(a, B.y.t). 


i=1 


(3.38) 
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The function F'(q, f, y, t) is called the hyper-geometric function. The correspon- 
ding series on the right-hand side of (3.38) is called the hyper-geometric series and 
it is convergent for |t| < 1. 

A second solution is sought in the form 


yo(t) = t!-” > ajt'. (3.39) 


i=0 


We introduce a new variable 


y=t'’x, (3.40) 
and hence 
Oar — ral (l—y)t’x, 
0? a2 4 (3.41) 
y_ x x 1 
ee ag te ¥ y)t~ irae yt’ 'x. 
Substituting (3.40), (3.41) to (3.32) one gets 
t(t Dee 7 -2-y)+fi+(@+1-y)+(6+1 in 
_ a _ _ 
t z y (3.42) 


t(a+1—y)(6+1—-—y)x =0. 


Observe that Eq. (3.42) is also a hypergeometric equation with the parameters 
a+l—-y,B+1-y,2-y. 
Finally, the general solution of Eq. (3.32) has the following form 


y(t) = C\ F(a, B, yt) + Cot!’ F(at+1—y,B+1—-y,2-y,0). (3.43) 


We show also how to solve the hypergeometric equation in the neighbourhood of 
the singular point ¢ = 1. We transform Eq. (3.32) to its equivalent form 


re) 5+ (@+B+1-Y+@+Bt+ Dd +apy =0 (3.44) 


by introduction of the independent variable t = 1 — t, which has the singularity in 
the point t = 0 (the case previously studied). 
Two linearly independent solutions have the form 


yi(t) = F(a, B,a+ B+1—y,7), 
(3.45) 
y2(t) = 1”? F(y — B,y —a,y + 1—a— B17). 


It should be emphasized that in many cases hypergeometric functions can be 
expressed by elementary functions for certain particular values of a, B and y. 
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For instance, the following observation holds for |t| < 1: 


@ FC, B,B.t) = 7, 
Gi) n(/+f) =tF(, 1,2, 
@iii) F(a, B,a,t) = ee t) 


"7 
(iv) Int#t = IF (3,1, 2,¢ 2)" 


t), 


3.2.3 The Legendre Equation and Legendre Polynomials 


The Legendre equation has the following form 


(1 —22)%2 yw t+nn+ ly =0,neN, (3.46) 
and its solutions are expressed by the so-called Legendre polynomials of the form 
1 d™(t?—1)" 
P,, t = —_—_— a oe 3.47 
©) 2"n! dt" Gx 


being known as the Rodrigues representation, and 1 stands for the equation order. 
We show that Legendre polynomials P,,(¢), P(t) are orthogonal in the interval 
(—1, 1), i.e. the following relation is satisfied 


1 
f Pn(t)Pr(tdt = 0, form #n. (3.48) 
-1 

Substitution of the Legendre polynomials to the Legendre equation (3.46) yields 


al - py Sa) 4 nt WPA =O, 


ral ie nf dl +n(n + 1)P,(t) =0. (3.49) 


We multiply first (second) equation by P,, (¢) (Pi, (t)) in the interval (—1, 1), and 
we obtain 


fmm + 1) n(n +) f Plt) Pa(t)dt = N= he 3.50) 
=1 
where 
pe i {Pn(t) [a = 7) Oh ar, 
“4 (3.51) 
n= {Pao [= 12) 2e2 |b ar, 
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Applying an integration by parts we get 


=1 
L=a- 1?) Pn (t) aby | 
t=— 


2) dPn( ) ane ) 
-fo- Sn) HO gt = -ja- 


I, = (1-2?) P, (t) an 


Taking into account (3.52) in (3.50) we obtain 
[m(m + 1) —n(n + v1 f P(t) Pr(t)dt = 0, 


and because m 4 n we finally get 


1 


[ PmtPaterat = 0. 


-1 
One may prove additionally that 


Py(-t) = (—1)" P(t). 


= Ja- 2) P(t) wat dt=-— fa-t 
=l 


2) dPalt) da op 


2) dPa(t) dPm() 
) dt dt dt. 


(3.52) 


(3.53) 


(3.54) 


(3.55) 


Now we are going to show that (3.47) satisfies (3.46). We introduce the following 


new variable 


and hence 
dy __ldy d*y_1d’y 
dt 2dt’ dt? 4dr?’ 
Substituting (3.56), (3.57) into (3.46) we get 


sll- ( -my a (1 — 2) 2 +n(n + 1l)y =0, 
or equivalently 
T(t — ij + (-1+ on” —n(n+1)y =0. 
dt? dt 
Consider a polynomial 


P,(t) =a) + ait + ant? +++) + ant” 


(3.56) 


(3.57) 


(3.58) 


(3.59) 


(3.60) 
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We say that P,,(t) satisfies (3.46) whenever P,(t) = 1, and then P,,(t) is called 
a Legendre polynomial. If we make the following choice 


Qn 12325 +xi- (2n —1) 


n= = , 3.61 
an = an (nly2 nl oe” 
then P,,(t) = 1 is satisfied. 
It can be shown (see Example 3.5) that 
(n—k)(n+k +1) 
a =— » KH O1 2.6.2 3.62 
oS (k + 1)(k + 2) oe) 
Taking k = n — 4, and thenn — n +4 2, we obtain 
(n —1)n (2n — 2)! 
12 = SA GaN on , 3.63 
Be Oey 2(n— Din — 2)! eee) 
which can be generalized for n — 2m => 0 to the following formula 
(2n — 2m)! 
n—2m = —1)" - 3.64 
An—2m = (— I" an — myn — 2m)! et) 
and the series takes the form 
x 1 (2n —2m)! (3.65) 
a 2"m\(n —m)\(n — 2m)!" 
where M = a (1 is even), M = — (n is odd). 


It can be proved that for n even (odd), any polynomial solution y(t) of (3.46) 
which has only even (odd) powers of f is a multiple of P,, (¢). 

In what follows we prove that (3.60) is the solution to the Legendre 
equations (3.46). 

We take 


Rt) =(?-1)", (3.66) 


and hence 


d 
ae = 2nt(t? —1)"71. (3.67) 


Multiply both sides of by t? — 1 we obtain 


— ya = 2nt(t? — 1) = 2ntR, (3.68) 
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and hence 
> dR 
(t* — ere —2ntR=0. (3.69) 


We apply the Leibniz rule for differentiation 


" n = 
(f-sy' = (7) ie) ee (3.70) 
and we obtain 
i d"*!R 2 1 d"R 
(12 — pos + 2(n + It mu 5 ) aa 
a+lR qd” (3.71) 
+ — 2nt ——— crea —2n(n + 1)—— Re = 0. 


Substituting V = ak to (3.71) yields 


(eee 


a tn(n+1)V =0. (3.72) 


It means that V = aR is the solution to the Legendre equation. 
We may take 


dq” 
P,(t) = aV(t) = ae —1)", aweR. (3.73) 
Observe that 
d” , d" 
oe (t*-1)" = aa [(¢-1)@4+1))]" =anlt+1)+terms with (t-1). (3.74) 


We take, however, t = 1 and hence 


n 


7 (ais = 2" nl. (3.75) 


ii 


Therefore, since P,,(t) = 1, we obtain 


qd" 


P, (t) = Pay, 3.76 
= saga? —D (3.76) 

Equation (3.59) is a hyper-geometric equation with parameters a = n + 1, 
f =—n, y = 1. Therefore, its solution is 


nO=F (+ 44: ip ) pai), (3.77) 
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For instance, forn = 1,2, 3,4 we obtain 
1-t 
Pi(t)= F (2.1 1, ) =f, 


i= 1 
P(t) = F (3.2. }, =) = —(37? — 1), 


2 
1-t\) 1, (3.78) 
P3(t) = F( 4,-3,1, ——) = ~(t3 — 30), 
5 2 
1=¥\ 14,4 ; 
Pat) = F (5,-4.1, — ) = 3(35¢*— 300? +3), 


2 


Example 3.5. Find a general solution to the Legendre equation (3.46) using the 
following series 


CO 
y= yan. 
k=0 


We have 


dy _ k-1 d*y = k-2 
ae = kagt ; Witz = k(k = l)axt : 


and substituting the formulas given in the above to Eq. (3.46) we get 


> [dd = y\k(k = Dat? = 2tkag** + n(n + Daxt* | = 0, 
=0 


= 


» [k(k — l)agt*-? — k(k —1)a,t* — 2ka,t* +n(n + Daxt* | = 0, 


So [ke + 2k + Vagge + [-k? +k = 2k + n(n $ Dag] 
= Vk +DK+ Yarpoa+ —-KHn+k + Yale. 
k=0 


Therefore, we find 


_@-kKtkt)) 


i= Pa01c... 
nye (k + 1)(k +2) 


’ 
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Observe that 
_ a+) __ (= +2) 
az= ——5y202 CaS ~ ———ap, , 
Apia CZ) _ cies: Deets 
os 3-4 a mm > 
peay (n—1)(1—3)(n1+2)(n + as _ 


5! 
By deduction we have 


n(n —2)...(n—2m+2)(n+ 1)(n4+3)...(2 + 2m +4 1) 
(Qm)! 7 


am = (-1)” 0> 


= py t= Dn = 3). = 2m + In +2) + 4)... (n+ 2m) 
Q2m+1 = (— ) (Qm + 1D! ai. 


We may choose do and a; in an arbitrary manner. Taking a9 = 1, aj = 0 we 
obtain 


a eee, 


nin+1), (n—2m+2)...(n+2m-—1) , 
=— | -— —_} coe — |)” t2" 
ii aaa ae (2m)! 


whereas taking dy) = 0, a; = 0 we get 


Sip EP aoc cen eal OE) 


3! (2m + 1)! Men 


The general solution is 
y=Ciyi t+ Cryo, 
where C,, C> are arbitrary constants. 
Example 3.6. Solve the Cauchy problem of the following Legendre equation 


d* d 
(1) - 21 + by =0, 


d 
for y(0) = 0, #0) = -2. 


Owing to the earlier considerations we have n = 2, and therefore we have the 
following solution 


C 
y= Cp2(t) = mer _ 1), 
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but this solution does not satisfy the initial conditions. Taking into account the initial 
conditions and observing that t = 0 is a regular (non-singular) point we are looking 
for a solution in the following form 


co 
y(t) = 21 + Seay’. 


i=2 


Substituting y, ® and 4 


7 + into the investigated equation we get 


(1-17) By = Dat =21 nl + Sia) +6 (-2 + Sa = 
i=2 i=2 i=2 
and this equation yields relations 
a, = —2,a2 = 0, §@ +2)G + Daji4n2 = @ + 3) —2)a;,i = 1,2,... 
allowing to find 
de a) iD 
Finally, the solution is 


1 2i+1 2 = eS 
o> * 3t- — 1 
->5 s(s—a-aa) +56°-D OS 


i=0 i=1 


1 1+¢t 3 
= - — 1) In —— —- =t. 
rae ) 1-t 2 
Oo 
3.2.4 The Bessel Equation 
The Bessel equation has the following form 
,d*y dy ) 
t eee —m*)y =0. (3.79) 


One may observe that Eq. (3.79) is not changed during transformation t > —t, 
therefore we consider only the case t > 0. This equation possesses one singular 
point t = 0 and its characteristic equation corresponding to t = 0 has the following 
form 


o(o —1)+0-—m’ =0, (3.80) 
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or equivalently 
o* —m =0. (3.81) 


It means that o),. = +m assuming m # 0. A solution to (3.79) is sought in the 
following series form 


[oe 
v= Fw", oF 0. (3.82) 
i=0 
We obtain 


dy — i+o-1 d*y — . i+o-2 
a = Dt oyait*', T= DG tayo ti-Vat'*, (3.83) 
i=0 i=0 


and substituting (3.82), (3.83) into (3.79) we get 


[o) CO Co Co 
i Soi +oa)(o+i—l)a;t' +t? Soi +o)a;t' +t? ys ne Se Pe ma;t' = 0, 
i=0 i=0 i=0 i=0 
(3.84) 
or equivalently 
Co Co 
Yl +i)? — mJajt' + Yo ajti*? =0. (3.85) 
i=0 i=0 
Comparing terms standing by the same powers of t we obtain 
(a? — m”)ao = 0, [((o +1)? —m7]a, = 0, 
[(o +i)? — mm] a; + aj-2 =0, i = 2,3,... (3.86) 


Firstly, let us construct a solution corresponding to 0 = m. We take ay # 0, 
a, = 0, and we get 
a 7 22,3 (3.87) 
Qe. ==>. ne SH Se eee ‘i 
i(2m +i) 
Therefore, we obtain 
Ax+1 =90, k=0,1,2,..., 


dao ao 


ee ety * Sones ee 

% ao 
= 3.88 
a3 Cl) eal 1G =D). DD ne) 
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and the solution has the form 


— = _1)/: a 2i+m 
m= Dt ) 2 ilm+l(n+2)...m+i) vee) 


One may verify using, for instance, the D’ Alembert’s principle, that series (3.89) 
is uniformly convergent on a finite arbitrary taken interval ¢ € (0, 7). 
In what follows we take 


1 
= —___ 3.90 
40 = a= (m + 1) Ge) 
where I'(@) is well-known Gamma-function 
Cc 
T(a) = protean a > 0. (3.91) 
0 
Using the property 
T(m+ 1) =mT (mn), (3.92) 
we get 
lee) 2i+m 
; 2” ao t 
t)h= —1)’ 
yi) ds ) im + In +2)... +5) (5) 
00 2i+m 
2m t 
= —1)' 3.93 
dt ) 2"7'1P(m + 1)(m + 1)(m + 2)...(m +i) (5) eas) 


ee) ; 1 t 2i+m 
= =| y — Jin ae 
2 y Gnarly) (5) © 


where J,,(t) is called the mth order Bessel function. 
A second solution y(t) being linearly independent on y(t) is assumed in the 
following form 


yo(t) = lati. (3.94) 
1=0 


The following algebraic equation serve for determination of a; coefficients for 
o=-—m: 


(m? — m?)ap = 0, (1—2m)a; = 0, ..., [(-m +i)? — m?]a; + a;-2 = 0. 
(3.95) 
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Taking ao # 0, a; = 0 we get 


42341 = 9, A = es (3.96) 
22i(—m +i) 
For m # C, where C is integer, we obtain 
: do 
, =(-1)' = : 3.97 
=) ain nao). ee 
and hence 
lee) do 
N=) (lis pr. 3.98 
yalt) dt ) 274i '(—m + 1)(—m + 2)...(-m +7) ( ) 
Assuming 
1 
= —_ 3.99 
40 = 5-mT (—m + 1) G7) 
we get 
oo 1 t 2i—m 
th= —1)! = J_n(t), 3.100 
ya(t) d| oa (5) (1) (3.100) 


where J_,,(t) is called the mth order Bessel function with the negative index. 
Finally, a general solution of the Bessel equation (3.79) has the following form 


y(t) = CiIn(t) + CrJ—m (0). (3.101) 


Although the majority of the studied through special functions cases refer to 
real-world applications modelling of mechanical continuous objects and governed 
by partial differential equations, there are also direct problems yielding the Bessel 
equation. 


Example 3.7 ({108]). Consider a vertical beam of mass m and length L which is 
deflected due to its own weight. 


It is known from the theory of materials strength that, assuming the beam stiffness 
EI, where E is the Young modulus and / is the moment of inertia of the beam cross 
section regarding its neutral axis, the beam curvature is governed by the following 
differential equation 


i Me) 
G+y28 0 BT 
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Fig. 3.1 The beam deflection xt 
caused by its own weight 


> 
where dot denotes a and M(x) is the bending moment. Assuming small beam 
deflection the second-order differential equation is simplified to the form 

d’y _ , M(x) 

a, , (*) 

dx EI 


and this equation is called the differential equation of the deflected beam axis. If we 
take the beam element d7 located in the distance n from the introduced rectangular 
coordinates origin (see Fig. 3.1), then 


dM (x) = —(qd&)(n — y) 
or equivalently 


L 


M(x) = — f acn— yds. 


x 


where q = ae For a small deflection we have 7 = & a We substitute M(x) to 
Eq. (*), and then we differentiate both sides of the obtained equation with respect to 
d 

—~ to get 

dx 


74 3 Second-Order ODEs 


We introduce the new variable 


_ 2 q 3 dz _ q 1 
e—aVer ' Ge Ve 


We successively proceed with the differentiation process of the form 
dy _ dy dz q il: . 13/3 ¢ 
—— SS —_ L _ 2 — 3 -—, 
dn dads VET PN ai 


dy _d?y(dz\ dy _ (34 \¥8 (a4 1. 
Ge de de) ade NOT 
d’y _ d*y (dy 5 dy dzd’z_ dy d3z 34 
dxs d3 \ dx d2 dx dx2' dzdx3 2EI 


We P+ D ccg 
yey 9) : 


Substituting the derived formulas to (**«) we get 


1 1 
dey 1-+);=0. 
p+ i+ a) 3 


and by introducing y = u we finally obtain 


d*u , a +(1 1 ) 0 
—+-— ——]u=0. 
d2  zdz 92? 


We have got the Bessel equation of m = ; order. Its solution has the following 
form 


u(z) = Cy J1/3(z) + CoJ_1/3(2). 


oO 


The so far studied examples show that the problem of finding solutions to the 
Bessel equation is reduced to that of finding Bessel functions. In what follows we 
show that if m € C then 

Jen (t) = (-D"In(0). (3.102) 


Note that [(—n + i + 2) = oo fori = 0,1,...,2 — 1, and hence 


lee) n(t —n+2i ore) yi (t —n4+2i 
oe ee 


iren+i+)° —aTG4+DreGetis+y 


i=0 i=n 
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Introducing i = n + m we obtain 


co _4\k-+n 2k-+n 
J_n(t) = 2 : : (5) = (—1")Jn(t). 


Tke+Drk+n+) \2 


k=0 


One may prove also the following relations 
a [t”" Jin (t)] = 0" In—-1 0) 
dt m = m-1 ’ 


d —m —m 
qe Jn (t)] == m+i(t), 


for arbitrary m. 
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(3.103) 


(3.104) 


There is also the following formula allowing to find the m + 1 order Bessel 
function assuming that the Bessel functions of order m and m — 1 are known: 


2: 
Laie = A In(0): 


Example 3.8. Find the following Bessel functions: Jj/2(t),  J—1/2(t), 


vt t? - 1° 
_ 1 [ a a |- 1 
JVur(3)l 3! St 7! VT (5) 
Since 


therefore 


2 
Aip@) = rEA sin (1), 


sin (ft). 


J2 Pg. g a 
J_12(t) = vit @) (- rT + na +) a [2 cos. 


Owing to formula (3.105) form = 5 we obtain 


(3.105) 


J3/2(t). 
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9.1 
J3/2(t) =F Aip® — J-1/2(t) 


= 2. 3 2 = 2 sin (t) _ 
=. [= sin (t) — [= cos (t) = = (a2 cos @) . 


3.2.5 ODEs with Periodic Coefficients 


In order to familiarize with the problems of systems governed by linear ODE with 
periodic coefficients we consider one degree-of-freedom mechanical system small 
vibrations (see Fig. 3.2). There is a body of mass m at distance / from the axis of 
rotation. The body is put in a massless box by means of two springs (each one of 
stiffness k). 

During the motion a body of mass m moves along the slideways and its moment 
of inertia B with respect to the point 0 varies. In order to derive the equations 
of motion we make use of a theorem, which states that derivative of the angular 
momentum with respect to time equals the sum of all torques acting on the system 


d(Bo) _ 
= aM (3.106) 


M(t) 


Ita 


mgsing 


Fig. 3.2 Parametric 
vibrations under 
excitation M(t) mg 
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Let the motion of the mass in the sideways be described by a function a sinwt, 
then a moment of inertia reads 


B=m(l +asinot)’. (3.107) 


Left-hand side of Eq. (3.107) is described by the formula 


d, . aB, . Dn : ‘ 
qi PY) = BO+ ae =m(/ + asinowt)¢ + 2m(1 + asinwt)aw®¢ cos at, 
(3.108) 


where: w? = 2km7!. Since, the torque comes from earthpull and from external 
torque M(t), we have 


SoM; = —mg(1 + asinwt) sing + M(t). (3.109) 


Assuming sing ~ ¢ by Eq. (3.106) we find 


G+ Pt)e + VW(t)y = R(t), (3.110) 
where 
2am cos wt g M(t) 
BS ad peer. So, 8 = = G1 
©) 1+asinot QW) l+asinot © m(l + asinwt)? GB ) 


Next, we will consider Eq. (3.110). Let us introduce a new variable y(t) defined 
as follows 


1 L 
y(t) = y(t) exp =; | Pedr : (3.112) 


to 


By Eq. (3.112) we obtain 


1 if 
p(t) = (5-3?) exp =; | Pear : 


to 


t 
ss ‘i . I, 1.» 1 
G= a ee ee ie y | exp -5 | Pear . (3.113) 


to 


Substituting (3.113) into Eq. (3.110), the term with the first-order derivative ¢ is 
cancelled. We obtain 


¥+ p(t)y =r), (3.114) 
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where 


t 
1 1. 1 
pt)=O+ re r(t) = Rexp 5 | Pode : (3.115) 
to 
If p(t) = p(t + T), where T is a period of changes of the coefficient p, then 
Eq. (3.114) will be called Hill’s equation [162]. Consider the case r (t) = 0. Let 


y1 (t) and y2 (t) be solutions of Eq. (3.114). We choose the solution so that it 
satisfies the following initial conditions 


yi(0) =1, yi) =0, 
If y,(¢) and y(t) are the independent solutions, then y, (¢ + 7) and y2 (t + T) 


are the independent solutions as well. The latter can be expressed as linear 
combinations 


nit +T) =¢uyil) + g2y2(0), 
yo(t + T) = ri yilt) + Gr2292(t). (3.117) 


Then, taking into account (3.116) we get 


yw(T) =on, iT) = Or, 
y2o(T) = G21, Y2(T) = or. (3.118) 


By Eq. (3.114) we get 
i+ py: = 9, Jo + p(t)y2 = 0. (3.119) 


Next multiplying the first equation (3.119) by (—y2), the second one by y; and 
adding them, we find 


Joy1 — Viy2 = 0. (3.120) 
Integration of the above equation yields 
yayi—yiy2z=C, (3.121) 


where C is a constant. 
Substituting 0 and T into (3.121) for periodic solutions we obtain 


¥2(T) y1 (1) — v1 (1) v2 (T) = 2 (0) v1 (0) — ¥1 (0) 2 (0), (3.122) 
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and taking into account (3.116) and (3.118) we get 
O2P11 — Y12921 = I. (3.123) 
Let us introduce the following multiplier ju: 
wt +T) = pyil), yt + T) = pyre). (3.124) 


After taking into account the above equations in (3.117) we get a characteristic 
equation 


Pi—K P12 | -~0 (3.125) 
G21 922— 
or in the expanded form 
w — w(x + ori) +1 = 0, (3.126) 


because ¢22911 — i221 = 1. 
Roots of Eq. (3.126) are called multipliers and take the values 


Mig =at Vo? 1, (3.127) 
where 
1 
a= 3 (O11 + 922) é (3.128) 


Both multipliers are either real or complex. Their dependence on the parameter 
a is presented in Fig. 3.3 


Fig. 3.3. Graph of 
dependence of the multipliers 
on the parameter a 
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It follows from Eq. (3.127) that for any value of a we have 


wipes = 1. (3.129) 


In the interval |w| < 1 multiplier wz is complex of a unit absolute value and we 
will write it in the form 


Miz = exp(tid;T), (3.130) 


where 


etl — cosa, T £isindsT =at+iv1—e, 


hence 0 < |A7| < 1. According to Vieta’s formulas (3.129) and jz; + 2 = 2a, the 
sign of a decides whether both real roots are negative or positive. 
In the interval |a| > 1 multipliers jz are real and can be presented as follows 


big = zexp(+ArT), (3.131) 
where Ap takes on values 0 < Ar < co. Fora = 1 we have pty = flo = 1, and for 


a = —1 we have fy = fla = —1. For x = 1 or wp = —1 the solution is periodic and 
in the first case has the form 


yt+T)=y() (3.132) 
while in the second case 
y(t+2T)=-y(t+T)= y(t), (3.133) 


and this means a solution of period T and 27, respectively. If u > 1 (|a| > 1), then 
the solution y(t) grows unbounded as time increases and it is unstable. A stable 
solution occurs for ~ < 1 (yw < 1 occurs for a system with damping). On the 
boundary between stable and unstable solution a periodic one appears (for |jz| = 1, 
la| = 1). 

Introducing a new function ® (t) such that 


y(t) = O(t)exp(At) = O(t)exp(Agt+idy)t (3.134) 
we obtain 


yt +T) = O(¢ + T)expA(t + T)) = y(t) exp(AT) = P(t) exp(At) exp(AT). 
(3.135) 
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Equating the second and last part of the equality (3.135) we obtain 
® (t + T) = ®(f), so the function  (f) is periodic of period T. 

Since the function y(—f) is also a solution, the complete solutions of Hill’s 
equation has the form 


y (t) = Cy exp (Ar) ® (t) + Cy exp (—At) O (-4) (3.136) 


where C; and C> are constant determined by initial conditions. As one can see, the 
solution is always unstable unless A is imaginary. 

For 12 = 1 (Mi2 = eT 1 = eT henceA = 0) a solution of Hill’s equation 
has the form 


y(t) = Ci ®,(t) + Cot Ba(0), (3.137) 


while for W12 = —-1 (-1+i0 = e. cosT £isinT = e*'’, hence A = ti)a 
solution is 


y(t) = C, exp(it) ®,(t) + Cot exp(it) ®2(4), (3.138) 


provided that ®; = ®, (¢t + 27) and ®, = ®) (t + 27). Both solutions described 
by the formulas (3.137) and (3.138) are unstable because of the occurrence of f in 
the second terms of both formulas. 

To sum up, one needs to emphasize that a periodic solution appears on the 
boundary of stability loss. Finding of periodic solutions of periods T and 2T 
determine the boundary of stability loss (points w =a = 1 and w= a = —1 
from Fig. 3.3 determine the boundary of stability). 

Now, we consider two particular cases of Hill’s equation. First, we discuss a 
so-called Meissner’s equation (see [167]): 


V+p(thy=0, (3.139) 


where a graph of p (t) is depicted in Fig. 3.4. 
The equation of motion has the form 


¥a ta*yqg = 0 for 0<t—mT <T, 


3.140 
jp + b? yp = 0 for T; <t —mT <T ( ) 


where m = 0,1,2,.... A general solution of the first equation of (3.140) can be 
written as 


Ya = Cc) cosat + Cc sinat. (3.141) 


Hence, we have 


Ya cosat  sinat cM) 
X= lp" p= ; 7 3.142 
{Xa} @ |S sin at aa (Cia ‘ ) 
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Fig. 3.4 Periodic changes p(t) 
of the coefficient p(t) 
(Meissner’s equation) 


Similarly, we get for the second equation of (3.141) 


j () 
Yb cosbt  sinbt C, 
re ~ 3.143 
{Xp} (:") bee 4 (Ss ( ) 
For t = T; we have the condition 


{Xa (Ti)} = {Xp (Ni)} - (3.144) 


Let {g (t)} designate the first general solution of the initial conditions 
{g1(0)} = [1 0]. By Eq. (3.142) we get 


1 10] (Cc 
6 ~ i 4] (Go) oe) 
(1) 1 
(Cia) = © (3.146) 


Substituting (3.146) into (3.142) we obtain 


{Pia w= ( a ). (3.147) 


—a sinat 


and hence 


Bearing in mind that we have 


A= ae i cos bT, | [Ajal? = eee pa ; 


—sinbT, cosbT; bsinbT, cosbT, 


T 
—1 _ | Ajk 
and hence A = Ea . 
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The condition (3.144) has the form 


{Gia (T1)} = {9s (Ti)}- (3.148) 
Thus, Eqs. (3.147) and (3.143) yield 
: (1) 
cosa = cos bT sinbT ; — (3.149) 
—asinaT —bsinbT, bcosbT, Cc 
Solving Eq. (3.149) we get 
oe _ 1 [bcosbT,; —sinbT, cosaT; 
(Ss ~ b| bsinbT; cosbT; —asinaT; )° G20) 


Taking into account the Eqs. (3.143) and (3.150) we find 


(3.151) 


mapa ( cos aT ; cosh (t — T;) — § sinaT  sinb (t — T;) ) 
7 . 


—bcosaT, sinb (t — T,;) — asinaT ,cosb (t — T\) 


Let us verify the formula (3.151). We have 


1 
Cc = ra cos bT, cosaT; + asinbT, sinaT;], 


1 
c = rag sinbT, cosaT,; — acosbT, sinaT7\], 


and 
tne cosbt  sinbt cy 
sg ~ |—bsinbt bcosbt co j 
After transformation we obtain 


1 
{9PM} = ag cos bT, cosaT; + asinbT, sinaT,] cos bt 


1 
+7 sinbT, cosaT; — a sinaT, cos bT\] sin bt, 
and next 


1 
{oO} = cosaT\[b cos bT, cos bt + b sin bT, sin bt] 


1 
+5 sinaT\[a sinbT, cos bt — acos bT, sin bt] 


= cosaT; cos b(t — T) — ; sina; sin b(t — 7}). 
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Similarly, we can perform the procedure for the second independent solution 
{> (t)} with the initial condition {g2 (0)} = [0 1]’ . We find 


1 


{2 (t)} = Cet 


cos at 
1 sinaT, cos b(t — T,) + ;cosaTy sin b(t — T;) 
= sinaT, sin b(t — T,) + cosaT, cos b(t — T;) ) 


(3.152) 
{Pr (t)} = ( 


The solution in the end of period T can be expressed by means of a matrix 


[Px] = [{ein(T)}, (@20(T #1. (3.153) 


By Eggs. (3.151), (3.152) and (3.128) we obtain 


a= : [2e0sa7 cosb(T —7,)— (5 + °) sinaT , sinb (T — 7)| . 3.154) 
a 


As we know by the earlier considerations, on the boundary of stability we have 
a = +1,s0 


2cosaT, cosb(T — T,) — (5 + -) sinaT sinb(T — T,;) = +2. (3.155) 
a 


The above equation contains the following control parameters: a, b, 7), T. 
Equation (3.155) can be also treated as an equation of surface in three-dimensional 
parameter space, which separates the parameter spaces corresponding to stable and 
unstable solutions. 

For the sake of simplicity we assume that b = 0. By Eq. (3.155) we get 


2cosaT,; —a(T — T,)sinaT; = +2 (3.156) 


since 


sin b(T — 7) 
m — 


b—>0 


=T-T\. (3.157) 
By (3.156) we get a curve, which is a boundary of stability loss in the plane aT 1, 
aT of the form 


2 T 1 
aap OY, (3.158) 
sin aT; 


Equation (3.156) is satisfied for 


aT; =nx,n = 1,2,3,... (3.159) 
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aT : 
aT=aT, 
3m BSy--------- recente SERED 
On RA RES : 
0 Tt on 3n aT, 


Fig. 3.5 Stability boundaries for Meissner’s equation in the case b = 0 (stable regions are cross- 
hatched) 


and Eq. (3.159) defines boundaries of stability loss. The results of the above analysis 
along with the marked regions of stability are depicted in Fig. 3.5. 

In order to determine which of the regions in Fig. 3.5 are stable, we choose any 
point from a given region and evaluate the value of a. 

Let us finally emphasize that recently a particular aspect of the Meissner’s 
equation [167] stability regarding the invariance of the trace of a product of matrices 
has been addressed in [4]. 

The second particular case of Hill’s equation is Mathieu’s equation of the form 


p+ (A* + y* cosQt) y = 0, (3.160) 


or introducing t = Qt we have 


¥+t(A+t+ycost)y =0, (3.161) 
where 
Pg ve 


Regions of instability in the plane A and y were determined for Mathieu equation 
for the first time by Ince and Strutt (Fig. 3.6). 


86 3 Second-Order ODEs 


7.9 


MAS" 


Wg 


NS 
<n. 


7 


\\ 
\ 


LN 
KN 
K\ 


9 
=. on 
a 

4 


N 


= n 


-7.5 


[SSS 


~ 
2 


Fig. 3.6 Ince—Strutt diagram—stable regions are cross-hatched 


The boundary curves nearby the axis A can be determined with the help of 
perturbative method. A particular case of the Mathieu equation (for y = 0) is an 
equation 


ptay =0. (3.162) 


It is easy to see that for A < 0 solutions of Eq. (3.162) are unstable. It is 
interesting that occurrence of y (parametric excitation) makes a region of stability 
appear. One can conclude that one can stabilize the motion by means of parametric 
excitation. In technics, the case A > 0 plays a very important role. The most 
dangerous case is the one with A = i. 

Now, consider an influence of linear damping on regions of stability loss. On this 
purpose, let us analyse the equation 


ib + Pow + O(t)w =0. (3.163) 
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This equation can be obtained from Eq. (3.110) by assuming w = g, P(t) = 
Po = const, and R(t) = 0. Next, we can make a substitution analogously to (3.112) 
and cancel a term with the first derivative. However, we proceed in a different way, 
namely we will write Eq. (3.163) in the form 


(") = [A(t)] (") (3.164) 


where 
0 1 
A(t)] = ‘ 3.165 
ia oo | 
Trace of the matrix Sp[A(t)] = —Ppo = const and after Liouville we get 
t 
det[®(f, to)] = det[P(to, fo)] exp [ solacar ; (3.166) 


to 


where ® (f) was introduced in the formula (3.134). 
If we assume 


det [® (t) + T, to)] = det [®.], (3.167) 


then according to (3.166) we get 


det [,] = det ie | =e PT (3.168) 
921 922 
hence 
~iiv2 —Pr~1 =e", (3.169) 


The characteristic equation has the form 
det([®.] — [7]) = 0, (3.170) 


by which we obtain 


Mig =a+ Va? — (gg — Y:2921). (3.171) 


where 


1 
a = 5 (eu + ox). (3.172) 
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Fig. 3.7 Position of 
characteristic multipliers in 
the parametric system with 
and without damping 


-1 


Taking into account Eq. (3.169) in (3.171) we find 


Mig =at Va? —exp(—PoT). (3.173) 


It follows from Eq. (3.173) that if |a| < exp (==) , then roots j1; and jl are 


complex conjugate. Furthermore, (3.173) implies 


—PT 
[41] = |H2| = exp =z} <1 (3.174) 


It follows from the above considerations that characteristic multipliers lie within 
a unit circle of the complex plane Imp, Rey. Figure 3.7 illustrates this situation. 

The solutions corresponding to j1; and jz are asymptotically stable. The second 
case to consider is a belonging to the interval 


—PoT 


1 
e 2 <|al< sll +e ™"]. (3.175) 


We have (assuming jz = | in the formula (3.173)) 
(1 —a)? = a2 — eW Po? 
hence 
a= tl age? yy, 


In this case, characteristic multipliers are real and lie within a unit circle. Finally, 
in the last case, i.e. for 


1 
|a| > sll +e PT} (3.176) 
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Fig. 3.8 Boundaries of stability loss for Mathieu equation determined by Kotowski for different 
values of damping Po 


an absolute value of one of the multipliers exceeds 1, i.e. the corresponding solution 
grows in time. It is noteworthy that in this case the system is unstable despite the 
positive damping in this system. This result cannot be obtained, when in Eq. (3.163) 
QO (t) = Oo = const. 

Now, consider a generalized Mathieu equation containing a linear damping term 
of the form 


y+ Poy’ +(A+ycost)y =0, (3.177) 


where: (’) = 4, ee ee ae ee ee al 

This problem has been completely solved by Kotowski [137], and the results of 
his calculations are given in Fig. 3.8. 

It follows from the figure that regions of stability expand as damping grows. As A 
grows, another regions of stability loss appear. The regions gets more narrow and 
hence these are less dangerous. 


Example 3.9. A rotor of rectangular cross-section b x h and length / rotates at 
angular velocity w. In the middle of its length, there is a mass m which can move 
only along the y-axis (see Fig. 3.9). During the motion in this direction, the mass is 
exerted to the spring force and damping coming from two springs and the dampers. 
Derive the governing equation of the rotor dynamics. 


Let us take a cartesian coordinate systems x;, y; (moving with the rotor) and 
absolute x, y (Fig. 3.9). 
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Fig. 3.9 Scheme of the rotor vibrations (the rotor has a rectangular cross section) 


The relationship between the coordinates is expressed by 
xX =x,cosot—y,sinot, y= y,cosot+x,sinot. 
The moment of inertia of cross-section with respect to the x-axis equals 


I, = f vas, 


Ss 
and hence 
1, = cos” ot | yas + sin? ot f sas + sindot [ pid. 
Ss S Ss 
Denoting 


I= [oias, Ly = [sas and Jy), = Jonas =0, 
KY Ss Ss 


we get 


3.2 Linear ODEs 91 


For the rotor position determined by the angle q, the stiffness is 


48 EI, 


_ 48EL,, 


ky 7 


(a = 0), Ky, 


(a= 


The equation of motion of mass m body takes the form 


Kx, oa ky, kx, 
2 


7 . 3 —ky, = 
my+cy+ (kot + 5 cos2wt | y = 0. 


In order to transform the above equation to (3.177) we make the following 
substitution 


t=2ot 
and we get 
Py = c _ ko ky, + ky, = ky, = ky, 
20m’ 4mo? 8mar ° 8mw2 


3.2.6 Modelling of Generalized Parametric Oscillator 


In what follows we consider a general form of the equation of parametric oscillator 
X¥ +7 (t)x =0, (3.178) 


where: w(t) > 0 and its graph is presented in Fig. 3.10 (note that, for a, = w_ and 
o(t) = w(t + T) the problem of modelling reduces to Meissner’s equation). 

The model equation (3.178) plays an important role in both classical and quantum 
mechanics. In classical mechanics, the presented variation of w (t) is related to the 
variation of an oscillator stiffness, whilst in quantum mechanics Eq. (3.178) governs 
a reduced time-independent one-dimensional Schr6dinger equation. 

It follows from Fig. 3.10 that w (¢) possesses the following limiting form 


lim o(t) = ox. (3.179) 


t>+0o 


In other words, w (t) presents an asymmetrical smooth and rectangular pulse. 
In further considerations, we will base ourselves on [229,230] and its generalization. 
We will assume the following analytic functions describing an asymmetric smooth 
pulse 
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Fig. 3.10 Piecewise smooth (solid line) and smooth (dashed curve) function w(t) 


o(t) =a_, —0o0 <t<T_ 
t 

w(t) = 2 + (of ~e2 pcos (24) T_ <t <0, 
t 

w(t) = ,/@%, + (@} — 3.) cos? (=). One Ty, 
or. 

o(t) =o+, T..<t < +00 


(3.180) 


Our goal is to find a solution of Eq. (3.178), when all the parameters describing 
the pulse are known and the asymptotic properties are taken into account (3.179). 


We seek a solution of (3.178) in the form 


x(t) = pe*'?, 


where: p = p(t), $ = $(t). 
Differentiating x (¢) we obtain 


y= per? + ippe*'? , 


¥ = pet"? + 21 pbe*'? + ippe*!? — pde*'?, 
Substituting (3.182) into (3.178) we obtain 
b+ 2ipd + ipd — pd? + w(t)p =0 
and excluding real and imaginary parts, we have 
p+ (t)p = pd’, 


26d + pp =0. 


(3.181) 


(3.182) 


(3.183) 


(3.184) 


(3.185) 
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Note that if (3.181) satisfies (3.178), then it satisfies (3.184) and (3.185) as well. 
Consider a particular solution of the form 


b= (3.186) 


Substituting 


b= 5 (aq) <6" 
dt\piay) “PP 


into Eq. (3.185) we get the identity 
; i +28 
ee + p(—26p °) =0, 


whereas by Eq. (3.184) we obtain the Milne—Pinney [172,200] equation of the form 


1 
pr(t) 
Instead of the linear equation (3.178) we have obtained the nonlinear equation 


(3.187). However, it turns out that in the latter case any two solutions of Eq. (3.187), 
i.e. p(t) and u(t) are connected by the relationship 


pt+ar(t)p = (3.187) 


t 


p(t) = tu(t) |M + VM?—1cos 2 f wr) dt, (3.188) 


where M is invariant. On the other hand (see [24, 25, 28, 29]) it is known that a 
general solution of Eq. (3.187) can be expressed through two particular solutions of 
Eq. (3.188) according to the following nonlinear superposition principle 


p(t) = (Ari + 2Bx\(t)xo(t) + Cx2(t). (3.189) 


Since the solutions x; (¢), x2(t) are linearly independent, the Wronski relation- 
ship is satisfied 


XX —_ XX — 1, 
and moreover, the coefficients satisfy the equation 


AC — B? = 1. 
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Note that according to (3.181), we can assume the following form of the sought 
solutions 


x; (t) = u(t) cos (ft), 
X2 (t) = u(t) sinO (ft) , (3.190) 
while according to (3.186) we have 
©=u(t), (3.191) 


and u(t) satisfies Milne—Pinney equation (3.187). Substituting (3.190) into (3.189) 
we get 


p(t) = tu(t) J Ao@Otay te = tanec O46 an S: 


The above expression can be transformed into the following form 


p(t) = £u(t) Js ae Oe ; V(A+C +2)(A + C — 2) cos 2(@(t) — y), 


where 

VAC —1 
A-C ° 

Note that, according to (3.191) we have 


tan2y = 2 


ew-r=f w@drsc-y= f war. 


forC = y. Assuming A + C = 2M we get 


t 


p(t) = £u(t) |M+ ; (2M + 2)(2M — 2) cos(2 ff w%(x))de 


B 


=+tu(t) |M+ |(M?- Iyeos(2 f w?(e))dr. 


which is in agreement with (3.188). According to (3.187), any solution u(t) 
generates an associated solution p(t). However, in our case we must define two 
quantities: an invariant M and a lower limit of integration. A sign (+) means that 
any two solutions u(t), p (t) possess also two solutions, which are a mirror reflection 
of them. 
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Any two solutions u(t), p(t) of Milne—Pinney equation (3.187) defines the 


following invariant 
1 . -\2 pP 2 u - 
M = =| (pu— pu)? + (“) rs (<) (3.192) 
2 u p 


In order to determine the value of M, it is sufficient to take an arbitrary instant of 
time. Note that any solution of Eq. (3.187) defines a pair of independent solutions 
of Eq. (3.178) according to (3.181). 

Our task is to analyse the following three solutions: 


(i) a pre-pulse solution corresponding to the constant w_; 
(ii) a post-pulse solution corresponding to the constant w+; 
(iii) a pulse solution po (¢) corresponding to the constant (0) = wp. 


Let us begin from the case (iii). If oo (t) is approximately constant value, then 
Po (0) = fo (0) = 0. By (3.187) we get 


wo (0) = a 
py, (0) 


or 


1 
po(0) = —==,  fo(0) = 0. (3.193) 


JYo(0) 


Our goal is to estimate asymptotically po (¢) as t > +00, provided that we know 
asymptotic values of u(t) connected with (i) and (ii), and the associated solution 
Po (t) defined by Eq. (3.192). Constant values (asymptotic) of the solution u(t) are 
determined by the values w+ and Eq. (3.187). We have 


lim o{u(t)= lim ——, 
t>to 7 t—>=r00 u(t) 


and hence 


1 
li t) = ——, lim w(t) =0. 3.194 
im s(t) om jim t+ () ( ) 


Two different solutions u(t) and u_(t) remain constant as t > +oo and 

t + —oo. Two pairs of the solutions {po (¢t),u+4 (t)} and {po (tf), u— (t)} are 

connected via the nonlinear superposition (3.188). On the other hand, pairs of the 

conditions (3.193) and (3.194) serve for determining the lower limit of integration 

and the invariants M+. 

Now, let us estimate the asymptotic values of limits ; lim o(t) provided that we 
>t0o 


know the asymptotic values (3.194). Let us denote t+ as lower limits of the integral. 
We obtain 
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dt 


lim Zep 7 | AR = ste ). 


t>xr00 ue ( 
os = 


By Eqs. (3.188) we get 


Jim po(t) = — [Me — MZ — 1cos(Qws(t — t+)) (3.195) 


In the next step, we will determine the constants t+ and Mx. First, we determine 
Mx by (3.195) after taking into account the following equality 


1 
—T_) = p(T) = ——. 3.196 
po (—T_) = p (T+) Jas ( ) 
Since as t = too the solution u(t) = (way, and for —oo <t < T_, Ty < 
t < +00 the frequency of the oscillator equals w_ and w+, respectively, then we 


have 


1 1 


By (3.192), taking into account (3.196), (3.197) and assuming t = T_ andt = 
T+ we get 


w= 3 (de) (Fe) + (YG) |] 


ee (= a =), (3.198) 


hence 


All the solutions serving for determining the invariant value M are constant 
solutions, which does not depend on Ty. By Eq. (3.195) we get the value of po 
fort = T, (or t = —T_). Further considerations will be carried out fort = T. 
In this case, the Milne invariant is (see (3.192)) 


1 1 2 ( 1 ) 
Mi=- oo (T.) - —= ) + 7) + {| —— ? 
t= 5 (i +) —) ( /@+ po) apo 
and after transformation 
1 : 1 
My = th | tr) + pp(T+)o% + aT) (3.199) 
+ Po 


By Eq. (3.195) we get 
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1 ¥ Mi - 1 sin 2@+ (Ty — t+) 2@4 
JO+ ora 
2 My _ M? —lcos (24 (Ty = t+)) 


dpy 
6g (T+) = Ts (Ty) = 


and hence 


pj bg = V MZ —1sin2a4 (Ty — t+), (3.200) 


where pg. is defined by (3.195) fort = 7. By the above equation we find 


+ a+ 
arcsin Po Po = 2047+ — 240+, 
2 
M;-1 
hence 
1 + at 
14 = Ty — 5— aresin Po Po __ (3.201) 
a) 2 
+ M;-1 
Similarly, one can show that 
1 ee 
PST 4 arin (3.202) 
20- M21 


In the considered case 6p (T+) = fo (T_) = 0, and thus we have t+ = T+. Now, 
we go back to a solution of Eq. (3.178) described by the formula (3.181). Let us 
remind that asymptotics of the function p(t) are determined by the limit (3.195). 
A general solution of Eq. (3.178) is a linear combination of cos (w+t) and sin(w+1), 
hence a pair of real fundamental solutions reads 


A(t) = po (t) cos¢ (t), 


B (t) = po (t) sing (t), (3.203) 
where 
dt 
th= : 3.204 
b(t) la5 (3.204) 


0 


Note that a phase-shift between the exact solution and the corresponding 
asymptotic solution (9,400 (t) reads 


a ne 
i lee al © 


or 


98 


d 1 
[ao-[ mate as t > +00. 
p 


By Eq. (3.203) as t + +00 we get 


t 
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(3.205) 


im A(t) = At (t) = AT(t) = po.co(t) cos [rid(oar +at], 
t—>+00 ? 


0 


t 


lim B(t) = At (t) = B*(t) = pooo(t) cos [doar +at 


0 


According to (3.195) we have 


t t 


(3.206) 


/ dt =i w+dt 
= 
5 0.00 Ms — ,/Mj — 1cos (24 (t — t+)) 


0 


In the handbook [15] we find that 


2 (b— c)tansax 


dx 
= tan. 
Ime Parad an Jb? — C2 


and 


1 


(c — b)tanSax + Jc? + b? 


(3.207) 


, B>c?, 


dx 
— 1 
i—: avec —b2 7 


In our case (see (3.208)) we have 
b* —c* = Mj — (Mj 1) = 1, 
and furthermore 


x=t—ty,dx =dt,a= 204. 


By Eq. (3.207) we obtain 


tt. 


t + 
/ dt i dt / 
—_ = w. => 
ps +} b+ ccosa(t —ty) b+ 
0 : 0 sth 


1 tty 
= Wy —arctan | (ae — Mi - i) tano,.| 
wo 


+ 


b? <c?. 


(c — b)tanSax + Vc? =B? |’ 


x 


C COS aX 


ty 


= arctan | (me — /~Mi- i) tanw+(t — to] 
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+ — arctan | (at —4/ M3. - 1) tao. (—t2)] 


= $+(t) + Ay, (3.208) 
where 


+(t) =arctan[(M, — ,/M?2 — 1)tanws(t — t+)], 


A+ =arctan[(M4 — ,/M2 — 1)tano+t4]. (3.209) 
By (3.206), (3.208) and (3.209) we get 


A*(t) = poco(t) cos[p+(t) + Ay + a4], 
B* (t) = poco(t) sin[p4(t) + Ay + a4]. (3.210) 


Assuming that the phase-shift is constant A+ + a4 = 0, by Eq. (3.210) we get 


At (t) = poo (t) cos y+ (t), 


B* (t) = pogo (t) sin gy (t), (3.211) 
where 
o+(t) =arctan[(My — ,/ MZ — 1)tanw, (t — t4)], 
: jm \/ M2. — 1cos[2w+(t — t+)] (3.212) 
= —— - + — lcos[2w+ (t — : ; 
P0,00 fOr + + + + 
Equation (3.211) could be transformed into the following form 
Mi —- J MZ -1 
Ay(t) = cos[w+(¢ — t+)], 
\ O+ 
Mi - Mi -1 
By(t) = sin[w+ (¢ — t+)]. (3.213) 
\ O+ 


Moreover, the considerations carried out in this chapter have been discussed in 
more detail in this reference. 
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3.2.7 ODEs with Constant Coefficient 


Theory of vibrations is one of the developed branches of mechanics, applied 
mathematics and physics. There is a large amount of literature devoted to the theory 
of vibrations of lumped (modeled by ordinary differential equations) and continuous 
systems (modeled by partial differential equations). In this work, we will give some 
fundamentals concerning vibrations of lumped systems from mechanics viewpoint 
(see [12, 13]). 

Assume that particles of a lumped material system have been connected by mas- 
sless elastic-damping elements. The connections generate forces and torques, which 
depend on displacements and velocities of these points. Imposing initial conditions, 
for example initial displacement and velocity of particles at particular values of the 
system parameters (mass, stiffness, damping, geometry of the system), can result 
in vibrations of a considered mechanical system. We will confine ourselves only 
to small vibrations in neighbourhood of a particular static configuration of the 
system (equilibrium position). Let us remind that a system (in nonlinear systems) 
can possess a few different equilibrium positions. 

In the case of small vibrations around the analysed equilibrium position, one can 
perform the linearization procedure which relies on Taylor (Maclaurin) expanding 
of some functions up to linear terms (though the linearization is not always 
possible). Consequently, the problem reduces to the analysis of linear differential 
equations with constant or variable coefficients. 

Let us consider the case of driven vibrations of one degree-of-freedom system, 
depicted in Fig. 3.11. 

The equation of motion takes the form 


¥ + 2hx +a7x = qceosat, (3.214) 
where 


Fi 
—=2h, a=-, q=—. 
m m m 


First, let us consider free vibrations (Fp = 0). We seek solutions of the form 


x(t) =e". (3.215) 


F,cosat 


x(t) 
Fig. 3.11 Vibrations of one 
degree-of-freedom system k 
with damping under 
harmonic excitation 


3.2 Linear ODEs 101 


Substituting (3.215) into (3.214) we obtain the following characteristic equation 
r? + 2hr +07 =0. (3.216) 
We get the following roots of the above equation 
no=—h+ VRP. (3.217) 
A general solution has the form 
x(t) = Aye™ + Aye”. (3.218) 
If h > a, then the solution has the form 
x(t) =e (Aye VP Age Ver) (3.219) 


and as one can easily see lim x(t) = 0. The function x(t) approaches zero without 
t—>co 


oscillations. 
If a > A, then Eq. (3.217) takes the form 


no=—h+ia, i*=-1, (3.220) 


where A = Va? — h? and the solution has the form 
1 a . 
x(t) = 50 Re(Ael™ + AeWt), (32915 


where A and A are complex conjugate. 
Euler’s formula enables us to find a real form of the solution 


e'! — cosAt +i sinAt. (3.222) 


We have 


1 
x(t) = 50 Re[(Ar =— A,i)(cos At +1 sin At) GB 223) 


+(Apr + Ayi)(cosAt —i sinAt)] =e (A, cosAt + Ap sin At), 


where we assumed: A = Ar + Ayi, AR = Aj, Ay = Ad. 
We have the third case left, namely h = a. This corresponds to the critical 
damping coefficient c,, determined by the formula below 


k 
Cor = 2m 4] — =2Vkm. (3.224) 
m 
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Fig. 3.12 Free damped 
vibrations of one 
degree-of-freedom system 


In this case we have a double root of the characteristic equation and a solution 
has the form 


x(t) = (A, + Agtje™. (3.225) 


There are no oscillations in the case of critical damping. The solution (3.223) 
describes damped harmonic oscillations and its graph is depicted in Fig. 3.12. 

A characteristic feature of damped vibrations is to attain maxima (minima), 
which are distant from each other by the so-called period of damped vibrations 
i= or Thus, one can introduce a notion of logarithmic decrement 


x(t) (A; cos At, + A sin At, ew 
=" _ 
aT) [Arcos A (ty + 22) + Azsind (t + 2£)] emt #) 
ie 7 (3.226) 
=n— y=". . 
ett Xr 


Logarithmic decrement can serve for determination of a viscous damping 
coefficient of vibrations. When 6 is known (a natural logarithm of a ratio of two 
sequential maximal amplitudes and the corresponding time of their occurrence) then 
the coefficient of damping can be found as 


6 
= 2m—. 227 
Cc m T 3 ) 


t 


At the end, we consider the case of driven oscillations, namely Fo 4 0. In order 
to get a solution we make use of complex numbers. Equation (3.214) takes the form 


¥ + 2hk +0°x = q(coswt +i sinwt) = ge'. (3.228) 
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The above second-order differential equation is non-homogeneous. Its solution 
is a superposition of a general solution of the homogeneous differential equation 
(Eq. (3.228) as gq = 0) and a particular solution of the non-homogeneous equation 
(3.228). The latter is sought in the form 


x = Ae“, (3.229) 
Substituting (3.229) into (3.228) we get 
(—w* + 2hwi + a7)A = q, (3.230) 


where A is complex conjugate of A = Ar + Aji. 
By the above equation 


q 
(a2 — w2) + 2hai 


A= Ap—iA; = (3.231) 


In order to find Ap and A; let us multiply the nominator and the denominator of 
the right-hand side (3.231) by [(a@” — w?) — 2hwi]. We obtain 


deta = Ci anid i, (3.232) 
(a2 —w?)? + 4h2@?2 (a? — w?)? + 4h202 
and hence 
vn: 
Ar= (a2 SS ao Ar = (a2 — =“ eae (3.233) 
The solution (3.229) possesses a real interpretation of the form 
Re x(t) = Re[(Arg — Ayi)(cos@t +i sinwt)] 
= Agcoswt + A; sinwt = acos(wt — B). (3.234) 
Since 
Arcoswt + A; sinwt = acosfcoswt + asin f sinwt, (3.235) 
then 
Ar =acosf, A; = asin, (3.236) 
and hence 


A 
a= /A2,+A2, tanfB = rs (30237) 
R 


104 3 Second-Order ODEs 


Since a general solution of the homogeneous equation (3.223) decays as f + oo, 
only a particular solution (3.234) of the inhomogeneous equation is left. As one can 
see, the response of the system is harmonic and shifted with the phase angle 6 with 
respect to the excitation. By Eq. (3.237) we get 


qd 1 1 


EE (ity) eacy Cy 


> 


2h 2ke 
B =arc tan— . Te re (3.238) 
= 1_(2 
( 
The coefficient 4s = & = Xg describes static displacement. The first equation 
of (3.238) is transformed into the form 
o a 1 
v=v/( )= = (3.239) 
“ Xs w)\2 h\? (w\2 
/b-@yT ere) 
The above function v = v (2) describes amplitude—frequency characteristics 


(see Fig. 3.13). 


Fig. 3.13 The 
amplitude—frequency 
characteristics of a 
harmonically driven oscillator 
with damping for selected 
values of the parameter b 
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Fig. 3.14 The 
phase-frequency 
characteristics of a 
harmonically driven oscillator 
with damping for selected 
values of h 


The second equation of the system (3.238) describes phase-frequency characte- 
ristics (see Fig. 3.14). 

As h = 0, we get the case of harmonically driven oscillator without damping. 
According to (3.234) we have respectively 


x(t) = acosot, (3.240) 
and 
x(t) = —acosot, (3.241) 


as w > a. This means that before resonance the vibrations are in-phase with the 
external excitation, whereas after resonance the vibrations are anti-phase with the 
excitation. 

Resonance appears when w = aq and then the amplitude attains infinity. The 
damping makes the amplitudes of resonant vibrations decrease. The case h = 0 
has been also presented in Figs. 3.13 and 3.14. If in Fig. 3.11 we take any time- 
dependent excitation F(t) instead harmonic one, then the equation of motion of this 
system takes the form 


X + 2hx +a7x = q(t), (3.242) 


where q(t) = + F(t). 

In order to solve Eq. (3.242) we apply Laplace transform, i.e. a function x(t) 
is associated with a function X(s) of a complex variable via the following integral 
transformation 


+00 


X(s) = / x(t)e"'dt, (3.243) 


—0o 
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where s = c + ia. The initial conditions for Eq. (3.242) will be determined for 
to = 0. Taking algebraic transformations related to Eq. (3.242) and the variable s in 

complex domain, we can make an inverse transformation 

1 ctiw 
x(t) = L[X(s)] = —— | X(sje" dt. (3.244) 
2ni J 

In practice, such integrals are not calculated. We usually make use of tables of 
originals and transforms. Since, we are interested only in a particular solution, we 


put the following initial conditions x(0) = x(0) = 0. Applying Laplace transform 
to Eq. (3.242), we obtain 


(s* + 2hs + a”) X(s) = O(s). (3.245) 


Consequently, we obtain 


xo = 20)! 
OP oe tee : 
a as +2581 


(3.246) 


The right-hand side of Eq. (3.246) is a quotient of two Laplace transforms. 
According to Borel’s theorem on convolution 


At)* A) = [fone ~addr = / At—dAtdr, 
0 0 


LIfi(t) * AW] = Fils) Fo(s), 
L"TF\(s) Fa(s)] = fi) * fa(t). (3.247) 


In the latter case the original of such product is a convolution of time-dependent 
functions, which are the originals of the mentioned transforms. On the other hand 


fi 1 1 
i | 96)| = L106) = Zeal 
z| : a. sin( vi =F), (3.248) 


T?s2 + 2€Ts +1 Pyle 


where: & = A T= 


i. 
According to Eq. (3.247) we get 
t 
x(t) = / 1) Hen sin A(t — t)dt, (3.249) 
0 


where: A = Va? —/h?. 


3.3. Lagrange Equations and Variational Principle 107 
3.3. Lagrange Equations and Variational Principle 


We are going to show that a trajectory of any dynamical system is a result of 
minimization of the action 


ty 
s=f L(r,¥,t) dt (3.250) 
to 


in the time interval t € [fo, t;], where r is position vector of a particle with mass m. 
Assume that the motion of the particle is governed by the dynamical system and 
by the space properties in which the particle moves. Consider different and possible 
trajectories of the particle starting from the point A (q(t), (to), fo) and achieving 
point B (qg(t1), g(t1), t1), as it has been shown in Fig. 3.15. 
The position vector r as well as its time derivative r are represented by 


r=) qa, (3.251) 


PS a a FS eh (3.252) 


where aj are the bases vectors of the taken coordinate system. 

It appears that although there are infinitely many paths from A to B (in general), 
but it is known that the physical dynamical system realizes only by one of them. 
Note that Eq. (3.250) n generalized coordinates q' and n generalized velocities ¢' 
appear, which are independent, and their variations are also independent. 

Let us introduce now a small parameter ¢ in the way that for a true trajectory we 
have ¢ = 0, whereas for other ones we have ¢ # 0. Observe that for all trajectories 
which meet in points A and B, we have also ¢ = 0. From (3.250) one gets 


t 


S(e(e).#@).:10,n) = f L (r(e), r(e), €, ¢) dt, (3.253) 


to 


ra(t) 


Fig. 3.15 Examples of two r,(t) 
different paths realized by the 

particle m while moving 

between points A and B 


108 3 Second-Order ODEs 


and equivalently 


ds 
S (r,r,0;%0,t1) + € 
de 


a ty 
dL 
er — 
dé 


i) 1 


ogi dé |,=o 


i=1 


é 
2 
xo 2 48 |,~ 


ue / dL 
e=0 2 de* e=0 
to 


dé 


dt 


OL dq’ 
+a de 


ty 
e? “. #L dq' dq aL d?q' 
+ 2 2 ii? de d % ~ rar es 
| d(qiy 4& 4€\,29 =F 9" E&* |e=0 
=, ot, ag’ dq! ey eb. ae! dq! 
Po eae Ten ey 
f=] q Odi E |exo GE |p=0 =| q Odi E lexo GE |e=0 
= al dg 
ve 3.254 
d agi de ) a ( ) 


Now we apply the Hamiltonian principle. Since we consider the different 
functionals for different values of ¢ and due to Hamiltonian principle for a physical 
(true) trajectory, the functional S achieves its extremum (it will be shown further 
that for almost all physical systems it is minimum). This principle is represented by 
the following formula 


ds 
dé |, 


d f" 
= Fal Li(r,r,t) ar| . (3.255) 
=0 dé Sry e=0 


Remark 3.1. Observe that now we might introduce [4 | Far = 6, and this operator 


is well known in mechanics. This is infinite small variation of any quantity, on which 
it acts. 


Remark 3.2. In most books of mechanics formula (3.255) is used as the fundamen- 
tal principle, and it serves for derivation of Lagrange equation in different manner. 


Remark 3.3. The use of perturbation approach allows for generalization and for 
clear and continuous statements and conclusions. 


Remark 3.4. Since the perturbation techniques belong to extremely developed, it 
gives good starting points for many other generalizations. 
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Comparing the terms standing by the parameter e¢ in (3.254) we get 


ty 
7 | dL 
<4 J de 
to 
(3.256) 


Consider now the underlined term in (3.256), which can be transformed in the 
following way 


dS 
dé |, 


dt. 


aL dq’ 
far we] ae de |, 


OL dq' 
Rol dé 


e= 


aL dgi _ aL d [ dqi _ d [aL dq ( aL ) dqi 
agi de |,ao Ogi dt \ de|,.o) dt \ dg’ de |,<o dt 0q'|,-9) dé |pao’ 
(3.257) 
because 
d (*) dq’ dLd’qi d AL dq _oLd (é ) 
dt \ agi dgidtde dtdgi de|,, dgidt \ de |.) 


Taking into account (3.257) in (3.256) we get 


t t 
[rar=s frat =o, 
eee a 


ty 
Assuming that ao = f ae dt = 0 and taking into account (3.257), 
to 


de le=0 
d i 
) = dt =0, 
e=0 de e=0 


Jar = 0. 
e=0 


d 
dé 


from (3.256) one gets 


".d {aL dq 
toa ad 


i "\(d aL 
& |-=0 d (5; aq! 


e=0 
or in the equivalent form 


(S(5-Ga)lt 


i=1 


He: (OL ag 
foe (@ 
_) fo 2 dt \dq' de 


(3.258) 
Observe that for any f € (fo, t;) we have 
i i i dq' (t) , 0q' (t 
G®=GO=7O|,ao+ € “ BD hc (3.259) 
eo eg 2° ae , 


Consider now the underlined term in (3.258). This integral has the value 
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oq! e=0,t] de e=0,t) dq! £=0,0 de e=0,t0 (3.260) 
0h i 7 = 
~ 0q' |-=0.1 e=OH  OGF he tl 


because we are in the time instants fo and ¢; on the investigated (true) trajectory and 
in these points the infinite small variations 5q/ i‘ = $q' i: =0,i =1,...,n. 
Therefore, the investigated first-order asymptotic approximation takes the form 


/5($-GEEL. 


i=l 


Jar = 0. (3.261) 


Recall the Gelfand and Fomin theorem proved in 1963 [98]. Let f; be a set of n 
integrable functions of a real variable ¢ on the interval [fo, t;]. Suppose that 


ty 


| fimat =0= fits = 0) (3.262) 


to 


holds for every arbitrary set of integrable functions 4; on the same interval and 
all of them vanish at the points fo and ¢;. The theorem states that f; = 0 for all 


i = 1,...,n. Note that in our case we have h; = a . From (3.261) we obtain 
=0 
a set of Lagrange equations 
dL d (aL 
-— — -)=0, i=1,...,n. 3.263 
iat ie (ag) = " oe 


Consider now the second-order approximations: 


a's igs & ?L dq' dq' 
ee oe j So ( fe, aa] a 
de? ©=0 e =i a(q')? de e=0 de e=0 
to i 
aL d’qi aL dq dq' 
dq! dé? e=0 dq! 0qi dé e=0 de e=0 
aio dg dq! OL. ag 
ee 4 eee dt. (3.264) 
0g;0G; dé |\,.g @&\.29 Og’ de? |,—6 
Now we use the properties of the earlier introduced operator 6 = 4 = and 


from (3.264) we obtain 
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OL 
8S =5 fra “8 [S(Ee gigi 


<— \ dq‘ dq' dq 


O Ls 4 se PL aa: PL a a (3.265) 
agiag? | q agiag? 4 q Tage i . 


The infinite small variation of both underlined terms in (3.265) corresponds to 
the considered already situation. In words, an action of 6 on the underlined terms 
gives Eq. (3.258), and then (3.261). Assuming that the system realizes the motion 
governed by (3.258), the action of 6 on (3.258) gives zero, and the underlined terms 
in (3.265) vanish. 

However, consider a possible physical interpretation of the omitted terms. Let us 


begin with 
aL dq'\ dq _ dq aL sd (0L\] dq 
ogi de) de \,-9 0 leo \L Ogi dt \ agi) | de)” 
Here we give an interpretation of °S = = : | . It can be treated as 6 (6S), and 


e= 


one can understand this as the perturbation of 6S = 0, or in other words of a trivial 
value. Therefore, analysis of perturbation of 6S = 0 allows to estimate stability 
of 6S = 0, ie. stability of (3.258), and consequently, stability of the Lagrange 
equations. On the other hand, since the functional can be considered in a similar 


way to a function, therefore a second derivative = 

2<0 
We say that the Lagrangian function (and then Lagrange equations) is stable when 
67S > 0, and taking into account (3.265) one gets 


decides about stability. 


t 


“.( PL ;; PL PL win 
So ( ad 42 rage? 4 dt >0. (3.266) 
i i=l 


dq' dq dq'oq' 


To sum up, the obtained set of n differential equations (3.263), after introduction 
of Lagrangian L and after carrying out the differentiation gives the set of second- 
order differential equations with respect to time. 

Recall that the generalized force QO; corresponds to a general coordinate qg'. The 
work done by generalized force on the virtual (generalized) displacement is equal to 
the work done by the active forces along the Cartesian coordinates. The Lagrange 
equations of a second kind have the form 


d T T 
5 (Gr) a9 = 2 i=1,...,5, (3.267) 
t \dg' 


0:=)> °F; ue (3.268) 
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and j * denotes number of active forces. If we deal only with potential forces then 


ov 
Q; = -— (3.269) 
dq! 
and (3.267) has the following form 
d (53) oT oV i eg (3.270) 
= -=0, i=1.,...,s. : 
dt \ 0q' dqi dq 


3.4 Reduction to First-Order System of Equations 


In mechanical and civil engineering [13] many problems can be reduced to analysis 
of second-order linear differential equations with variable coefficients of the form 


M(t)y + Cy + K(t)y = F(t), (3.271) 
where M(t), C(t) and K(t) are square real matrices of order n. The Lagrangian 
coordinate y and the generalized force F are n-dimensional vectors. The matrices 
are called mass, damping and stiffness matrices, respectively. The system of 
Eq. (3.271) is reduced to the following set of first-order differential equations 


& = A(x + f(t), (3.272) 


where: 


x(t) = 2 , 
y 
If the reduced Eq. (3.272) is complex-valued, then one writes 


X=Xetix;, A= Ar+iArz, f=frtift. (3.273) 


Substituting (3.273) into (3.272) we get 


S]-[eA1EE om 
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Hence, instead of the complex-valued differential equations (3.272) we have got 
real-valued system of differential equations (3.274) but with dimension two times 
larger. It means that in both cases a real-valued first-order system of differential 
equations can be taken into further considerations. 

In [160] the authors discuss some advantages of a direct use of second-order 
system of differential equations instead of a reduction to first-order system of 
differential equations. Namely, they show that in this case the generalized modal 
analysis very widely used in mechanical engineering, direct consideration of the 
second-order differential equations can offer substantial reduction in computational 
effort and ample clear physical insight. 

The earlier introduced reduction from a second-order system of differential 
equations to a first-order system of differential equations is a standard one. In a 
mechanical system, where the external forces are conservative, i.e. the forces arise 
from potential functions, the equations of motion corresponding to n-degree-of- 
freedom system, can be written as a Hamiltonian system in R7”. The Hamiltonian 
system has some special mathematical structure, and hence it can be further 
exploited to gain more insight to the Hamiltonian system in order to simplify the 
equations of motion, where certain resultant coordinates are constant. 

Although the Hamiltonian approach is nowadays very much saturated by geome- 
tric theory of the paths or curves, theory of systems of particles, and Lie’algebra, we 
focus our considerations on more basic approaches related to differential equations. 


3.4.1 Mathematical Background 


The Lagrangian equations have two remarkable properties. First, they are derived 
on a basis that a definite integral is stationary. Second, the Lagrangian function is 
quadratic regarding the velocities. 

Hamilton’s transformation reduces all Lagrangian problems to the ‘canonical’ 
form (after Jacobi). The 7 original Lagrangian differential equations are transformed 
to the 2n first-order differential equations having special simple and symmetric 
structure. Now we follow the considerations given in [148, 171,237]. 

Consider a function 


F = F(u,...,uUn). (3.275) 
Let us introduce the new variables v;,...,v, in the following way 
OF 
Uie= —(u,,...,Un). (3.276) 
Ou; 


We assume that the determinant formed by the second-order partial derivatives 
of (3.276) is not equal to zero. This implies that the n variables v; are independent. 
Using this assumption one can solve (3.276) to get 


uy; = (V1, VO sacra, 5 Un); ee Ug = itn (V1, Seaver Un). (3.277) 
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Let us define a new function 


G= ~ ujv; — F. (3.278) 


i=1 
From (3.277) and (3.278) the function G can be expressed in terms of the new 
values only 


G = G(v,,..., Un). (3.279) 


Now we apply the principle of least action which, according to Hamilton, allows 
to transform the problems of mechanics to those of the calculus of variations. 
Consider the infinitesimal variation 5G produced by arbitrary and infinitesimal 
variations 60;: 


6G = se su = 5 lade = F) = 3s (uj dv; + v; bu; ) —6F 


i=1 i=1 i=1 


n OF n 
= by jd + (« _ ) iu = So uidv;. (3.280) 


i=l i i=l 


Recall that G = G(v;,...,U,), and therefore we need to express all u; as the 
functions of v;. However, since (3.276) holds we have got (3.280) and hence 


n aG n 


5 = i= 6 i> 281 
G 2, 558" a v (3.281) 
which means that 
dG 
uj; = : (3.282) 
Ov; 


The described transformation was introduced by the French mathematician 
Legendre and is sometimes called dual transformation. 


Duality 
Old System New System 
Uy,...,Un Ui,+-+,Un (3.283) 
F = F(u,...,uUn) G = G(v1,..., Un) 
uj; = ge Ue= ge 


F=) ja, 410i -G G =), uivi — F 
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New variables are the partial derivatives of the old function with respect to the 
old variables and vice versa. ‘Old’ and ‘new’ systems are entirely equivalent for the 
transformation (3.283). 

We introduce now two sets of ‘old’ variables u),...,u, and w1,...,Wm. The 
additional variables are considered as parameters and they do not participate in the 
transformation 


F = F(w,...,Wmil,...,Un)- (3.284) 


The uw; are active, whereas w; are passive variables of the transformation. We have 


G =G(v,...,Uni W1,--.,Wm)s 


OF 
UE = : 
Ou; 
G= ~~ ujv; — F, (3.285) 


i=1 


bG = pr a eas 5 Ga - 


i=l i=l 


= (u; 50; + v; du; ) —6F 
i=1 
F m OF 
= 3 (uj dv; + v;6u;) — : ag _ =—46w; 
aw; 


i=l i=l j=l J 


n OF m OF 
= OU; i— ~— ) du; | - ——dw; 
y E bu; + (: =) “| X a; Wj 


i=1 


= y ui6v; — > ay OP (3.286) 


0 F 
es = =. (3.287) 


The Legendre’s transformation is entirely symmetrical in both systems, i.e. it 
leads from the old to the new system and vice versa. It changes a given function of 
a given set of variables into a new function of a new set of variables. 
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3.4.2 The Lagrangian Function 


Consider the Lagrangian function 


L=L(q,.--.9n.U.-+-+Qn,t), (3.288) 


where q; are the generalized coordinates and g; are the corresponding velocities, 
andi = 1,...,n. In words, we have mechanical system with n-degrees-of-freedom. 
We consider 41, G2, ..., Jn as the active variables, whereas q1, q2,...,4n and t as the 
passive variables. Coming back to our earlier consideration one convinced that now 
m = n-+1. Letus now repeat the introduced earlier Legendre’s steps. We denote the 
“new variables’ by p; (the so-called momenta), and L corresponds to ‘old’ function. 
Hence 


_ aL 
Pi = ae 


(3.289) 


We introduce the ‘new’ function (corresponding to G), which is now called ‘total 
energy’ of the form 


H=)  pigi-L. (3.290) 
i=l 


The variables g; in (3.290) are expressed in terms of the new variables p; by 
solving Eq. (3.289), and we get 


A= A (Qi s2.<5Qns Piseerd Pas Os (3.291) 


and H is called the Hamiltonian function. The dual nature of transformation 
follows: 


Old System New System 
; _ oH _ OL 
ae os (3.292) 
L => = DiGi = H H => ee DiGi -—L , 


L=L(q,.--.9n;41.---.4nit) H = H(q,....9n3 Pis--+s Past) 


Observe that using the Lagrangian function L one can construct the Hamiltonian 
function H, and vice versa. Equation (3.287) has the form 


dL dH aL dH ao, 
dgisagi’—ists (s~*é ECS ; 
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Fig. 3.16 Geometrical interpretation of H(p) 


It happens also, especially in many problems in physics, that for a given 
Hamiltonian one needs to find Lagrangian. In this case the Hessian determinant 
T should be not equal to zero. Note that in deriving the Hamiltonian from the 
Lagrangian, the Hessian determinant, J 4 0, where TP = J~!: 

There is an interesting geometric interpretation of the relationship between the 
Lagrangian and the Hamiltonian. For simplicity in presentation, let us reduce the 
dimension of the system to | and hold q fixed. If H(p) is convex, i.e. a > 0, and at 
a value p, we draw a tangent line of slope v, then the y-intercept of the tangent line 
has a value of —L(v). Since the slope of a tangent is the ratio of the vertical height 
to the horizontal, we have vy = ZL). Rearranging, we get H(p) = pr—Li(v). 
By replacing v with g, we get the Legendre transformation. 

It is seen from Fig. 3.16 that the supremum of the set of the tangent lines gives 
H(p), which is a conjugate function of L(v) : H(p) = sup,(pu — L(v)). This is 
another reason that H and L are called dual functions of each other. 

The transformation theory that operates on Hamiltonian systems gives rights to 
mix the coordinates g and p, and for instance p is not necessarily needed to be the 
momentum of the system, whereas g need not be the configuration of the system. 
However, when the Hamiltonian does have a physical interpretation of total energy; 
ie. H =T+U, L=T-—U and when p is the momentum, then the total energy 
is constant (4 = 0) in a time-invariant conservative system. In this case also H is 
always conserved when it is time-invariant and the states of the system evolve along 
the contours of constant H. In other words H(q, p,t) = const, which gives a first 
integral. Another interpretation of H is from convex analysis. 

We will illustrate it geometrically with Fig. 3.16b. For every value p, we draw a 
tangent line of slope v, so by varying the values of p, we get a set of tangent lines 
which are shown as dashed lines above. The supremum of the set of the tangent 
lines gives us H(p). Mathematically, this means that H(p) is a conjugate function 
of L(v), ie. H(p) = sup(pu — L(v)). 
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3.5 Canonical Transformations 


Now we introduce the basics of transformation theory for Hamiltonian systems. 


Definition 3.1 (Poisson Bracket). Let f and g be functions of (q,p,t). The 
Poisson bracket of f and g is defined as: 


— of 9g _ af dg 
[fgl = eres (3.294) 


In particular, note that 


Gn = [H, qn], Pa = [H, pal. 


In order to preserve the Hamilton’s equations structure, we would be looking 
for coordinate transformations that preserve the Poisson brackets. Suppose that new 
coordinates system is (q”,p”,t”), we want [f,g] = [f,g]” for every f and g, 
where [f, g]” is defined as: 


_ of dog _ af dg 


[f, gl" _ op” dq" = dq’ op” 


(3.295) 


The main idea of this type of transformation is as follows: First, we introduce an 
intermediate coordinate system (q’, p’, t’), with the following relationship: 


qd@=q, p=p"”, ¢=t=t". (3.296) 

This means that the first transformation from (q,p,f) to (q’,p’,t’) involves 
keeping q = q/ andt = ¢’ invariant and transforming p to p’. The second 
transformation from (q/, p’, t’) to (q”’, p”, ¢’””) involves keeping p’ = p” and t’ = ¢’”’ 
invariant and transforming q’ to q”’. How we go about achieving this is through a 
generating function F’, as stated below. 


Theorem 3.2 (Canonical Transformation). [f the transformation from the coor- 
dinate system (q,p,t) to new coordinate system (q’',p",t’), satisfies [f, g| = 
[fg] for every f and g, then the transformation is canonical. In addition, the 
transformation is canonical if only if there exists a function F : (q/,p’,t') > R 
such that 

OF , OF 


P= aa and q! = ip (3.297) 


F is called a generating function for the transformation. 


The proof of this theorem is given in [254]. In practice, knowing which F' that 
generates the coordinate transformation is not obvious. However, the method given 
below makes finding F more straightforward [254]. 
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1. Pick a family of functions S(q,...,dn,k1,..-,kn,t), parametrized by 
k1,...,Kn. 
2. Construct the functions p/,..., p), by solving the system of equations 


p= as for p’ as functions of (q, p, ft). 
9 |k=p’ 


3. Define the intermediate coordinate system (q’, p’,t’) by noting that q’ = q. 
Substitute q’ = q and p’ = k into S, which gives us F(q},....9),, Pj.--+» Dy): 
4. Construct the final coordinate system (q”, p”, t’”) as 
/ " OF 


ae ee ae ee 3,298 
p’=p, d= 5, ve) 


With the canonical transformations introduced, we shall now examine how 
Hamilton’s equations behave under canonical transformation. 


Theorem 3.3. Let G(p,q,t) be any function such that G = a where F is the 
generating function. Then for any function f (p, q,t) we have 


af af 


op aa (3.299) 


For any function f(p, q, t), its total derivative in time is 


af of, af. , af 
es 
_af aH af oH , af 
- dq Op dp dq __ Ot 


of 


=[H, f]+ a (3.300) 
Applying the proposition above (3.299), we have 
aw, +o 
sense 
=(H+G, f]+ us 


As such we obtain a new Hamiltonian H” = H + G with Hamilton’s equations 
in the new coordinates: 


d , 0H” d d_, oH" (3.301) 
—p, =-~— and —q, = —. ‘ 
dt Ph aq) dt Tn api 

Of special interest is to find a transformation resulting in H” = 0, then the 


trajectories of the equations of motion will be given by p” = constant and q” = 
constant. The transformation that results in H” = 0 satisfies the Hamilton-Jacobi 
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equation, which is a first-order, nonlinear partial differential equation. The main idea 
in developing the Hamilton—Jacobi equation is briefly described here. 
Using the method described earlier to construct the family of functions S(q, k, f), 


the set of points p = Jal , form an + 1 dimensional surface. The original 
ee on this surface is SH = H (q, 3S ah Since G = a , itis also equivalent 
to G = = in the original coordinate eee We want H” = 0, so it means that 
H+G= "0, Le. 
as CRY 
H \q, — =0. 3.302 
(« aq’ ') * ot ( ) 


This is the Hamiltonian—Jacobi equation that will result in H” = 0. 


3.6 Examples 


We will now return to the examples. 
Example 3.10 ([254]). A simple harmonic oscillator. 


If the potential function is U = aq’, then the Hamiltonian is now 


1 
A(p,q) = C# 500 
The Hamiltonian—Jacobi equation is (by substituting p = 5 into (3.302)) 
as | 1 (as a 
aq” = 0. 
dt 2m \ dq tie 


The solution to this partial differential equation is parameterized by k (which 
can be checked by substituting the solution back in the Hamilton—Jacobi equation 
above). 


S=-kt+g(q), g(qg= / (2km —amq 22 dq. 


Following the steps of transformation, we have 


qg=q and t=t, 


as iy 1 
p= — =—p't'+ | (2p'’m—amq’)’, 
oq k=p’ 
2 
1 
p= fe a —aq’. 


2m 2 
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The generating function is 


1 
F= Silay =S= =p't' + | 2pm -ameg’y)! dq’. 


The Hamiltonian’s equations in the new coordinates are 


2 
Mt __ Pp 1 2 
p= eos + 574 ; 
OF m 
ap (2p'm —am(q’)?)? 


ll ll 
| | 
ats + 
ais] Ris 
z n 
5 =: 
iL = 
a —— 
iS) 
~~ — 
—) —) 


Since H” = 0, we have p” = E = constant and q” = ¢€ = constant. If we 
non-dimensionalize the equations by introducing w” = sand A= ,/ 2b we can 
rewrite the equation for p” and q” as 


2 
P 2 
A =—+4+9q", 
ma A 


é= =++—sin (4), 


We can solve the equations of motion in the original p and q coordinates by 
rearranging equation for € 


q =Asin(w(t + 8)), 
Pp =modAcos (w(t + €)). 


These equations can be interpreted as follows: 


1. For a given initial condition p(t )) and g(to), we have constant FE (and equivalen- 
tly A) which determines the constant energy level or the contour that the particle 
is orbiting. 

2. The constant ¢ determines the initial ‘phase’ or angle between p and qg for a given 
initial conditions. 
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3. The equations of motion describe the motion of an elliptical orbit of constant F, 
which is consistent with the motion that this system is conservative. This system 
is stable, but not asymptotically stable. 


oO 


Example 3.11. Central force motion. 


Consider the motion of the particle moving on a plane, subjected to a force of 
magnitude A directed towards a fixed point, O. Using polar coordinates, the 


Lagrangian is 


L=T =U = 5m (724262) —(—). 


r 


Here, the generalized coordinates are g = [r, 0]’. The generalized momenta are: 


oL OL . 
= — = — —mr 
Pt (OF 
oL OL vy 
=— = — =mr’é. 
ee Up a0 


The Hamiltonian is computed as follows: 


r 

. 1 1 Am 
= mr + mr?6? — =m? — =mr?6? — — 
2 r 

1 . Am 

2 2A2 
= += 6- — — 
aint zmr 


and hence we obtain 


0q1 mq; qj 
0H 
y= — —— = 0, 
P2 00 
: oH Pi 
q1 = ae a 
Opi m 
. 0H P2 
G2 Sa. 
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The Hamilton—Jacobi equation is obtained from (3.302): 
aS 1 (aS \* 1 (adS\> Am 
+ + 5 - = 0. 
dt 2m \dqi 2mq; \ 0q2 M1 


The solution of the Hamilton—Jacobi equation can be found by separating the 
variables. Taking S is of the form S = f(t) + gi(qi) + g2(q2), we get 


df 1 (dg i 1 (dg.\* Am 

dt 2m\dq 2mq; \dqz qi 
Since the LHS of the above equation is a function of t only and the RHS is a 
function of g; and q2 only, therefore both sides must be equal to a constant. As a 


result, both sides can be integrated separately, with the constant of integration being 
equal. Thus, f = (—k\t + constant) and RHS is 


1 
d dgi\> 2am? |’ 
G82 = 2mk, — (<<) + is : 
dq2 dq 71 


Again, both sides must be equal to a constant, so we have 


d 
82 = (koqg2 + const), a =Q(q), QOq)= 
71 


oy 2 k2 2 
. = 2 + 2k] 
1 


Hence, S has the form 
S(91, 92, k1, ko, t) = —kyt + kag +f O(q:)dqi + constant. 


Following the steps of transformation, we have 


/ 


N=, @=q, and t=t 


as 
A= 5 = Olay, map, 
aq1 =i, esp 1=P}, K2=P2 
1 
2Am?2 2 ‘i 
pi=|——- 42 42pm] , 
1 qj 
pr Am | (ps) 
p=), = - 5 = const, 
2m 2mq; 
0s 
p2 = aan. = ko = Pp; 
q2 ki=p}. ko=ph 


Ps = ps = p2 = const. 


124 3 Second-Order ODEs 


Using the fact that the transformed Hamiltonian H” is zero, which means that 
qi = const and q¥ = const, we have 


q= oF = as =-t we = const 
"dp, Ok O(q1) 
” OF as kodqy 

q — aps = Ike =dq2- : god) = const. 


The following observations can be made about the Hamilton’s equations in the 
transformed coordinates (q”, p”, t’”): 


1. We have p'/ = H = constant, but since H = E, the total energy is conserved, 
which is the case for this conservative Hamiltonian system. 

2. We have also pj = p2 = m r2@ = constant, which means that the angular 
momentum of the system about the axis perpendicular to the plane is conserved. 

3. Differentiating the equation for g// with respect to time, we have the differential 
equation below, which is a function of only one variable gq, = r. 


dq (4) _ dr _ Qe) 
dt om” (a=r3 T= ). 


4. Differentiating the equation for g¥ with respect to g2, we have a differential 
equation of g2(= @) that explicitly depends on gq, = r. Note that ky = py = 
constant. 


dqz_—s ka (‘ 6 ky ) 
dq g7Q(m)— \dr POW) 
We can see that by using canonical transformation systematically, this problem 


can be solved analytically. 


Oo 


3.7 Normal Forms of Hamiltonian Systems 


In this section a method to analyse the dynamics of Hamiltonian systems with a 
periodically modulated Hamiltonian is presented [32,255]. The method is based on 
a special parametric form of the canonical transformation 


qg.p>Q,P, H(t,q.p) > H(t,Q,P) 


gq =x— 3x P=x+ sy 
p=yt sy) (Q=y—5ty 


A(t,Q,P) = ¥,(t,x,y) + H(t, Q, P) 


(3.303) 
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using Poincaré generating function W(t,x,y). As a result, stability problem of a 
periodic solution is reduced to finding a minimum of the Poincaré function. 

The proposed method can be used to find normal forms of Hamiltonians. 
It should be emphasized that we apply the modified concept of Zhuravlev [32,255] 
to define an invariant normal form, which does not require any partition on either 
autonomous—non-autonomous, or resonance—non-resonance cases, but it is treated 
in the frame of one approach. In order to find the corresponding normal form asymp- 
totics, a system of equations is derived analogues to Zhuravlev’s chain of equation. 
Instead of the generator method and guiding Hamiltonian, a parameterized guiding 
function is used. It enables a direct (without the transformation to an autonomous 
system as in Zhuravlev’s method) computation of the chain of equations for non- 
autonomous Hamiltonians. For autonomous systems, the methods of computation 
of normal forms coincide in the firs and second approximations. 


3.7.1 Parametric Form of Canonical Transformations 


A general result of the Hamiltonian systems parameterization by canonical transfor- 
mation is formulated in the frame of the following theorem [195-197]. 


Theorem 3.4. Let the transformation of variables g,p — Q,P be given in the 
following parametric form 


q=x—-5, P=x+ sy 


(3.304) 
p=y+35¥y Q=y— jy 


Then, for any arbitrary function U(t,x,y) the following property holds: Jaco- 
bians of two transformations q = q(t,x,y), p= p(t,x,y) and Q= Q(t, x,y), 
P = P(t,x, y) are identity ones: 


d(q.p) _ 9(Q,P) 
O(x,y) d(x, y) 


In the space J_ > O relation (3.304) with respect to variables q,p — Q,P 
transforms the Hamiltonian system H = H(t,q, p) by the following rule 


= J(t,x,y). (3.305) 


W,(t,x,y) + H(t,4,p) = H(t,Q.P), (3.306) 
where arguments q, p and Q,P in the Hamiltonians H and H are expressed via the 
parameters x, y in formulas (3.304). 


In the next step we investigate for which canonical transformations the parame- 
terization exists. 
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3.7.2 Integration of Hamiltonian Equations 
Perturbated by Damping 


Below, we consider dynamics of a unit material mass driven by a potential periodic 


force ao embedded in the medium with damping —éqg governed by the 
equation 
OF (t, 
= See 93, (3.307) 
dq 


where € and 6 are the small parameters. 
Equation (3.307) is transformed to the following form 
0H ep 
=—, ptdpa=-—, H= + eFU,9). (3.308) 
Op oq 2 
Note that (3.308) is not Hamiltonian, since damping force is not potential. 
However, applying the following noncanonical transformation 


q 


q=4, p= pexp(—ét) (3.309) 
the system assumes the following Hamiltonian form 


dH : dH ~ —dt) p* 2 

aa HS joe i expt) F.)| _ 310) 
Our target is to analyse an asymptotic solution of Hamiltonian (3.310) on the 

period 0 < tf < 27. We remain only the terms e? and €6, in the Hamiltonian H, i.e. 


H(t,x,y,6€) = «M(t, x, y) +e H(t, x, y) + H3(t, x, y) +ebHa(t,x,y)+---, 

(3.311) 

The system of Eq. (3.310) has the standard form and we apply the Poincaré 
transformation with respect to the period in the following parametric form 


Qn-1 =x — iW, Qn =x+ Wy 


: es ; (3.312) 
Pn-1 = + iW Pa =y- 5 Wy 


where function Y(t, x, y) is found solving a Jacobian type equation. 

Points gn, Pn lie on the trajectory g(t), p(t), defined by the solution of 
Hamiltonian (3.310) and they are called Poincaré points. A distance in time between 
them is equal to period 27: g, = q(27n), Py = p(277n). In what follows recurrent 
relations (3.308) may be obtained for periodic and Poincaré points. For this purpose 
the function W is sought in the following form 


WU =e, 42H 4+ 28,4 dW, 4+---, (3.313) 
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Substituting series (3.313) into Jacobi equation, the following series coefficients 
are found [196] 


t 

Wilt, x, y) — f Aidt, 
to 
t 


Wo(t,x,y) = f [Ao — 3{, Vi} ] dt, 


to 
t 


W3(t,x,y) = f [Hs — 5 Aa, Vi} + (i, Yo})+ 
to 
+ g(Aixx Vy Vy — 2A xy Vix Vy - Ayyy Vx. Vix)| dt, 
t 


Wa(t,x,y) = f Hadt, ete. 
to 


(3.314) 
where { f, g} = fygx — frgy denotes the Poisson bracket. 
The obtained formulas allow to carry out the full system analysis, which will be 
illustrated by the following example. 


Example 3.12. Investigate dynamics of a material point driven by the force 
—e? cost cos q and damped by —8q. 


In this case for the coefficients of the series (3.311) one gets 


2 
Hy = = + costsinx, H,=0, H3=0, Hy =1(—2- + cosrsins’). 


Substituting the above expressions to (3.314), one gets the following coefficients 
for the time instant ¢ = 27 


CHU, + CW + PW, 4+ hWy, 


es = = 1 ae _ a8 
i ae W=0, W3=27 goer? sinx), Wy=-m*y’. 


Removing from (3.312) parameters x and y and using (3.309) the following 
recurrent relations are obtained for Poincaré points qn, Pn, n = 0,1,2,... of 
Eq. (3.308) 

dn =Qn—-1 + 20€py—1 + O(€°), 
1 
Pn = Pn-1 (1 — 278) + rl sin 2qn + O(e’), 


where € is the order of impulse p,, = O(e€) (invariant curves are shown in Fig. 3.17). 
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Fig. 3.17 Invariant curve with damping 


For 6 = 0 we deal with a Hamiltonian system. It follows from Theorem 5 in [196] 
that Poincaré points lie on closed invariant curve Y(g,, Pn) = const = 2ne3C with 
the accuracy of €° in the form 


2 
os + 500s 2qn = C. (x) 

A family of invariant curves is shown in Fig. 3.18. 

For 6 4 0 our system is non-Hamiltonian and Poincaré points with an increase 
of n start to lie on curves defined by the preceding equation with a constant C = cy, 
depended on n. For c, one may obtain the recurrent relations in the following way. 
Let a pair Gn—1 = Gn—1, Pn—1 = Pn—1 aNd Gn, Pn Of Hamiltonian (3.310) lie on the 
following invariant curve 


W(Gn-1, Pn-1) = W(Gn, Pn) = Qe? Cn—1. 


The next pair (dn = Gn, Pn = Pn(l — 278)) and (Gn41 = Gn+1, Pn+1) lie on the 
invariant curve with modified constant 27e%c,, of the form 


W(Gn. Pr(l — 278)) = 277 cy. 


Consequently, taking into account two last formulas and applying the Lagrange 
theorem one gets 


ow 
—21 bpp = 2me3 (Cp —Cy-1). 


OPn 
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Fig. 3.18 Invariant curve without damping 


Substituting the above function V the following recurrent solution is found 


2 
20 5D (xx) 


Cn = Cn-1 — 
€2 


For n = 0 and having the initial values of go, po, one finds co 


and then constants g\, Pp, c; are found from previous relations (*) and preceding 
one. 

It follows from (**) that constant c, decreases monotonously and tends to 
minimum of the function. 


ae 
x,y) =25 + =cos2x. 
fEN=sats 
Minimum x = 5 + any = 0 corresponds to stable periodic solution of (3.307). 
Poincaré points approach a stable point in a spiral way. Therefore, the found 
minimum is stable focus (see Fig. 3.17). 
Note that a similar equation is studied in monographs [96, 182]. However, three 
approximations of averaging KBM method [51] are required in order to get the same 
result. 
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3.8 Geometrical Approach to the Swinging Pendulum 


Riemannian formulation of dynamics makes use of possibility of studying the 
instability of system motions through the instability properties of geodesics in a 
suitable manifold. It is believed that geometrical approach may provide a good 
explanation of the onset of chaos in Hamiltonian systems as an alternative point 
of view. This technique has been recently applied to study chaos in Hamiltonian 
systems [56—58, 61], however other mechanical systems can be also analysed in 
this manner, e.g. systems with velocity-dependent potentials that are described by 
Finslerian geometry. The most important tool in this approach is the Jacobi—Levi— 
Civita (JLC) equation which describes how nearby geodesics locally scatter. The 
instability properties are completely determined by curvature properties of the und- 
erlying manifold due to the occurrence of the Riemann tensor in the JLC equation. 
Analysing the JLC equation we observe that manifolds with negative curvature 
induce chaos, however a chaotic behaviour may occur in systems with positive 
curvature manifolds due to curvature fluctuations along geodesics [56,57, 179, 198]. 
Since a generic Riemannian space consists of the ambient space and a metric tensor, 
so in order to apply this technique we need to define these quantities. We have a 
few choices at our disposal. We can use configuration space endowed with a Jacobi 
metric, enlarged space-time manifold with an Eisenhart metric or tangent bundle 
of a configuration manifold with a Sasaki metric. However, no matter the ambient 
space we choose for geometrization, the geodesics projected onto the configuration 
space of a system have to correspond the trajectories of an investigated system. 
In other words, the geodesics equations should give us the equations of motion. 
It should be emphasized that this technique does not provide a new method of 
solving differential equations. It provides a qualitative description of the behaviour 
of systems using formalism of differential geometry (Riemannian geometry in this 
case). This method is still under development and other types of spaces are sought 
for a purpose of geometrization. So far, Hamiltonian systems with many degrees-of- 
freedom have been investigated with the use of this approach [56-—58, 198]. However, 
Hamiltonian systems with a few degrees-of-freedom are not investigated so often 
as the previous ones in this manner except in paper [61] that deals with a two 
degrees-of-freedom system (Hénon—Heiles model). Note that Hénon—Heiles model 
dynamics is described by a Hamiltonian with a coordinate-independent kinetic 
energy term. Here, we analyse a two degrees-of-freedom system (the swinging 
pendulum) of the coordinate-dependent kinetic energy term. 

In what follows we introduce basic tools for geometrization. Let us consider a 
conservative system with n degrees-of-freedom, which is described by the following 
Lagrangian: 


L=T—-V = ay (x)x#i” — V(X), (3.315) 


: a 
where x4 = a 


3.8 Geometrical Approach to the Swinging Pendulum 131 


For this conservative system Hamilton’s principle can be cast in Maupertuis’ 
principle: 


aL 
6S = 5 | —x"dt = 0. (3.316) 
Ox 


It is well known that equations of motion can be obtained using the rules 
of variational calculus for the functional .7%. We have the analogous situation in 
Riemannian geometry, where geodesics equations are obtained from: 


8 fas = 0, (3.317) 


where ds is arc length. Hence, we can identify these two situations in the following 
way: 


8 fas =b% =0. (3.318) 
The kinetic energy T is a homogeneous function of degree two in the velocities, 


hence: 


OL 


Using the above result and substituting it to (3.316), we get Maupertuis’ 
principle: 


If = gf 2rd =0 (3.320) 


Making use of (3.318) and the fact that the system is conservative, one can easily 
verify that: 


2Tdt = \/2(E -V(x))ayy(x)dxtdx” = \/guy(x)dxtdx” = ds, (3.321) 


where E is the total energy. Hence, we find the metric tensor which is referred as 
the Jacobi metric: 


Suv (X) = 2(E — V(x))ayv (x). (3.322) 


Note that the substitution E — V = T made here is essential. As we said earlier, 
the geometry used in this approach is a Riemannian one hence a metric tensor should 
not be velocity-dependent. However, the kinetic energy is velocity- dependent by 
definition and that is why we must put E — V(x) instead of T in (3.322). 
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Now, we present a brief derivation of the main tool of this approach, namely 
the JLC equation [56—58, 61]. Let us define a congruence of geodesics as a family 
of geodesics {x,(s) = x(s,u) : u € &}. The geodesics are parameterized by a 
parameter u whereas s is arc length. Let J(s) = - denote a tangent vector at u (s is 
fixed). J(s) is called a Jacobi vector that can locally measure the distance between 
two nearby geodesics. Since 4 is tangent to a geodesic, we get: 


V;— = 0, 3.323 
Ts ( ) 
where V, = Va. 
It is easy to verify that 
d d 
V;— =Vz—. 3.324 
“du ds ( ) 
Hence, we obtain 
d d 
Yo =¥,V,—. 3.325 
du " “ds ( ) 


Let us introduce the Riemann curvature tensor [39]: 


d d\d d d d 
R{ —,— ]— =V;V,— — VuWs — — Via a1. 32 
(= =) ds * “ds ds latgel ds eee 


Making use of (3.323) and the fact that [4, 4] = 0 we get: 


d d\d d 
R (=. <) aL (3.327) 


Substituting the obtained result to (3.325), we find: 


d a a\ a 
vy R = 32 
du” (= =) io eas 


where we use the antisymmetry of the Riemann curvature tensor with respect to its 
first two arguments. The obtained equation is called JLC equation and it describes 
the evolution of geodesics separation along geodesic. In order to make any further 
calculation Eq. (3.328) will be expressed in local coordinate system later on. 
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3.8.1 The Analysed System and Geometrization 


We study again, the two degrees-of-freedom, conservative mechanical system which 
consists of elastic swinging pendulum with nonlinear stiffness (see Fig. 3.19) [35]. 
The nonlinearity of the spring has the form: 


k(y) = kily + ya) + Koy + ya)’, (3.329) 


where yy is a position of the mass at rest. The Lagrangian describing the dynamics 
of our system has the form: 


1 k k 
L = sli? + 179?) — Sr ais rad ~ Io) + mgr cos ¢. (3.330) 


From Euler-Lagrange equations one can easily obtain: 
k k 
# =rg@?— —=(r—ly) — —(r — lo)? + g cos, 
m m 
7 ae ae 
¢ = —-rg— = sing. (3.331) 
r r 


In order to obtain dimensionless equations we apply the following substitutions: 


=] : kel? kyl 
jo og, ge oes, So", tees Gas 
i i mg mg l 


Fig. 3.19 The investigated 
system 
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Hence, we get 


Z= (1+2¢? — B(z+ 2) —a(z + 2)? + cose, 
De od 1 
tga 
ead 1+z 


g=- sing, (3.333) 


where the corresponding dimensionless Lagrangian reads 
Be : a 
L=P+(14+27°e — f+ 2m) - 3& +z)*+2(1+z)cosy. (3.334) 


As the Riemannian space manifold we choose a configuration manifold endowed 
with a Jacobi metric g. In our case the Jacobi metric has the following form: 


g=4e-Y) (( (1 i ii (3.335) 


where ¥ is dimensionless potential: 
2 2,@ 4 
V = Bp (z+) + 5 & + 20) —2(1 +z) cosg, (3.336) 
and & is total energy of the system. In order to find JLC equation, first we have to 


find coefficients of the Riemann curvature tensor. It is easy to verify that connection 
coefficients have the following form: 


pao !t ¥ wi) 
NT OW az? OW Ag’ 
av 1 aw 
ee 114 20a |. eS 
2 ag (+9 re | = IH +a? dp 
1 av 1 av 
rr, =——— (201 ie (ee 
2 wae +e” Co =) 2 OW Ip’ 


where YW = & — ¥. Since the Riemannian space manifold is two-dimensional, 
there is only one nonzero coefficient of the Riemann curvature tensor. It has the 
following form: 


YY 2 (AV 5 PV pou! +2)? e 
R121 = 2591 W (~) +20 +2) 5 Pile Gal yo W (¢ De ~) : 
(3.337) 


Let us choose special base vectors {£), Ez}, such that Fy = £ and g(F\, E2) = 
0, g( Fo, Fo) = 1. 
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In other words the base is formed by the orthonormal set of vectors. In local 
coordinate system these base vectors have the form (Einstein’s summation conver- 
sion is used in this section) 

E; = Y/'e;, (3.338) 


L 


where i = 1,2 and 


nny ( #4 
yi y2) —lq4)j%¢ Le]! 
2 "2 ( Ba z) ds 1+z ds 


The Jacobi vector in this base reads J = J" E,, (J” should not be confused with 
n-power of J). Substituting this into the JLC Eq. (3.328) we get 


es On = ge (3.339) 


Vi(J" En) + R(J" En, E\)E = 0. (3.340) 
Since E} is tangent to the geodesics, one gets 


dzjJ” ; 
Gx En + J’ RE: Ex) Es = 0. (3.341) 


Since R(E,,, £;) £1 is a vector, so it can be decomposed in the orthonormal base 
as follows 


2 
R(E;, E\)E, = >> a(R(Ei, E:)E1, En) En. (3.342) 


n=1 


We put sum explicitly here because i indices are on the same level so we cannot 
apply Einstein’s summation convention. Substituting (3.342) to (3.341) one gets 


27n 


ds? 


+ J'g(R(E;, E1)E1, En) = 0, (3.343) 


where n = 1,2. 
Due to the antisymmetry of the Riemann tensor the following equation is 
obtained 


dj” 


at J?¢(R(E, E1)E}, En) = 0. (3.344) 


Making use of (3.338) one finds 


g(R(E2, E1)E1, En) = Reig ¥FY{YiY/ (3.345) 
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Taking into account (3.339) two uncoupled equations JLC equations are 
obtained: 


d7J} 
dst 
d*J* — Rain 15 
Ts date J* =0. (3.346) 


Actually, we are only interested in the evolution of J? along geodesics because 
this component of Jacobi vector is a coefficient standing by the vector that is 
orthogonal to the tangent direction of geodesics. Hence, from now on we consider 
only the following equation 


d*J* — Roa 
ds? det g 


J? =0. (3.347) 
Due to the dimension of the Riemannian space manifold we find 


Roi21 1 
= —R, 3.348 
det g 2 ( ) 


where R is a scalar curvature. In our case, the scalar curvature R takes the form 


2R 1 ey 1 fav? ey av 
pa Ss ( of. ( ) +042? +0497] 


dettg 8W2(1+2)?\d~2 W\ do dz? 
1 (avy? 
—). 34 
tml) une 
Let us go back to the JLC equation 

ag? . 3 
~J*R(s) = 0. 3.350 
qe BO (3.350) 


The above equation is a differential equation with respect to the arc length s. 
In order to make further calculation we have to transform this equation into a 
differential equation with respect to time t. The metric used in this section is the 
Jacobi metric, so we have 


ds = 2Wadt. (3.351) 


Making use of the above identity we get the desired differential equation with 
respect to time 


Ce War 
ie ye 2W°RJ? =0. (3.352) 
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To obtain an oscillator equation we apply the substitution [33-35]: 


16H 
y= sexp(> f Dar) = s V7. (3.353) 
2) W 
The quantity W is never negative since its values equal the kinetic energy by 
definition, so VW always exists. Hence we find the oscillator equation 


7 o\ 2 
tel 1, 3(% 
itssi(D+4w n-3(5) =0. (3.354) 


Observe that /W < & so we can examine only J instead of J?. Eq. (3.354) is 
an oscillator equation with time-dependent frequency 


ee . 2 
i[v », 3{[% 
Q=5(F +4 n-3(5) (3.355) 


Thus, the analysis of behaviour of the system is transformed to the analysis of 
solutions of the following equation 


J+QJ =0. (3.356) 


As we mentioned earlier, the above equation is an oscillator equation with time- 
dependent frequency (2. Note that the frequency is not explicitly time-dependent. 
However, it consists of functions of positions and velocities of the spring mass that 
are time-dependent. Hence, in order to solve (3.356) we must know the solutions 
of dynamics equations (3.333). In what follows the JLC equation is numerically 
solved, some numerical results are illustrated and discussed. 

In order to solve numerically Eq. (3.356) we put the following values of the 
parameters: (a = 2,6 = 1), (a = 0.1,8 = 0.2) and (a = 1,8 = 2). The 
results are displayed in four figures for each case (except the last case, where six 
figures are presented). The first figure shows the projection of the phase trajectories 
onto (z, z) subspace. The second one presents a corresponding Poincaré section or 
another projection onto (g, @) subspace. Next figures present the evolution of J, 
In|J]. 

Our first case is a quasiperiodic one (see Fig. 3.20). It is easy to see that J evolves 
rapidly and fluctuates along the trajectory. The rate of the growth is presented in next 
figure, where In|J/| is put on the vertical axis. The second case is a weak-chaotic 
one (see Fig. 3.21). Observe that behaviour of J is similar to the previous one (see 
Fig. 3.20), ie. J evolves rapidly as well. Hence, it is rather hard to distinguish 
between these two cases. In the last case we have a qualitatively different situation 
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Fig. 3.20 Quasiperiodic case: a = 2, B = 1, z(0) = 0.2, 2(0) = 0.4, g(0) = 1.7, g(0) = 0.8. 
(a) Projection (z, z). (b) Poincaré map (z, Zz). (¢) Evolution of J. (d) Evolution of In | J| 


(see Fig. 3.22). One can observe that the evolution of J is bounded and resembles 
the vibrations with amplitude modulation. Such evolution of J should indicates that 
a behaviour of the system is regular. 

However, we can observe (see Fig.3.22a—d) in phase portraits and Poincaré 
sections that we have rather quasiperiodic behaviour than periodic one. In order 
to explain this fact we must take a look at the (z, z) and (yg, g) Poincaré sections 
and phase portraits. One can observe that the phase trajectories do not penetrate the 
whole energy surface. The phase trajectories are bounded to a small region (see the 
scale in Fig. 3.22a—d). Hence, there cannot be any rapid growth of J (see Fig. 3.22e). 


3.9 Geometric Analysis of a Double Pendulum Dynamics 


The classical approach to analysis of Hamiltonian systems has been widely applied, 
providing a classical explanation of the onset of chaos in these systems. In addition 
to the classical techniques for analysing Hamiltonian systems, the geometric 
approach plays an important role. The geometric approach is based on the relation 
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Fig. 3.21 Weak-chaotic case: a = 1, B = 2, z(0) = 0.2, 2(0) = 2.4, y(0) = 0.7, g(0) = 0.4. 
(a) Projection (z, z). (b) Poincaré map (z, Z). (¢) Evolution of J. (d) Evolution of In | J| 


between Riemannian geometry and Hamiltonian dynamics, but is distinct from the 
incorporated footnote geometric formulation of Hamiltonian mechanics in terms 
of symplectic geometry. This technique has into text been successfully applied 
[42, 57, 60, 61], especially to systems with many degrees of freedom. It has also 
been widely applied in general relativity [226,227] and to low dynamical systems 
with a nondiagonal metric tensor [35]. It is believed that the geometric approach can 
provide an alternative to slight revision for the classical explanation for the onset 
of chaos in Hamiltonian systems, which involves the homoclinic ease of reading 
intersections [155]. 

As it has been already mentioned in the geometric approach to Hamiltonian 
dynamics, the analysis of dynamical trajectories and behaviour of a system is cast 
into the analysis of a geodesic flow in a corresponding Riemannian space. The 
main tool of this approach is the so-called JLC equation [42,55]. In general, the 
JLC equation is a system of second-order differential equations with respect to a 
geodesic length, and it describes the evolution of a tangent vector (so-called Jacobi 
vector) along the geodesic. Although there are many dynamical systems that can be 
described in this manner, there are some that cannot, namely systems with velocity- 
dependent potentials. However, this kind of dynamical system can be analysed by 
means of the Finslerian geometry [42]. Here, we study conservative Hamiltonian 
systems, which can be geometrized within the Riemannian geometry approach [33]. 
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Fig. 3.22 Regular system case: a = 0.1, 8 = 0.2, 2(0) = 0, 2(0) = 0.1, g(0) = 0, g(0) = 0.03. 
(a) Projection (z, z). (b) Poincaré map (z, Zz). (€) Projection (g, g). (d) Poincaré map (9, ¢). (e) 
Evolution of J. (f) Evolution of In|J| 


The point is that motion of a Hamiltonian system can be viewed as the motion of 
a single virtual particle along a geodesic in a suitable Riemannian space 2. From 
the above condition one can obtain the geodesics equation, which has the following 
form in local coordinates [55] 
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d?q' ; dq! dq* 
pp ea 3.357 
ds? Feds ds ( ) 


The Riemannian space is endowed with a metric tensor, which is obtained from 
the dynamics of the analysed system. Since we choose a configuration space of an 
analysed system for a Riemannian manifold, the metric tensor is the Jacobi metric 
g, which is connected to the dynamics by the following relationship [57] 


Gij = 2Wayj(q), W=E-V, (3.358) 


where F is a total energy and V is potential energy. The matrix ‘a’ is a kinetic 
energy matrix (we use the brought footnote into Einstein summation convention): 


1,, : 
i 5 wd? —V. (3.359) 
This relationship follows from the Maupertuis principle, which gives 


ds = 2Wdt. (3.360) 


The main tool of the geometric approach, namely the JLC equation in a local 
coordinate system, has the following form [55,57] 


és" 4 pid da pn 


a 4 oC RW = 0,n = 1,2,...,dim 2, (3.361) 


where q/ satisfy the geodesics equation (3.357), J” are components of the Jacobi 


vector, Ri ; are components of the Riemann curvature tensor, and 


by” dJ” dq! 
= — 47), J" — 3.362 
és ds +k ds ( ) 


are so-called absolute derivatives. The above equation has a similar form to the 
tangent dynamics equation, which is used to evaluate Lapunov’s exponents. In fact, 
Eq. (3.361) takes exactly the same form in the case of the Eisenhart metric [56]. 
This means that there is a connection between the JLC equation and the tangent 
dynamics equation. Moreover, it is possible to find Lapunov’s exponents using the 
Riemannian geometry approach. This has been done only for systems with many 
degrees of freedom and diagonal metric tensor [57]. 

Because we are interested in systems of only two degrees of freedom, the 
Riemannian space Z@ is two dimensional. This implies that we have only one 
nonzero component R» 2; of the Riemann curvature tensor [55, 179]. In this case, 
the JLC equation (3.361) takes the form 


aw Ro 
ds? det g 


v=0, (3.363) 
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where W is a normal component of the Jacobi vector relative to the geodesic. 
The tangent component of the Jacobi vector evolves only linearly in a geodesic 
length, so it does not contribute to the character of the solution [42]. Next, making 
use of the fact that 


2R 
mm (3.364) 
det q 


we obtain a single differential equation which carries information about the system 
behaviour 

id RY 0 3.365 

qe (3.365) 
where & is the scalar curvature which, in general, is not periodic in t. At this point, 
we can see where a possible explanation of the onset of chaos in Hamiltonian system 
lies. The component W of the Jacobi vector represents a distance between two 
nearby geodesics, which in turn represent trajectories of the analysed system. The 
solutions of Eq. (3.365) can exhibit exponential growth due to parametric excitations 
in the scalar curvature. Hence, this formulation and description of Hamiltonian 
dynamics gives us a qualitatively different explanation of the onset of chaos as a 
parametric instability of geodesics [61]. 

In order to solve Eq. (3.365), we need to transform it into a differential equation 

with respect to the real time, f. Taking into account Eq. (3.359) we find 


. Ww. 
wv we +22W7W = 0. (3.366) 


The above equation can be easily transformed into another form by means of the 
following substitution [61] 


v=JsJW, (3.367) 
which gives 
J+ Q(t)J = 0, (3.368) 
where 
ifw 1(Wwy 
Q(t) = aa 5 (F) +42W? |. (3.369) 


It should be emphasized here that Q is not, in general, periodic in t-time. 
Although Q is written as a function of t, it does not depend on rt explicitly. In fact, 
it depends on a particular trajectory of the system. 
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3.9.1 The Pendulum and Geometrization 


In this section we analyse a mechanical system with constraints, namely a double 
physical pendulum. The dynamics of the pendulum are described by the following 
Lagrangian L 


1 : 1 . . 
Ls somict + Jy +1?) ¢7 + 5 (mac5 + J2) G5 +221 1192 cos(Y1—- $2) —V (G1, #2), 
(3.370) 


where 


V(1, G2) = g(Mal + moc2 + m1) — g(M1C1 + Mal) COS Y] — M2¥8C2 COS 2, 
(3.371) 
m, and m> are masses, J; and J) are moments of inertia, and c, and c2 are 
the positions of centers of masses of the first and second link, respectively (see 
Fig. 3.23). In order to cast the above Lagrangian into a non-dimensional form, we 
introduce the following scaling 


a migce, + mogl; ie Jn + macy 
~ Jy +mici + mal?’ Sy myc? + mal?’ 
M2Col m2C 
= = p= _ (3.372) 


myc; + maly 


Ji + myc? + ml?’ 


Fig. 3.23 Double physical 
pendulum 
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Fig. 3.24 Poincaré section for & = 1.1 


Hence, the Lagrangian takes the non-dimensional form 


Ty : es 
L =591 + Ce + k¢ig2.cos¢ —1— 4+ cos g, + LCOS G2 


Le, j 
=5(Gid2)a (*') —l—p+cosg, + cos Po, 
2 
~ =91- G2 (3.373) 
where 
1 «Kcos¢@ 
= , 3.374 
3 é cosp Bh ) Ser) 


The dot over g denotes t derivative. Using the Euler-Lagrange equations we 
obtain the equations of motion 


. kK sing(k cos $g? + BOF) — B sing, + Kj sin g2 cos d 
j= —s 
B —k?* cos* 


. _Kksing(k cos $3 + G7) — wsings + kK sing, cosd 
2 = ES) 
B —k? cos? d 


(3.375) 


Let us consider the Jacobi metric g of the physical pendulum 


1 xKcos¢ 


g=Wa=w( b 


) Hs 81H cos + 100542. 
(3.376) 
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Next, we find the connection coefficients r i 


r= a sin gy) cos” 6 + Wk? sin(2) — jk sing cos ¢ — B sin g1), 
1 
C= Wane sin g2 cos’ @ — Wk’ sin(2) — Bx sing, cos @ — Busing), 
e 
1 
ra = W deta" sin Y2 — K sing, cos ¢ — 2Wk sing), 
e 
Ty = a, sin p} — LK Sin g2 cos + 2W« sin g), 
1 ' 
ee W deta sin g2 cos @ — B sing,), 
Those 3.377 
o> 597 aq ee ee) (3.377) 


In a two-dimensional space there is only one nonzero component of the Riemann 
curvature tensor, namely, 


Ro121 = LCOS G2 + 2Wk cosh + Bos gy 


DS es v9, Sin? g deta 
+ — (kK sing) cos @ — jwsin = —_—_ 
y' yi cos p — sin ~2) W 
me (Bx sin yg, cos @ — [LK sing, cos @ — Busing, + B sin g)) 
e 
LWW Sete 
_ 2K sin pcos (3.378) 
det a 
Making use of Eq. (3.364) we find the scalar curvature: 
C= Kcos@ kK sin’ pcos pcosg. + cosy, 
~ W deta W det? a 2W? deta 
x sin (Bx sing, cos  — Wk sin g2 cos @ — Busing, + B sing) 
= 2 
2W? det a 
sin? g,  (k sing, cos@ — psing2)? (3.379) 
2W 2W? deta 


Finally, inserting the obtained scalar curvature into Eq. (3.368) we get the JLC 
equation for the physical pendulum. 
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3.9.2. Numerical Simulations 


The equations of motion have been numerically solved by means of the symplectic 
algorithm of Stromer—Verlet [110] and the obtained JLC equation (3.368) by 
the Dormand—Prince 5(4) algorithm with algorithm with variable time-step and 
the energy correction. Numerical simulation parameters were given the following 
values: B = 0.6,k = 0.4, 4 = 0.66667. The simulation was performed for 
the total energy & = 1.1. Below, we present the Poincaré section (Fig. 3.24), in 
which one can observe chaotic regions as well as islands of regular behaviour. Thus, 
we can analyse the system’s behaviour on the same energy level. The numerical 
results include three cases, namely two of them (Figs. 3.25 and 3.26) from regions 
of regular behaviour and the last (Fig. 3.27) one from the chaotic region. The initial 
conditions of the regular behaviour cases have been taken from the interior of the 
regular islands, so that trajectories stay in regular regions regardless of numerical 
errors. 

The presented figures include two projections of the phase trajectories (only in 
the case of regular behaviour), the corresponding Poincaré section of a particular 
trajectory, and the graph, which presents the evolution rate of a solution of the JLC 
equation. One can easily observe that in the case of regular trajectories (Figs. 3.25 
and 3.26) the evolution of the Jacobi vector along the geodesic is bounded. However, 
in Fig.3.27 we can observe the unbounded evolution of the Jacobi vector, which 
means that two nearby geodesics originating from the neighbourhood of the initial 
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Fig. 3.25 Initial conditions: g. = —1.63, @. = 0.63 
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Fig. 3.26 Initial conditions: g. = 0, @2 = 1.46 


condition move away from each other and hence the distance between them grows 
exponentially. This is caused by the parametric resonance occurring in the JLC 
equation (3.365). 

The obtained results can be briefly summarized as follows. We have applied the 
Riemannian approach to a low dimensional system with constraints and have shown 
that the geometric approach gives results that are in qualitative agreement with those 
obtained from the classical approach. The existence of constraints is manifest in the 
metric tensor, which has a nondiagonal form in this case. Although the obtained 
results show that there is an agreement between classical and geometric approaches, 
a more thorough analysis is needed. The aim of this approach is to make use of 
the Riemannian geometry tools to gain information about a system’s behaviour 
without referring to the geodesic evolution. The geometric approach has already 
been applied to systems that have no constraints and many degrees of freedom 
[42,57]. However, systems with approach few degrees of freedom and constraints 
are more difficult to analyse in this manner. 

Lyapunov exponents vs. geometric instability exponents of a double physical 
pendulum has been further studied in [34]. Within the Riemannian geometry for- 
mulation, the geometrical instability exponents are defined as geometric Lyapunov 
exponents, since the tangent dynamics equation has the same form as the JLC 
equation in the Eisenhart metric. 
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“20 5000 =: 10000s«15000 20000-25000) 3000035000)» 40000 
T 


Fig. 3.27 Initial conditions: g. = —1.93, ¢. = —0.23 


3.10 A Set of Linear Second-Order ODEs 
with Constant Coefficients 


Consider the systems governed by the following set of second-order differential 
equations 


AG + BG+Cq = f(t), (3.380) 


where the matrices A, B and C do not depend on time ¢ and they are arbitrary 
square matrices of nth order with real coefficients. Here our considerations will 
follow reference [72] (see references therein and [97]). According to the authors 
sometimes a direct application of the second-order form (3.380) may lead to 
essential reduction of a computational time preserving a clear physical insight. 
In other words, sometimes a reduction to the first-order differential equations is not 
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required and may cause more problems in analysis and understanding a particular 
with respect to application oriented researches and engineers. The classical modal 
analysis, which has long tradition in mechanics, can be directly applied to a lumped 
dynamical system (3.380) instead of using the state-space Hamiltonian approach. 
Although the Hamiltonian approach possesses its beauty and attracts theoretically 
oriented researchers, engineers rely on traditional terms like Lagrangian coordinates 
(here q), generalized excitation (here f(t)), modes and natural frequencies. Since 
we consider here non-conservative linear systems (note the occurrence of matrix B), 
hence also two other important questions appear (see also [87, 126]). 


(i) When does a linear non-conservative system possess classical normal modes? 

(ii) What are free frequencies of non-conservative systems? Note that model ana- 
lysis of a symmetric and positive definite system is a process of diagonalizing 
two matrices at the same time. Then if the system (3.380) is decoupled, it may 
be treated as n independent single-degree-of-freedom systems. 


These two questions will be explained further. Traditionally, here are three modal 
analysis approaches devoted to system (3.380): 


(iii) Simultaneous reduction of A, B and C to symmetric matrices by a common 
similarity transformation; 
(iv) Simultaneous reduction of the coefficient matrices to diagonal forms; 
(v) Simultaneous reduction of matrices A, B and C to upper triangular matrices 
by acommon similarity transformation [72]. 


However, the restrictions required for application of the mentioned approaches 
show that only a small subclass of linear non-conservative systems may be analysed. 

Following reference [72], instead of A, B and C we take matrices M, D and 
K. The matrix M is called mass inertial matrix and is positive definite, whereas D 
(damping matrix) and K (stiffness matrix) are positive semidefinite. 


3.10.1 Conservative Systems 


We consider the system 
AgG+Cq= f(t), (3.381) 


which is obtained from (3.380) for B = 0. In a mechanical language Eq. (3.381) go- 
vern dynamics of an undamped non-gyroscopic conservative and non-autonomous 
system. The system (3.381) can be decoupled if and only if there are two non- 
singular matrices U and V such that VAU and VCU are diagonal. 

Recall that two square matrices P and Q are said to be equivalently transformed 
if P = VQU. The equivalent transformation preserves the rank of the matrices. 
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If V = U7! then we have a similarity transformation. If V = U’ then we have 
a congruence transformation. Note that the classical model analysis is based on the 
congruence transformation. 

If U is an orthogonal matrix then a congruence transformation is also a similarity 
transformation, ic. U~! = U". 

Consider an autonomous case (f = 0) and assume a solution in the form of 
a column vector 


gq = ue. (3.382) 


Substituting (3.382) to (3.381) we get 


a Au+Cu=0 (3.383) 
and hence 
Cu= Au, (3.384) 
where A = —a?. The adjoint eigenvalue problem has the form 
Clv =AA"D, (3.385) 


and (3.384) and (3.385) have the same determinant and hence they have the same 
eigenvalues. If one assumes that A is non-singular there exists a full set (n) of 
eigenvalues. An eigenvalue problem is said to be defective if it does not have a full 
set of independent eigenvalues. A sufficient (but not necessary) condition under 
which (3.385) is not defective is that the eigenvalues are distinct. On the other 
hand, (3.384) is not defective if and only if (3.385) is not defective. Every A; 
possesses the corresponding eigenvectors u; and v;: 


Cu; = 4; Au;, (3.386) 

Clu; =AjAv;. (3.387) 

Each column vector u;(v;) is undetermined to the extent of an arbitrary mul- 

tiplicative constant. Recall that (AB)’ = BT’ AT, and hence (C’v;)? = utc, 
Applying transpose to (3.387) we obtain 

viC = Aju A. (3.388) 


Multiplying both sides of (3.388) right-handly by u; we get 


v; Cu; = Aju; Au. (3.389) 
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Multiplying both sides of (3.386) left-handly by uP we get 
vj Cu; = Aju) Au. (3.390) 
Comparing (3.389) and (3.390) we obtain 
(A; —Aj)vj Au; = 0. (3.391) 


Now, assuming A; # A; the eigenvectors u; and v; are biorthogonal (because 
uP - (Au;) = 0) with respect to matrix A. For A; = Aj; a so-called multiple 
eigenvalue problem appears. Let A; be a repeated eigenvalue of multiplicity m. 
Then, there exist m independent eigenvectors uz, and m independent vectors vx 
associated with A;,. The u; eigenvectors are biorthogonal to other n—m eigenvectors, 
but (in general) they are not biorthogonal to vy. However, both uz and vg may be 
orthogonalized [72]. 

To sum up, a biorthogonality relation between u; and v; holds always. Note that 
a positive definiteness of the mass matrix M ensures that a being considered system 
is not inertially degenerate. A symmetry of M and K ensures that the system is not 
defective. 

Normalization of the eigenvectors u; and v; gives 


vy Ag = by) Tf = Lyin (3.392) 
Observe that u; is adjoint to v; and both of them have an arbitrary multiplicative 
constant. 
Taking into account (3.389) and (3.392) we get 
U, Cur = 4b, 1,7 = Mi2ycam (3.393) 


Define square matrices 


U = [u1, u2,..., Un], (3.394) 
V = [v1, v2,..., Un)", (3.395) 
A = diag[A,, Ao,..., An]. (3.396) 
From (3.392) we get 
VAU =I (3.397) 


and from (3.393) we obtain 


VCU =A. (3.398) 
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Letting g = Up from (3.381) we get 
AU p+CUp= fit). (3.399) 
Multiplying (3.399) left-handly by V we get 
VAU p + VCUp = Vf (t), (3.400) 
or equivalently (see (3.397) and (3.398)) 
ptAp=Vf(t). (3.401) 


To conclude, an undamped non-gyroscopic (not degenerated and not defectived) 
system can always be decoupled by equivalence transformation. The equivalence 
transformation is defined by (3.384) and (3.385). For a symmetric and definite 
system Eq. (3.384) takes the form 


Ku=AMu. (3.402) 


Since K and M are symmetric and definite, and Eqs. (3.384) and (3.385) are 
identical, a solution of one of them can be taken. The modes and adjoint modes 
are V = U’. Therefore, the decoupling eigenvalue transformation reduces to the 
classical modal transformation if the matrices are symmetric and definite. 

The homogeneous system of (3.401) has the following solutions 


pi = A, cos(@jt — ®;), i =1,2,...,n (3.403) 


where: A;—amplitude, ®;—phase angle, p; is a component of the vector p and 
A; = w?. Recalling g = Up we obtain 
q => _uipi = Yu; A; cos(wit — %;), (3.404) 


i=1 i=1 


which means that a general response of an autonomous conservative system is 
a superposition of n harmonic oscillations. 
3.10.2 Non-conservative Systems 


In general, when D + 0 the system 


Mg+Dq+Kq= f(t). (3.405) 
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may be diagonalized if and only if M~'!D and M~!K commute in multiplica- 
tion, Le. 


DM"'K = KMD. (3.406) 
The condition (3.406) is necessary and sufficient one for the modal transforma- 
tion to decouple a damped symmetric and definite system. However, this condition 
in practice is rarely satisfied. 
Applying the equivalence transformation to Eq. (3.380) we use two matrices U 
and V to diagonalize A and C. Following steps from previous section we get 
AUp+ BUp+CUp = fit) (3.407) 
and next 
VAU p + VBUp + VCUp = Vf (t). (3.408) 
Taking into account (3.397) and (3.398) we obtain 
pt+VBUpP+Ap=Vf(t). (3.409) 
It is clear that the system (3.409) is decoupled if and only if VBU is diagonal, 


which in general is not true. On the other hand, one can approximate VBU by its 
diagonal part when other non-diagonal elements are small enough. 


Theorem 3.5. The linear non-conservative system (3.380) can be decoupled by 
an equivalence transformation if and only if the matrices A~' B and A~'C commute 
in multiplication 


BA!C =CA™!B. (3.410) 


Proof. From (3.397) we get AU = V~!, and hence A~! = UV. 
From (3.410) we obtain 


BUVC =CUVB. (3.411) 
Premultiply Eq. (3.411) by V and postmultiply by U to get 
VBU VCU = VCU VBU. (3.412) 
Taking into account (3.412) and (3.398) we obtain 


SA = AS. (3.413) 


154 3 Second-Order ODEs 


Note that (3.413) is satisfied when S is diagonal, i.e. VBU is diagonal. On the other 
hand it follows from (3.413) 


VBA '!CU = VCA™'!BU, (3.414) 


which shows that (3.410) is satisfied. oO 


Let us use an explicit expression of right- and left-hand sides of (3.413) 


S117 Sj2... Sin At 00... 0 SiAq Sy2A2 miei Sinan 
S21 S22... Son 0 Ad 0... 0 Sa Aq SxA2 sue SonAn 
a eas (3.415) 
Snt Sn2 +++ Snn 000... Xn Smt Aq Sn2A2 tee SanAn 
Ay 00... 0 S11 S12... Sin SiAq SpDAq eves Sindy 
0 Ad 0... 0 S21 S22... San S21A2 SoA iit Son Ar 
a : : f=]. ; (3.416) 
000... An Snt Sn2 +++ Snn SntAn Sn2Xn tee SnnAn 


Comparing the corresponding elements of (3.415) and (3.416) we obtain 
Aj Sij = isi, i,j a ee | (3.417) 


If A; A Aj, then s;; = 0 and hence S$ must be diagonal. If we have k distinct 
eigenvalues, k <n, then S has a block diagonal form 


S = diag[S,, S2,..., Si]. (3.418) 


3.10.3 Modal Analysis and Identification 


Recall the considerations given in previous sections and consider the mechanical 
multibody system with the corresponding kinetic T and potential V energies defined 
by the formulas 


1 n 
(a 5 > ArsGsQrs (3.419) 


rs=1 


1 n 
V=5 Yas (3.420) 


rs=1 
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where the coefficients a,; describe inertial properties, and c;; are stiffness 
coefficients. We consider also the simplest case where the following symmetry 
holds: d+; = Asr, Crs = Csr. According to the previous results (Sect. 3.10.1) one can 
find the non-singular x n matrix U that 


q = Up (3.421) 


and the kinetic and potential energies will get the so-called canonical forms 


1 n ; 
T= 5) PsP (3.422) 
s=1 
1 n 
V= 5) spy. (3.423) 
s=l 


Our conservative autonomous system (see Sect. 3.10.1) gets the form 
Ls Ps t¥spys =9, 8 =1,2,...,0n. (3.424) 


Hence, in the case of our linear system the transformation (3.421) decouples 
the system (3.381) and each of n Eq. (3.424) governs a separated form (mode) of 
a harmonic oscillation with the frequency w; = J ys/Ms, S=1,...,n. 

Note that all components of the transformation (3.421) are real, and hence each 
of the modes is characterized by a movement of all points of the system, i.e. all of 
the points reach simultaneously the extremal configurations of the system as well as 
the equilibrium positions. They are called normal oscillations. 

In the case when damping as well as the gyroscopic and circulatory forces appear 
[166, 176], the following system of second-order differential equations governs the 
dynamics of a lumped system with n-degrees-of-freedom (see (3.380)) 


> (Arsqs + brsqs + CrsQs) _ 0, (3.425) 


s=l 


where b,; = bs, and cys #4 Cs,. Although this system of equations can be 
diagonalized using a certain complex matrix [62], but the described earlier normal 
modes cannot be realized. In general, the modal analysis can be applied only to the 
systems governed by a self-adjoint operator [136]. 

In the case of identification of the non-conservative system (3.405) we apply 
the so-called vector of testing inputs f(t) = col{ fi(t),..., fr (t)}. Since we have 
three square matrices M = [m;x], D = [dix] and K = |k;,] with the orders 
n xn, we would like to define 3n? unknown elements of the matrices. During 
identification process we use inputs f;(t) to get outputs qg;(t), k,i = 1,2,...,n. 
Knowing q;(t), we can differentiate them to get q;(t), and gj(t) in the time 
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instants t;,/ = 1,2,...,3s, where s >> n. Knowing accelerations, velocities and 
displacements for a given time instants ¢; one obtains the following set of algebraic 
non-homogenous linear set of equations 


Yo (mind) + diedeltr) + king) = fi), 1 =1,2,....2,  G.426) 
k=1 


which serves to find the unknown elements m;,, dj, and k;,x. Since we measure 
experimentally accelerations, velocities and displacements then some errors are 
introduced denoted here by 


ei(t) = D> (minde(tt) + died (ti) + kieg(t) — fit). (3.427) 
k=l 


The function 


35 on 


(mix, dix kit) = D> >> eM) (3.428) 


/=1 i=1 


may be used to find the elements m;,, dix, ki. To achieve this we differen- 
tiate (3.428) successively by mins diy and Kix and we obtain 3n? linear algebraic 
equations with 3n? unknowns. Since we differentiate in time the experimentally 
obtained processes, one can get even relatively high errors. To achieve high order 
reliability of the obtained results, applications of other tools from mechanics are 
highly recommended (integral characteristics, correlation functions, fast Fourier 
transform and the amplitude—frequency characteristics). A classical approach uses 
the Fourier transformation, and from (3.426) we obtain (we take t instead of t;) 


n 


Y> (-0?m jx + i@d jx + kj) O, (iw) = Fj (ia), (3.429) 
k=1 
where 
17 | 
Ox(iw) = — / qn (tye i" dt, (3.430) 
F;(iw) = sf fiero, i= V-1. (3.431) 


Observe that we have got algebraic equations with complex coefficients in 
a frequency domain. We separate real and imaginary parts to obtain 
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> [—w*m j,ReQ;(ia) — wd jxImQ; (iw) + k j,ReQx(iw)] = ReF; (ia), 
k=1 


Sy [—w?m jImQ;(iw) + wd jxREOx (iw) + k jxIMQ,(iw)] = ImF; (io), 
k=l 
f= Ap Zeng ts 
(3.432) 

In order to obtain 3n? unknown elements in the frequency domain one needs 
to have the input-output characteristics for at least 1.5n different values of the 
excitation frequency w (J >>1.5n). Introducing the matrix S and two vectors Y 
and X one obtains the following set of algebraic equations 


SY =X, (3.433) 


where: 


Yon = Y(mjx, djxk jx), 
SoInx2In = S(ImQ (ia;), ReO (ia), a), 3n = 21. (3.434) 
Xn == X(ImF (ia), ReF (ia))). 


Multiplying both sides of (3.433) by S7 we get 
S™SY =S'X. (3.435) 


It is clear that in order to get reliable results one needs to carry out properly 
the measurement in a frequency domain. The measurement are ‘enough good’ 
if S'S x JI, where J is the identity matrix. It is achieved if all resonance 
peaks are well represented. Note that number of peaks on the amplitude—frequency 
characteristics corresponds to a number of degrees-of-freedom of the system. 

The dynamical lumped system (3.426) can also be interpreted in the following 
way. Apply an excitation only to the kth point and measure a reaction in point /. 
Hence from (3.426) we obtain 


Q\1 G2... Aij .-- Ain q1 0 
Q21 a2... Adj... A2n q2 0 

Se =| = Ih (3.436) 
Akt Ahr... Akj -+. Akn qj tk 


An| Gn2 ... Gnj + Ann dn 0 
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where: 
jk = Mins” + djxs + Cjk. (3.437) 
Therefore, from (3.436) one obtains 


Wig‘... (-1) 4 We 
Ww W 


qj = Si (3.438) 
where: W = det[A], and W;; is obtained from W by cancelling the kth row and jth 
column of W. 

Applying the Fourier transform to (3.438) we obtain 


QO j(iw) = Ay (iw) Fx (i), (3.439) 
and 
: Wij (iw) ; 
Hy (iw) = EO, Pe a eee (3.440) 


is the frequency characteristic between Ath input and jth output. The complex 
matrix H(iw) is known in mechanics as the matrix of dynamical elasticity 
(or receptances), and it can be separated into two parts 


H(iw) = ¢(@) +iv(@). (3.441) 
Taking into account (3.429) and (3.441) we get two algebraic equations: 


Re: (-w°M + K)¢(@) — D(a) = 1, 
Im: (-@?M + K)W(w) + oD¢(a) = 0, (3.442) 


and they yield 


o(w) = — (wD) '(-w’M + K)v(o), 
W(@) = —{(—w?M + K)[(wD)7|(—w@*M + K)|+ @D}"'. (3.443) 


Real and imaginary parts of H(iq@) are expressed by the matrices M, D, K and 
the frequency w. If one uses a harmonic excitation (input) of the form 


fx (t) = asin(ot), (3.444) 
then the jth output is defined by 


x;(t) = b(@) sin(wt — O(a)), (3.445) 
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where: 


b 
| Hxj i@)| = “—), arg Hyj(iw) = O(w). (3.446) 


Hence, knowing input (3.444) and output (3.445), one can define b(w), a, w and 
©(@), i.e. one can define the complex matrix Hy; (iw). 
Let us apply now the state variables approach to the system (3.426) to get 


U1 U1 0 
0M Un —M 0 Un 0 
+r = (3.447) 
EF D q1 0 -| q1 fi 
dn dn Sn 
or equivalently 
PX + Rx = S(t), (3.448) 
where: 
vj=qj, jf =1,2,...,n. (3.449) 


It is clear that the measured electric signals y(t) are proportional to the 
displacements and velocities of the considered system, and hence 


U1 
yi(t) Sit 812 +--+ Sin 
oe = _ - ° . . (ory = Gx). (3.450) 
Y(t) &m1 m2 *** Sinn : 

dn 


Note that we measure outputs in m points and the matrix G is rectangular one. 
Let 


x(t) = A&(t), (3.451) 
where 


E = {&,...,E0n}". (3.452) 
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From (3.448) and (3.451) we obtain 
PAE + RAE = S(t). (3.453) 


From (3.448) and (3.450) we obtain 


t 
y(t) = Gem? REM) xq + ; gh Re8) p> sod), (3.454) 


to 


where 
Xo = X(to). (3.455) 


On the other hand taking into account the linear transformation (3.451) and the 
differential equation (3.453) we obtain 


t 
F(t) =G Ae * P RAG=) g. 4 , eA PT RAG~9) A! P—1 8 (7) dt 


to 


(3.456) 
Recall that from matrices theory one gets 
f(A '!BA) = A! f(B)A (3.457) 
and hence 
ga P—! RA(t—to) 
(3.458) 


—_ Avle~P 1 RU-t0) 4 


t t 
| e ATP IRAG-2) A“! PIS (x) dt = | Ate“ PURC2) 4A! P“'S(r)dr. 


to i) 
(3.459) 
From (3.456), taking into account (3.458) and (3.459) we get 


t 
~ = —1 ,—P—! R(t—to) 1 P—'! R(t—1) 1 
y(t) GAA e Af) + GAA Pe PS(t)dt 


t 
= G(e~P TRO“) x9 +f cP RED) P18 (x) dr). 
i) 
(3.460) 
Comparing (3.454) and (3.460) we observe that 


y(t) = yt), (3.461) 
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which means that linear differential equations (3.448) and (3.453) govern the same 
dynamical systems from a point of view of experiment (they are not distinguishable 
experimentally). 

We consider again the non-autonomous system governed by the set of differential 
equations (3.426), where the excitation is composed of harmonic forces variously 
distributed with regard to amplitudes and phases, i.e. we consider the following 
mechanical system 


Mg+ Dq4+ Kq= Fe'°%e'™. (3.462) 


The matrices M, D and K are square, symmetric and positive definite of the 
nth order (we, as earlier, consider damped oscillations of n degree-of-freedom 
mechanical system), g is n-dimensional vector of displacements; v is excitation 
frequency and Fe'® = [Fye'®!,..., F,e!®"]" is the vector describing complex 
amplitudes of excitations with different phases 0;, 7 = 1,...,”. Note that in 
general, the monophase oscillations realized in the system (3.462) do not overlap 
with the corresponding normal oscillations exhibited by conservative systems. 
However, in some cases the monophase and normal oscillations are identical. 
It means that we can use the system (3.462) to identify the normal oscillations. 

Let 


and assume that 


: 1 : : 
q=(U+iV)e', gq= 7 U¥ +iV)e™, Ga=ivU+iV)e'”’. (3.464) 


i 
Above we have used the notation 
X=U+iV (3.465) 
and 
U=([W,...,U,]/7, V=lN,....VYl’, (3.466) 


and we have assumed that a velocity is measured experimentally and then it is 
differentiated (to get g) and integrated (to get q). 

Even if we realize the monophase excitations (O; = Oo, j = 1,...,m) are- 
sponse of the system may be not monophase. The oscillations of the system (3.462) 
will be monophased, when the vectors V and U are collinear, i.e. 


V =A, (3.467) 
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and A is a real number. Substituting (3.463) and (3.464) into (3.462) and separating 
the real imaginary parts one gets 


(K — Mv?)U —vDV =-vF', (3.468) 

vDU + (K—Mv’)V =vF*. (3.469) 

Recall that introducing the concept of receptance matrix H(iqw) (see (3.441)) 
its real and imaginary parts are defined by (3.443). Now, taking into account the 


collinearity requirement (3.467) from (3.468) and (3.469) we obtain the real and 
imaginary parts of exciting forces 


Fo= Lats + (K — Mv’)Aju, (3.470) 
Vv 


F*’ 


II 


“PAD —(K — Mv”*)|U, (3.471) 


needed to realize monophase oscillations using non-monophase excitations. Howe- 
ver, we can even realize a monophase oscillations applying a monophase excitations. 
In the later case we take F* = 0, and from (3.471) we obtain 


[VAD —(K — Mv’)|U = 0. (3.472) 
The characteristic equation 
det[vAD — (K — Mv’)] = 0, (3.473) 
yields A; and 
Aj =tanO;, j=l,....n. (3.474) 
Note that in this case to every A; corresponds ©;, ie. one can realize n 
different monophase excited oscillations. In addition, the roots of characteristic 
equations (3.473) are real because M, D and K are symmetric and positive definite 
(we assume that the roots A; are distinct). The U; corresponding to every A; may 
be found from the homogeneous algebraic equation (3.472) 
[A;vD —(K — Mv’)]U; = 0. (3.475) 
Since from (3.475) one gets 


; UT (K — Mv)U; 
‘ yUF DU; 


. (3.476) 
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then from (3.465) we obtain 
X,; =(14+iA,)U;, (3.477) 


and hence 


[Xj] = f1 + a2U;. (3.478) 


The amplitude of the monophases excitation is defined by (3.470) 
1 
Fi = {bP + (K — Mv’) ;JU;. (3.479) 


Note that an orthogonality condition of the vectors U; (j = 1,2,...,) holds, 
because we have assumed that the matrices M, D and K are symmetric. Also the 
vectors corresponding to different A ; are mutually orthogonal and therefore we get 


vAjU} DU, = U] (K — Mv’)U, =0, for j #k, (3.480) 


U; DU; =Bj, U;(K-Mw)U; =y;-ujv, for j=k, (3.481) 


and £;, y;, 4; are positive real numbers. Observe that all relations depend on the 
excitation frequency v. 

Now we briefly discuss the following important question: when the monophases 
oscillations overlap with normal oscillations? There are two possibilities to solve 
this problem. 


(i) Phase resonance. The phase resonance is defined when V = 0. In accordance 
with (3.467) and for U 4 0 we get A = 0. Hence, from (3.475) and (3.479) we 
obtain 


(K — Mv’)U; =0, (3.482) 
Fl= DU; (3.483) 


Note than when we treat v as an unknown the obtained Eq. (3.480) is the same 
as that in a case of conservative oscillations. 

A solution to (3.482) yields v; = w;, 7 = 1,2,...,n, where w; are 
eigenfrequencies of the associated conservative system. 

It means that a phase resonance is realized when the excitation frequency 
is equal to one of the eigenfrequencies. Equation (3.483) possesses also clear 
physical interpretation. The external forces compensate the damping forces, 
which may be of an arbitrary value. 

(ii) Special case. Assume that the following relation holds 


D=5\M +52K. (3.484) 


In words, damping matrix is a linear combination of both inertial and stiffness 
matrices (s, and 5s» are scalars). 
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From (3.475) and (3.479) by taking into account (3.484) we obtain 
[A;v(s1M + 52K) —(K — Mv’)]U; =0, (3.485) 


or equivalently 


(K — Q4M)U; =0, (3.486) 
where: 
v(Ajsi + Vv) 
O2. = ee 3.487 
i 1- Aj Vs2 ( ) 


Similarly to the previous case, it is easy to observe that Eq. (3.487) has the 
solution Q; = @;. 
From (3.476) and (3.487) we get 
U}(K — Mv’)U; 
vU} (si\M + 52 K)U; 


dj =tanO; = 


UT (Q2 —v?)MU; wo; — Vv? 
= = i . (3.488) 
vU} (1 + 52.Q5)M Uj v(sy + 5207) 


In our next step we calculate the required forcing amplitude by substitu- 
ting (3.483) into (3.479): 


; 1 
Fe= jim + 5K) + (K — Mv’)A;]U;) 


[(s1 — vAj) + 7 (52 + Animy;, (3.489) 


Note that in this case F* can realized for any frequency v, when the 
formula (3.489) is satisfied. 


Finally we use non-monophase excitations in order to realize monophase oscilla- 
tions (outputs) which overlap with the jth normal mode. First we take monophase 
forces F° which realize the jth phase resonance. Second, we take the forces F’° 
shifted in phase +. The forces F* are chosen in such a way that the normal modes 
excited by F° remain unchanged. The first step corresponds to the satisfaction of 
the following analytical requirements (see (3.482) and (3.483)) 


(K — Mv’)U; = 0, 
Fe = DU;, 
Y= 0, (3.490) 
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In words, the inertial forces are balanced by elasticity forces, whereas damping 
forces are balanced by external forces. Substituting into (3.468) and (3.469) V = 0, 
F* = F;, and F° = F* we get (the second step) 


(K —Mv’)U = -vF¥, 
DU = F*, 
V=0. (3.491) 
The following physical interpretation is associated with Eq. (3.491). The diffe- 
rence between inertial and elasticity forces is balanced by the forces F?, shifted 
by > in comparison to F;. The damping forces are balanced by the forces F;. 


The vector F? depends on frequency v. The realized state of the system is called 
a fictional phase resonance. 


Chapter 4 
Linear ODEs 


4.1 Introduction 


First we show that a single nth-order ordinary differential equation can be reduced 
to a first-order system of differential equations. 
Consider an nth-order linear differential equation with variable coefficients 


Lily) = yy + pry"? +++ + PLOY + poy = f(0). (4.1) 


The Cauchy problem (or initial value problem) requires the initial values of the 
function y and their derivatives up to (n — 1)th-order to be known 


Y(to) = Yo, 
P(to) = yy, 
(4.2) 
y@) (9) = ae 
Introducing a change of variables 
ye=y™, k=0,1,....2-1, (4.3) 


Equation (4.1) is transformed to the system of first-order differential equations 


Yo= yi, 
Vi = yo, (4.4) 
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Yn—2 = Yn-1, 
Yn—-1 = —Pn—-1(t) Yn—1 — +++ — Polt)yo + fl), 
and the initial conditions (4.2) have the form 
ye(to) = y~, &=0,1,...,.2-1. (4.5) 


In the case of homogeneous differential equation L,(y) = O with constant 
coefficients, it can be transformed to nth-order system with constant coefficients 


Y = PY, (4.6) 
where 
4 
y 
- 
(n—1) 
ss os : (4.7) 
0 0 1 0 
P= : 
=p) =pi pa" Prel 


The characteristic polynomial of the matrix P is 


n—-1 
W(r) = det(rl — P) =r" +S pir’, (4.8) 
i=0 


which is exactly the same as that corresponding to L,,(y) = 0. The matrix approach 
is widely used in engineering since there are many commercial programs and 
subroutines to find eigenvalues of matrices. However, one should observe that this 
approach is somehow more difficult, because it requires a knowledge of eigenvectors 
corresponding to each of the eigenvalues of the matrix P. A problem of eigenvectors 
do not appears in the case of a characteristic polynomial. 


4.2 Normal and Symmetric Forms 


System of ODEs: 


dy; 


a =Fi(t,y1,...,¥n)s i=l,....n (4.9) 
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is said to be the normal form system. In other words it is solved with respect to 
derivatives of unknown functions y; = y;(f). 

A solution to the system (4.9) on the interval J C R is the set of continuously 
differentiated functions on J, which satisfy (4.9), i.e. 


agi 
a ee aes ee (4.10) 
dt 
for allt € J. A function $(¢, y1,..., yn) being continuously differentiated on J is 


called the first integral of (4.9), if the following formula holds 


do °¢ ag 
dt dt +r 


Y25+++1Yn) = 0. (4.11) 


If we know n independent first integrals of (4.9), ie. @1,62,...,@n, then the 
system 


bits Yis---s¥n) = Ci =1,...40 (4.12) 


defines the general integral solution of ODEs (4.9) (where C; are constants). 
Observe that knowing (4.12) all solutions y;(¢), y2(t),..., ¥,(¢) are known and can 
be found either analytically or numerically. 

Furthermore, if we know one of the first integrals of (4.9) of the form 


P(t, V1,---.In) =C, (4.13) 


then we may derive from (4.13) for instance y,: 


Yn = P*(t, V1, Y2,--+, Yn—-1,C). (4.14) 


Substituting (4.14) into first (1 — 1) equations of (4.9) one obtains a system of 
ODEs with (n —1) independent functions y,, y2,..., ¥,—1. It means that dimensions 
of the original system (4.9) has been reduced due to the known first integral (4.13). 

In general, there are two methods of solutions to a system of ODEs in the normal 
form. 


(i) Reduction of (4.9) into either one differential equation of order n or to a few 
differential equations of an order less than n. 
The first equations of (4.9) is Scan (n — 1)-times, and after each 
of the differentiation process we substitute 2 + by their values from remaining 
equations, and finally the following set of sgnation are obtained 
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dy, 


Fem AiG Vis In), 
om = x(t, Vi, .0-sYn)s 
(4.15) 
a = n—1(t, Vis+++5Yn)s 
OM Yee Ie) 


Now one may find y2, y3,...¥, from sequence of n — 1 first equations of (4.15), 
and substituting obtained formulas to the last equation of (4.15), the following 
nth order one differential equation is obtained 


d”y, dy, d™"y, 
= Se : 4.1 
- t (nm. Se a (4.16) 


A solution to (4.16) allows to find all of the solutions of system (4.9). 

(ii) Method of integral combination. This method relies on application of arithmetic 
combinations in order to find the so-called integral combination yielding easily 
integrable equations regarding a new unknown function u = u(t, y1,..., Yn). 
Sometimes we have ODEs presented in the so-called symmetric form 


dy, dy dyn 


Yi(v1,---,¥n) 7 Yo(01,---> Yn) = Vi iswn 05a) 


(4.17) 


In order to solve Eq. (4.17) the following rule of equal fractions can be applied. 
Namely, assuming that 


Aj Ay A, 


—=—=...=—, 4.18 
By Bo By, ( ) 
and having arbitrary numbers 71, 772,..., m,, the following formula holds 
A, Ax, An _ my Ay +m2An +--+ + mM, Ay (4.19) 
By By _ B, mB, + m2B.++++ +m By 


Example 4.1. Show that functions ¢; = tx, ¢2 = ty + x? are first independent 
integrals of the following ODEs 


dx x 


a = 
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dy _ 2x?—ty 
| an 


Differentiation of ¢; and ¢2 yields 


1 at X tear tx=0, 
of =D 4 42x88 = yy 29 
Since 
dt ox a 
rk Brae) ibs tty | 7” 


“Ot ax dy 


therefore integrals ¢; and 2 are independent. 


Example 4.2. Show that the function 


o(x,y) =x? + y* —2In|xy —1| 


is constant along an arbitrary solution to the given ODEs 


We compute 


d = dx 5 
—$(#(0), XO) = 2x + 2y 


dx % 9 
—_— =x — xy’, 
a y y 
dy 2 
T= xX yt : 
at xX—-yrx'y 


d x 
dy 2(xy—I) («4 + yi) 


dt (xy — 1)? 


y dx x dy 
2(x so) F+2(» so)F 


xy-1 


xy-1 


dx dy 
oe 2 2 
(x ye tory +2] 


[(—x-y+x7y)(x + y — xy’) 


+(-x —y +.xy’)(—x —y + x7y)] =0. 
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It means that for all x(t), y(t) we have £O(x (t), y(t)) = 0, which means that 
(x(t), y(t)) = const. Oo 
Example 4.3. Determine one of the first integrals of the system of ODEs of the form 


dx 
2 REY 2, Vaasa 
(x°+y Vay x 
dy 
2 DN 2s 
(x+y aP y 


Both equations are multiplied by 2x and 2y, respectively: 
dx? 
2 2 42 2 
— t?) —— = 2tx’, 
(x7 + y ) oF x 
dy? 
2 2-42 2 
x7 + —t°)— =2ty’. 
+ y Veg y 
Introducing z = x* + y? and making a sum of both equations one obtains 
dz 
2 
—t°)— —2tz=0, 
@ it ¢ 
and therefore 
dz 4 2dz af? 4 
“at ( a :} (5 
It means that z* — 2¢7z = C or equivalently 
(x7 + yy)? +y?- 27) =C. a 


Example 4.4. Solve the following ODEs 


dx 

ape las Soe 
d 

ap e+ 37 yy 


and show a direction of motion along trajectories. 


A critical solution is x = y = 0. 
Introducing polar coordinates x = @ cosy, y = sing one gets (Q@ > 0): 


d d 
=, cos — gin pe = osing + (1—o’)ecosg, 


dt ie) 


d d 
—, sing — cose = -ocosg + (1—o”)asing. 
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Multiplying Eq. («) by cos g and — sin g, respectively, one gets 


do 
— =0(1-0”). 
eC e) 
Multiplying Eq. (*) by sing and cos g, respectively, and after a simple compu- 
tation one obtains 


dp 
a= 


Therefore, instead of initial ODEs we deal with the following ones 


do dy 


—— 1-0’), —=-l. OK 
qe eee y Fy (4) 
First of two equations in the above is 
dQ 
#8 = 9612). 
7 ee 


what means that 9 = | is a solution. After variables separation we get 


ee oe 


After an integration one gets 
In|g? — 1|—Ing’? = —2¢ + ny, 


and hence 


= Cie", C; > 0. 


1 
a 
Therefore, in the circle 0 < @ < 1 the solution of (**) has the form 


1 


a git Ce 


whereas outside the circle (@ > 1) the solution of (**«) is 


g=C-t, C; = 0, 


1 


a i Ge 


g=CQ-t, 0<C, <1. 
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Coming back to original variables we have the following solutions: 


(i) Ifxp + yg <1 then x = ASTD, y = C,>1; 


1+Cie—2! VJ14 Ce” 
‘: 2: — = cos(t—C2) = sin(t—C2) < 
Gi) Ifx9 + yp = 1 then x ret “ae 0<C,; <1. 
In addition, the origin (0,0) corresponds to solution trajectory x = y = 0. 
Trajectory of solution lying on the circle x7 + y? = 1 (x = cos(t — C)), 


y = sin(t — C2)) is invariant. In fact, it is a stable limit cycle. In polar coordinates 
trajectories of solutions are governed by the following equations: 


(i) For 0 < Qo < 1 we have 


1 
Q = ————.,_C, > 0; 
V1 + Cye29-@) 
(ii) For Q9 > 1 we have 
1 
0<C,; <1. 


a JI — Cye2@-@)’ 


Observe that for t > +-oo, y = C, —tf tends to —oo. This means that a phase point 
moving on the spiral approaches the circle x? + y? = 1 earlier referred as the stable 
limit cycle shown in Fig. 4.1 oO 


Fig. 4.1 Trajectories and the limit cycle 
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Example 4.5. Find a solution to the following equation 


dx _ dy _ az 
LEYS OPV oaay Pe 


In what follows we apply here the rule of equal fractions. We construct the 
following integrable combination 


2xdx + 2ydy es 
Qx(x + y—xy2)+2y(x2y—x—-—y) y2?—x? 


or equivalently 


d(x? + y’) dz 


d(x2—y2) x2 — y?’ 


which finally yields 
d(x? + y*) = —2dz. 
The first integral has the form 
x + y*-22=C). 
The second integrable combination follows: 


ydx + xdy _ dz 
EPSP eye ay PS 


and hence 


d(xy) _ dz 
(y2=x?)(1—xy)  y2 =x?’ 


which finally yields 


d(xy) _ 


dz. 
1-—xy i 


It allows to find the second integral of the form 


Injl—xy|+z=Co. 
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4.3 Local Solutions (Existence, Extensions and Straightness) 


We follow here mainly approach described in the book [191]. Consider a very 
general case of a system of nonlinear ordinary differential equations 


y=fy), (4.20) 


where y(t) € R" and f : R"t! > R’. 


Theorem 4.1 (Picard). Given the function f(t,y) : R’t! — R" which is 
continuous within the set S = {(t,y) : |t—to| < a, |y—yo| < b}, where 


sup |f(t,y)| = N and which satisfies the Lipschitz condition because of t in 
(t.y)ES 


S, ie. 
I(t, y1) — f(t, ya)| < M ly — ye], (4.21) 
or a certain number M. The Cauc roblem 
ie ber M. The Cauchy probl 
y = St, y), 
(4.22) 
y(to) = Yo 


possesses a unique solution in the interval |t — to| < a, a < min (a, oo ). 


Proof. Consider a subset of the metric space of continuous functions 


E = {y(t): y(to) = yo. |y(t) — yo| Sb, |t — to] < @}. (4.23) 


Observe that F constitutes the closed subset of continuous functions space and 
forms as complete space. Let us consider the following transformation in E 


FO) = y+ [ fo.ve)ds. (4.24) 


Notice that if there is a fixed point of the transformation 
t 
vi) = v0 + f fl.r))ds, (4.25) 
to 


then it satisfies (4.22). Continuity of the function f and integral property yields that 
the function y(t) defined by (4.25) is the differentiable function and its derivative 
is continuous. Differentiating (4.25) one gets (4.22). We need only to show that 
the transformation F has a fixed point in the space FE. We are going to check the 
inequality 


|F(y)(t) — yo| < 5. (4.26) 
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Observe that 


up IFOMO ~yol = sup a fs, yo) as 
- (4.27) 


t 


< sup [se | f(s, y(s))|ds < Ma <b, 


|t—to|<a s€[t.to] 
to 


which means that F maps the space F into E. Now, we show that this transforma- 
tion is contracting. Observe that 


sup |F(yi)() — F(a) (0) 


|t—to|<a 


= sup i f(s. y(s)) — f(s, yo(s))]as 


|t—to|<a 
to 


2° ai / Lf(s, y1(s)) — f(s, y2(s))| ds 


|t—to|<a 
to 


< sup ju |yi(s) — yo(s)| ds (4.28) 


\t- fo| <a « 


t 


< sup M] sup |yi(s)—yo(s)|ds 


|t—to|<a |s—to|<a 
to 


t 
<M sup [ysl] sup_ fas 


|t—to|<a |t—to|<a 
to 


< Ma sup |y\(t)— y2(t)|. 


|t—to|<a 


The obtained inequality estimations show that the map F is contracting if 
a< i The Banach theorem on fixed point says that F has a fixed point being 
a limit of the series y’*!(t) = F(y")(t), where y°(t) = yo and that this is the 
only one fixed point of this map in /. This proves an existence of solution to the 


problem (4.22), as well as a uniqueness of this solution. Oo 


If in Theorem 4.1 the Lipschitz inequality is omitted one gets the so-called 
Peano theorem. This theorem certainly extends the class of functions satisfying the 
nonlinear differential equation (4.20), but a very important property of uniqueness 
is lost. However, this situation very often appears in engineering. 
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Theorem 4.2 (Peano). Let the function f(t, y) : R’*! — R" be continuous in 
S = {(t,y):¢t € [to,t0 + a], |y—yo| < b} and sup |f(t,y)| = N. Then 
Ss 


(Hy) 
the Cauchy problem (4.22) has a solution in the interval [to, to + a], where a = 
min (a, 4). 
Proof. In order to prove the theorem we use the Euler scheme. Divide the interval 
[to, fo + a] into 1, subintervals with the ends t) 


i 


(1) 


to = 1 re) 


200 Se Sh Se (4.29) 


and construct a piecewise linear function approximating a solution to (4.22) in 
accordance with the Euler scheme, i.e. 


pi(to) = Yo, 
gilt) = git!) + f Ce ei(t,”)) (1 = i”) » CE E, fail 


The piecewise function is obtained by linking points obtained using Euler’s 
approximation. In a similar way one obtains the function g(t) being kth-order 
approximation. The latter is obtained dividing the interval [t,t + a] into nx 


ne < i” << ra = to + a. We are going to consider the 


(4.30) 


elements t9 = 
a : (k) (k) 
limit case nz — oo for which sup |f;,", — t; "| > 0. 
i 
First, we observe that the functions g(t) have the following properties: 


(i) Since g(t) are piecewise linear, hence they are continuous int € [fo, fo + a] 
(k), 


13 ’ 


and differentiable everywhere except for the points ¢ 
(ii) The Euler scheme yields the estimation 


lex (t)| < |yo] + Na; (4.31) 
(iii) In addition, the following inequality holds 
lex (t2) — Ge (A) S N(b— 1), (4.32) 


which does not depend on k and hence the functions g;,(t) are similarly 
uniformly continuous. 


The mentioned properties (i)—-(iii) and the known Arzeli—Ascoli theorem led 
to conclusion that there is a subseries gy ;;(t) uniformly convergent to y(t) in the 
interval [tp, fo + a]. 

Now we show that g(f) is a solution of the Cauchy problem (4.22). Since all of 
the functions g(t) satisfy the condition gx (to) = yo, hence also g(tp) = yo. We 
need to prove that 


: g(t + h) — g(t) 
wm — — —_ 
h->0 h 


= f(t, g(t), (4.33) 
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for t € [to, fo + a]. This is equivalent to the inequality 


g(t +h) — v(t) 


h — f(t, g(t))| <e, (4.34) 


for every ¢ > 0, for every 0 < h < ho and fort € [fo, 4 + a]. If k; is sufficiently 
large, then 


h 
sup (9x, (t) — g(t)) < = 
t (4.35) 


|f (t+ Oh, pi, (t + Oh)) — f (t.4%;O)| S 4 


for 6 € [0,1]. The above inequality is true, because if f,, t and yj), y2 are close 
enough to each other, then 


f(t. v1) — f(t, 92)| < _ (4.36) 


and f(t, y) and  , (t) are uniformly continuous. Observe that 


ete) — £ (,9())| 


g(t+h)— ba (¢t+h) 


=|f (.%,0) - £9) + SR + (4.37) 


91) Pe EN) 9K; O 


i zy h — f (t.9%,(0)| 


Gk (t+h)—gx ; (t) 
e+ |_| 


— f (t.9%;0)}. 


On the other hand, fort € ( us Wea andt+he [« ee real we have 


GK; (t +h) — v(t) —hf (t, ox; (0))| 
=F (0) (Gh = 2) Het 
+ f (ir? pe, ('”)) (: +h—m?) hf (6.9%, )| = (4.38) 
=|F (4.06 6)) — F (96,0) (1-2) +... 

+ (/ (0 O(n”) )) = f (t.@%,(0)) (: +h ty! mn?) <= a 


So, we have proved that 
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, h) — x, 
Pk; (t + : Gx; (t) ~ f(t.gn,(0)| < _ (4.39) 
and consequently 
ae _ ft, e()| < — +e (4.40) 
oO 


Remark 4.1. The differential equations having (only) continuous right-hand side 
(the Lipschitz condition is not required) may possess many solutions corresponding 
to the same initial conditions. 


Recall that in both Picard’s and Peano’s theorems we have considered a bounded 
interval [to, fo + a] in which g(t) is defined. A natural question arises, how long the 
solution can be extended into left and right starting from the limiting values of the 
previous interval into intervals [¢,, ¢; + a] and [to — @, fo], respectively. 


Definition 4.1. A solution g(t) defined in the interval J C R is called saturated 
solution, if its extension into interval J;, where J C J; (or J is the proper subset 
of J,) does not exist. The interval J is called the maximal interval of existence of 
solution g(t). 


In order to investigate a behaviour of a saturated solution on the boundaries of its 
existence we prove the following lemma. 


Lemma 4.1. Given the continuous and bounded function f(t, y) defined on an 
open set E C R"*!, Let y(t) be the solution of (4.22) in the interval (a—, a4). Then, 
there are limits p(a— +0) and g(a+—0). If the function f(t, y) is continuous in the 
point (a, p(a— + 0)) or the point (a+, 9(a+ — 0)), then the solution g(t) can be 
extended into the interval [a_, a+.) or into the interval (a_,a+], respectively. This 
remains true if f(t, y) is not defined in the point (a_, ¢(a— + 0)) or in the point 
(a+, ~(a4 —0)), but it can be extended into this point continuously. 


Proof. From the assumption, g(t) satisfies the differential equation (4.22), and 
hence 


g(t) = oto) + i f(s. 9(s))ds, (4.41) 


fora < to < t < a4. Because f(t, y) is bounded on the set FE, hence fora_ < 
ty < t) < a+ we have the estimation 


lo() — o(t)| < / f(s, 9(s))ds| < N(t—t), (4.42) 
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where N = sup |f(t, y)|. Hence, g(t) — g(t;) > 0 for t1,t2 > a +0 and 
(t,v)EE 
ti, t2 — a4 — 0. This implies existence of the limits p(@_ + 0) and g(a+ — 0). 
The first integral equation of our proof guarantees that if f(t, y) is continuous 
up to the point (w+, g(a+ —0)), then 


ot. 
olas) = ol) + i FGe@yas: (4.43) 


i) 


An extension of solution into the interval [w_, +) can be shown in a similar way. 
oO 


It is very important to predict a solution behaviour on a boundary of the existence 
limit. This is done by the following theorem. 


Theorem 4.3. Given a continuous function f(t, y) in the open set E C IR"*! and 
given a solution g(t) of the differential equation (4.22) in the interval [to, to + a]. 
Then the function p(t) can be extended to a saturated solution with the maximal 
interval of existance (B_, B+). If the series {t,} is convergent to one of the ends of 
(B_, B+), then the series {(tn, P(tn))} is convergent to the edge of the set E. If the 
set E is unbounded, then the series {(ty, Q(tn))} can be unbounded for t, — B— or 
th > By. 


Proof. LetU C E beacompact set. Let U C V, where V is open and bounded set, 
and V C E. If (to, yo) € U, then a solution g(t) starting from the point (fp, yo) can 
be extended into interval [fo, f)], and (t1, g(t1)) € U. 

To show this, one needs to consider a differential equation (4.22) in V and apply 
the Peano theorem for a = b = dist(V,dE) and N = sup | f(t, y)|. The Peano 

(Ly)eV 
theorem says that y(f) exists in the interval [fo, fo + a], where w depends only on a, 
b and N, i.e. it depends on the set V. If (t + a, p(t + a)) € U, then taking this 
point as the new initial value one extends the solution into the interval [fo, fo + 2a], 
and so on. Since U is compact, then after a finite number on extensions we get the 
interval [fo, ti], where (¢), p(t1)) ¢ U. 

Let us cover the set F by an ascending series of sets E = ie E,,, where E, 
are open, bounded and E,, C E,,+1. Taking into account the earlier part of our proof 
one concludes that there exists the series {t;} and the series of indices {n;}, such 
that (4;, p(t;)) € Ey, and (t;, 9(t;)) ¢ En,_,. Since the series {t;} is monotonous, 
it has a limit. Assume that {¢;} is bounded from a top. Then there is a finite limit 
pp = Jim t;. If the series (¢;, y(t; )) is unbounded, then theorem is proved. 


If the series (t;, p(¢;)) is bounded, then Lemma 4.1 states that the function g(t) 
has the boundary g(8+ — 0). The point (6+, g(B+ — 0)) belongs to the edge of E. 
If it is an internal point, then due to Lemma 4.1 (6+, g(6+)) must be an element of 
acertain E;,, Ex, C E. In the latter case g(t) can be extended to interval larger than 
[to, B+), which is in contradiction to the maximal value of B+. 
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One can follow similar steps in a space of extension into the left side up to the 
point B_. Oo 


Very often in real engineering systems we have parameters, which are positive 
(like a mass or moment of inertia), or they can be both positive and negative 
(like damping or stiffness). Therefore, the next important question appears, how 
a solution of (4.22) depends on the initial conditions and on the right-hand side of 
the following Cauchy problem 


y= ft.y,A), 
y(to) = yo. (4.44) 


where A is a parameter. Now a solution of (4.22) will be treated as a function of all 
quantities, i.e. y(t) = @(t, to, yo, A). 

We show that a solution dependence on the initial conditions is equivalent to the 
dependence of the right-hand side of Eq. (4.33) on the parameter. And vice versa, a 
dependence of a solution on a parameter is equivalent (and can be transformed) to 
the dependence on an initial condition. 

In the first case, by the variables change 


t=t, — bo, Y = Yn — Yo, (4.45) 


the initial value problem of (4.44) is reduced to the following 


y = S(t — to, ¥ — yo. A), 
y(0) = 0, (4.46) 


and in the above we have taken t = t,, y = yp. 
In the second case, we take A = A(t) and now instead of (4.44) we get 


y= ft.y,A), 
A=0, 
y(to) = yo, 
A(to) = Ao. (4.47) 
Now, taking 
ea 


we obtain the following initial problem 


y* = ," (t, y*) ; 
y* (to) = Yo- (4.49) 
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Theorem 4.4. Given { f(t, y)}, n € WN, a series of the functions defined in the 
open set S C R"t! and being continuous in this set. Let lim fy(t,y) = f(t. y), 
where a convergence is uniform in each of a compact set in s. Consider the series 
ie ye\ € S convergent to (to, yo) € S. Let y,(t) be a solution to the initial value 
problem 


Yn = fnlt, Yn), 
Yn (tp) = Yn (4.50) 
Then the Cauchy problem 
y= ftt.y), 
V(to) = Yo. (4.51) 


has a solution in a certain interval [6, y]. In addition, there exists a subseries (nx) of 
natural numbers that yy, (t) are defined in the interval [6, y], Vn, (t) a y(t), and 
00 


a convergence is uniform in the interval [5, y]. If y(t) is a unique solution of (4.51) 
in the interval [6, y], then the series y,(t) is defined for t € [6, y], and is uniformly 
convergent in this interval to y(t). 


Proof. Since the series f, is uniformly convergent on the compact sets, then f(t, y) 
is continuous on a certain compact set U C S, which possesses the point (fo, yo). 


Then, there is such anumber N that sup | f(t, y)| < N. For large enough n (n > 
(t,y)EU 
nx) we have also sup |f,(t,v)| < N. The Peano theorem guarantees that there 
(ty)eU 


are solutions y,(¢) of the problem (4.50) defined in the interval [t°,t° + a]. Let 
(5. ¥] = Qnsn, [tr te + a]. Since for n > ng the series (t?, y?) is convergent to 
(to, yo), hence the interval [6, y] possesses non-empty inside. Observe that in the 
interval [5, y] the functions y,(t) are commonly bounded and similarly continuous 
(see the proof of the Peano theorem). The Arzeli—Ascoli theorem yields conclusion 
that there is the subseries y,, (f) convergent uniformly in the interval [6, y] to the 
function g(t). After integration of (4.50) and (4.51) we obtain 


alt) = 8+ f Salo. valo)0ds, 


t, 


vi) = 0+ f fo.r)ads. (4.52) 


The proved convergence leads to conclusion that g(t) is a solution to (4.51) in the 
interval [5, y]. If (4.51) has a unique solution y(f) in the interval [5, y] and since each 
convergent subseries of the series y, (t) tends to a certain solution of (4.51), then all 
such subseries tend to a common limit. It means that y,(¢) converges to y(t). O 
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Remark 4.2. If the function f(t, y,A) is bounded and continuous in a certain open 
set E, and each point (fo, yo, Ao) € E is associated with exactly one integral curve 
g(t, to, Yo, Ao) of (4.51), then g depends continuously on the point (to, yo, Ao). 


Lemma 4.2 (Gronwall). Given a real positive function u(t) in the interval J CR. 
If u(t) satisfies the integral inequality 


u(t) <a+t | u(t)dt (4.53) 


forto,t € J, t > to, where a > 0, b > 0, then fort € J the following estimation 
holds 


u(t) < ae?) (4.54) 


Proof. Multiplying both sides of (4.53) by b we obtain 


t 
bu(t) <b (« + >| uodr) ; (4.55) 
to 
and hence 
bu(t 
Pe < (4.56) 
a+b fi u(t)dt 
After integration of the above inequality we get 
£ 
In (« + bf uiodr) —Ina < b(t —%), (4.57) 
to 
or 
t 
a+b / u(t)dt < ae?!) (4.58) 
to 
oO 


Theorem 4.5. Given the function f(t, y,A) of the class C! with respect to its 
arguments (t,y) € S C R"*! andi € G C R‘, where the sets S and G are 
open. Then the solution y = y(t, to, yo, A) of the initial value problem (4.44) is of 
the class C! with respect to variables t, to, yo and 4 in an open set, on which it is 
defined. If the Jacobi matrix x(t) = Byte tonyod) | then it satisfies the matrix equation 


BS OO) Ne) 


dt ay aA 22) 
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with the initial condition 


Dy (to, to, Yo. A) _ 


ah 0. (4.60) 


X(to) = 
The Jacobi matrix z(t) = eae satisfies the equation 


dz _ af(t.y.2), 


4.61 
dt oy en 


with the initial condition 


OY (to, to, Yo. A) _ 


I, (4.62) 
do 


2(to) = 


where I is the identity matrix of the ordern Xx n. 
The proof is omitted here. 


Remark 4.3. If the function (Theorem 4.5) f(t, y,A) is of the C” class, where 
r > 1, then a solution y(t, fo, yo, A) is also of the C’ class. 


Theorem 4.5 yields another important result stating that a nonlinear 
equation (4.22) can be locally described by a linear equation. In fact, this observation 
is very often used during a so-called continuation or path following method, where 
behaviour of either periodic or quasiperiodic orbits of any nonlinear systems are 
tracked with a change of some control parameters. This theorem is also called 
the theorem on straightening, because of its geometrical interpretation. 


Theorem 4.6. Given in open set S C IR"! the non-autonomous equation (4.20) 
with C'-smooth function f, r > 1, and given a certain initial point (to, yo) € S. 
Then there exists a surroundings V of the point (to, yo), V C S, and diffeomorphism 
g : V —> W of the C'-smoothness, where W Cc R"t! is such that if 
(S,U1,U2,..., Un) is a local coordinate system in W, then the diffeomorphism g 
transforms (4.20) to the equation 


25 4.63 

io (4.63) 

Proof. (We follow the steps from [191].) Let g(t, to, p) be a solution of (4.20) with 

the initial condition y(to.) = yo = p. Since the integral curves of Eq. (4.63) are 

represented by straight lines then our aim is to find a transformation from the integral 
curve ¢(t, to, p) to a straight line u(s) = p (see Fig. 4.2). 

It follows from Remark 4.3 that the mapping g has C’-smoothness, and in 
addition, since the Jacobian of an inverse transformation 


g(t, p) = (t, g(t. to, p)) (4.64) 
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tb - = 


Fig. 4.2 Geometrical interpretation of straightening 


is different from zero, then g is a diffeomorphism. The vector field [1, f(t, y)] is 
transformed to the vector field [1,0]. This is shown in Fig. 4.2, where the tangent 
vectors [1, f(t, y)] are transformed to the horizontal tangent vectors [1, 0]. In other 
words, the diffeomorphism g transforms the non-autonomous equation (4.20) with 
the vector field [1, f(¢, y)] into the equation ou = 0 with the constant vector 


field [1, O]. Oo 
A similar theorem can be formulated in a case of an autonomous system. 


Theorem 4.7. Given in an open set S Cc IR"*! the autonomous differential 
equation y = f(y), where f is C’-smooth (r > 1) function and given a certain 
non-singular point yo € Q of the vector field f(y). Then there exists a surroundings 
V of the point yo, V C Q, and the diffeomorphism g : V — W of the C’- 
smoothness, where W C IR", which transforms y = f(y) into the equation 


“=e, (4.65) 


where (u,,..., Um) is the local coordinate system in W, and e, is the versor of uy. 
The equation y = f(y) can be presented in the form 


hs (4.66) 


uj =O, 1 =2,...,n. 


Proof is omitted here. 

The last two theorems describe a local behaviour of the integral curves of both 
non-autonomous and autonomous nonlinear ordinary differential equations. In the 
first case, one can find an appropriate diffeomorphism transforming the integral 
curves into the straight parallel lines to the axis ¢. In the second case (autonomous), 
a family of integral curves can be transformed into a family of straight lines parallel 
to U4. 


4.4 First-Order Linear Differential Equations with Variable Coefficients 187 


4.4 First-Order Linear Differential Equations 
with Variable Coefficients 


4.4.1 Introduction 


Consider a non-homogeneous system of differential equations 
y= P(t)y + F(t) (4.67) 
with the attached initial condition 


y(to) = Yo. (4.68) 


The matrix P(t) has dimension n x n and the elements p,;;(t), where k 
denotes row number and i denotes column number. Functions y(t) and F(t) are 
n-dimensional vector functions and functions p;;(t) are continuous in a given 
intervala <t <b. 


Theorem 4.8. [f vector functions P(t) and F(t) are continuous for t € [a, b], then 
each point of the set [a,b] x IR" belongs to only one integral curve of the vector 
equation (4.67). 


Proof. We consider here the one-dimensional case, since this is more illustrative. In 
the nth-order case one follows steps given below but instead of modulus of a real 
number |-| one can use a norm ||-|| of a vector or a matrix. 

An existence and uniqueness of a local solution results from the Picard’s theorem, 
because f(t) — p(t)y, where F; = f, and P; = p satisfies locally the Lipschitz 
condition. Now we show that it can be extended into the whole interval [a, b]. 
In other words, we need to prove that a local solution y(t) can be extended into 
the whole interval [a, b]. This is equivalent to show that it is bounded in each of the 
interval points of [a,b]. Let y(t) contains the point (fo, yo). The one-dimensional 
equation (4.67) yields 


i t 
yO =~ f pisry(syas+ f foods. (4.69) 
to to 
and hence 
ty ty 
els | [fo as| + K [ IyGolas, (4.70) 
to to 
where K = sup |p(t)| and t € [a, b]. Since the interval [fo, t:] is compact, hence 


t€[to.t1] 
the function f(t) is bounded for ¢ € [fo, t;] and 
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th 
vot f I (s)ds| = c < +00. (4.71) 
to 
So we obtain the following estimation 
t 
nl se+K f [olds (4.72) 
to 
which means that y(t) is bounded in each of t; € [a, b]. Oo 


Observe that Eq. (4.67) can be written in the form 
L(y) =y— Py, (4.73) 


where L is a first-order linear vector differential operator. 
Theorem 4.9. If the vectors C,, C2,...,C, are linearly independent, then the 


corresponding solutions y\, Y2,..., Yn to the Cauchy homogeneous problem 


L(y;) = 3; —P()y; = 0, t € [a,b], 
(4.74) 
yilto) =C;, i=l,...,n 


are linearly independent for each t € |a, b]. 


Proof (We follow the steps given in [191]). A necessary condition for a linear 
independence of the solution is that Wronskian determinant 


oe 
yn ey 

Wit)=| 77 “71 #0. (4.75) 
be ae 


Recall that if W(t) 4 0,a < to < b and vy; (k,i = 1,..., n) are solutions 
to (4.74), then the solutions are linearly independent. In addition, a necessary and 
sufficient condition for linear independence of the solutions ba (t) is that for any 
arbitrary point f9 we have W(fo) 4 0, which means that also W(t) 4 0. 

Observe that in accordance with (4.74) we have 


yay par. (4.76) 
k=1 


Let us differentiate the Wronskian determinant 
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Yr Vi see 


i=l : 
1 2 n 
Vn Vn Vn 

2 n 


yy yi ee J 


> 2 Pi; X Py Oy} ae dX Pu OY; 
L= L= L= 


i=1 
Yn yn ve yn 
a ee A 
= DOD Pu) | 9} YF 7 |- (4.77) 
i=1 j=l Looe es 


One can observe that fori #4 j the rows ith and jth are the same and fori = 7 
we get W(t). Hence from the latter result we get 


VV we 

WH) => DAO] y} VF WL = DS re OWO (4.78) 

i=1 j=l Foor es k=1 
Vn Dy ; 
or 

Wt) 
—_ = KK (t). (4.79) 
Wo) du? 


After integration of (4.79) we get 
W(t) = Wiel Pods, (4.80) 


where tr(P) = >> pxe(t) denotes trace of the matrix P. 
k=1 
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Since W(t) ~~ O then, as it can be seen in (4.80), W(t) # 0 fort € 
[a, b]. It means also that the set of solutions {yi (¢), yo(t),..., ¥n(t)} is linearly 
independent. oO 


Remark 4.4. If y(t) is a solution to (4.74) and y(t) = 0 for a certain to € [a, b], 
then y(t) = 0. 


Remark 4.5. If W(to) # 0 for a certain to € [a,b], then W(t) ~ 0 for eacht € 
[a, b]. 


Remark 4.6. The formula (4.80) is known as the Liouville’s formula (sometimes 
referred as the Ostrogradskiy—Liouville formula). 


Example 4.6. Derive the Liouville’s formula for 7 = 2 and a homogeneous 
differential equation. 


For n = 2 we have 


; a let «1 39 142 
we) = 5/74 78) = [PAH 4 Pte 
dt | y yz V2 Vz V2 V2 
= ae + pioys Puy? + preys | a yt 
V3 V3 Pryi + pr2y3 payt + P23 
1 42 142 
= Pi - v1 + Pr | 71 a = (pi + P22) W(t), 
2 Y2 2 V2 
where 


1.2 
W2(t) = Be A ; 
Yo Y2 


After separation of the variables and integration we get 


W(t) = Wtoelo MOF PAO Ar, : 
Definition 4.2. The square (n x n) matrix Y(t) satisfying the differential equation 
Y= Py, (4.81) 


composed of n functions y(t), y2(t),..., ¥n(t) being the columns of Y, for which 
W(t) # 0, is called a fundamental matrix of L(y;) = 0,i = 1,...,”. The vectors 
yi(t), yo(t),..., ¥n(t) are called the fundamental solutions of L(y;) = 0,7 = 
1,...,”. The determinant W(t) = det(Y(t)) is called the Wronskian determinant 
of the functions y;(t), y2(t),..., Yn(t). 


Theorem 4.10. Any linear homogeneous equation 
y = P(t)y (4.82) 


has an associated fundamental system of solutions. 
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Proof. Take n linearly independent vectors in IR", yj, y,....y%. Then we 
solve (4.82) with the successive initial conditions 


y(t.) = y), ~7=1,...,n, to € [ad]. (4.83) 
The obtained solutions y’ (t) form the fundamental system of equations, since 
W(to) # 0 (4.84) 


and hence W(t) 4 0 for each t € [a, b] (see Theorem 4.9). Oo 


Consider now the non-homogeneous system of Eq. (4.67), which can be written 
in the form 


ve =o miOvi t+ AO =Li)t+ fi, k=1...n. (4.85) 


i=1 


We assume that the function p,;(t) and f(t) are continuous in the interval a < 
t < b. Hence, the Picard’s theorem guarantees an existence of a solution to the 
Cauchy problem for arbitrary but finite values of the initial conditions y; (to) = ys 
(we follow here the considerations from monograph [191]). 


Theorem 4.11. Let y = (j\,..., 9) be a particular solution to (4.85), i.e. 
ye = Le) + felt), kK =1,...,n. (4.86) 


A general solution to (4.85) has the form 


Ye =ut)t+ ye, k=1,...,0, (4.87) 
where z = (z(t), ..-, Zn(t)) is a general solution to the homogeneous equation 
Ye = Le(y). (4.88) 


Proof. Substituting (4.87) into (4.85) we get 


ze(t) + Ye(t) = Le@ + LV) + fA, k= L-..M (4.89) 

and hence 
Z(t) = Ly (z). (4.90) 
Assume that the fundamental solutions z},...,Zin, / = 1,...,n are known. 


Hence, a general solution to homogeneous equation (4.90) is 
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=> ate Baha (4.91) 
v=1 
Differentiating (4.91), and noticing that z, = L,(z), we obtain 
>" tuek = Ly(z), k=1,...,n. (4.92) 


v=1 


Applying the Lagrange (or variable coefficients) method we are looking for 
the following solutions 


u(t)=) can, k=1,...,n. (4.93) 
v=1 
Differentiation of (4.93) yields 


te(t) = Yee + Do ev(t)avk, k= 1,0. .n. (4.94) 


v=1 v=1 


Substituting (4.94) to (4.85) we obtain 


Soe Ss Soin =Li(d+ fet), K=1,...,n. (4.95) 
v=1 v=1 
Since 
Li = ee Ke Vy tag (4.96) 
v=1 
then 

San (sa 2) ae 2 (4.97) 
v=1 


Since the Wronskian determinant is not equal to zero (z,x are the components of 
fundamental solutions), one can solve (4.97) to get ci (t),..., ¢n(t), and hence z(t) 
in accordance with formula (4.93). oO 


After the general introduction and some preliminary theorems and definitions, 
now we can proceed with much more advanced results. 
Let us consider a set of K differential equations of the first order 


y(t) = Pi)y, (4.98) 


4.4 First-Order Linear Differential Equations with Variable Coefficients 193 


where y € IRS. We assume that time-dependent matrix is integrable and is 
piecewise continuous. Then the Cauchy problem yo = y(¢o) has a unique solution 
Y(t, to). 

Recall that any functions is said to be piecewise continuous if it has at each finite 
time interval (¢,, ¢2) a finite number of discontinuities. 

Any function piecewise continuous is called integrable, if in each continuity point 
t*, where t; < t* < ty, there exist limits 


tim [) \folar= fo (folate. 
° (4.99) 


tim f° f@lar =f ifeolar, 


e>0t Ji*+e 


where (f), f2) does not include any discontinuities. 


4.4.2 Fundamental Matrix of Solutions 


Assume that K solutions of the form I; (¢) to the system (4.98) are known. Then, 
by assumption 


Ty (t) = A(t)Ty, k=1,...,K, (4.100) 
any linear combination 
K 
x(t) = Yo cx T(t) (4.101) 
k=1 
is also a solution to (4.98), where c},..., Cx are constants, which must satisfy 


lei] +--+ |ex| > 0, 


K 
Yo cele # 0, 


k=1 


(4.102) 


i.e. they are linearly independent. 

Observe that any system of K linearly independent solutions is called a 
fundamental system (or a main system), and the corresponding solutions are called 
fundamental ones. 

The fundamental solutions create a K x K matrix called the fundamental matrix 


T(t) = A(T (t), (4.103) 


andl = T(t, fo). 
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Observe that any matrix 
r=Tc, (4.104) 


is also a fundamental matrix, where C is a regular and non-singular matrix. To 
convince yourself with this observation put (4.104) into (4.98) to get 


f= {Are = ar (4.105) 


We are going to consider a particular fundamental matrix ®(t, fo) such that 
@(t, to) = A(t) P(t, to), (4.106) 
P(t, %) = T. (4.107) 
Any fundamental solution satisfies 


Gk (t, to) = A(t) Gx (Et, fo), 


(4.108) 
Ox(to,to) =ix, k =1,2,...,K, 


and i, denotes kth unit vector. The matrix ®(f, fo) is called matricant or the transi- 
tion matrix. 
Each of the fundamental matrices can be found using a transition matrix 


T(t, to) = P(t, to) T(t, to). (4.109) 


The Wronskian determinant has the form 


W(t, to) = det I(t, to) = W(to, to) exp ({ tr (A(t)) ar) ; (4.110) 


) 


The associated Wronskian with matricant ® has the form 
W(to, to) = det P(t, to) = det 7 = 1, (4.111) 


and 


det ®(t, to) = exp ([ tr (A(t)) dr) #0, (4.112) 


i) 


which means that the matricant cannot be singular. 
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4.4.3 Homogeneous Differential Equations 


From (4.103) one concludes that 
x(t) = B(t, t0)xo, (4.113) 


where xo = x(t). 
Matricant is a regular matrix (see (4.112)) and moreover 


P(t, t) = A) P(t, to), (4.114) 
P(t, to) = T. (4.115) 
The solution (4.113) has the following geometrical interpretation (Fig. 4.3). 
It is seen that the matricant transforms the vector x (f9) into a new vector x(t,) in 
time interval [to, t;]. Equation (4.113) yields 
X(t1) = B(t, to) x (to). (4.116) 


On the other hand 


X(t2) = P(t, 4) x(t) = P(t, 4) O(t, fo) x (to), (4.117) 


Fig. 4.3. A role of matricant (geometrical interpretation) 
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and 
X(t2) = Ptr, to)x (to). (4.118) 
Comparing (4.117) and (4.118) we get 
P(t, fo) = P(t, 1) P(t, to), (4.119) 


which agrees with our group properties mentioned in Chap. |. Observe that a trans- 
ition matrix can be expressed as a product of many matrices from the considered 
time interval. The group property allows also to find an inverse transformation 


X(to) = (fo, 1) x(t) (4.120) 
and taking into account (4.116) one gets 
P(to, t)) = ® !(t, to). (4.121) 


The obtained result is important, since it means that any inverse matrix can be 
obtained easily by changing its arguments. 


4.4.4 Examples of Homogeneous Linear 
Differential Equations 


As it has been mentioned, a linear system of homogeneous differential equations is 
defined as follows 


# = Pity, yeR ted, (4.122) 
where P(t) is a square matrix of n x n dimension with its elements p;;(t), i, 7 = 
1,..., being continuous on the interval J. A set of all solutions of (4.122) defined 
on J creates a linear space. Any solution of (4.122) defined on J can be extended 
on entire J. In addition, the linear space of all solutions of (4.122) is isomorphic to 
a phase space IR” of system (4.122). 

Fundamental system of solutions of the homogeneous equations (4.122) creates 
the linear space, i.e. there are 7 linearly independent solutions of (4.122). A matrix 
(t) consisting of solutions situated on its rows is called the fundamental matrix. 
If 6(to) = IT, where J is a unit matrix, then #(f) is called the matricant. 

Any solution to (4.122) can be presented as a linear combination of the 
fundamental matrix solutions. It means that if one finds n + 1 solutions, then they 
are linearly dependent. 
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If one takes vector-function g1(t),...,@,(¢), then the Wronskian is defined by 


gut), ..-, Ont) 
wiy=| : (4.123) 


Pint), --+s Pnn(t) 
and any 


Ge(t) = Qi Ey +--+ + QnEn, 


where unit vectors E;,..., E, create the linear basis. If for arbitrary point t we get 
W(t) # 0, then the system of solutions g(t), ..., Q(t) is the fundamental system 
of solutions. On the other hand, if W(t) = 0 for a point f, then it is identically equal 
to zero for all ¢. As it has been already mentioned 


W(t) = W(to) exp (f trP(s)ds) = W(to) exp [p> Dii(s)ds (4.124) 


to i=l 


Example 4.7. Verify that x; = —sint, yy = cost are solutions of the following 
two equations 


dx 4 
— = xcos t —(1-—sintcost)y, 
F ( )y 
d 

_ = (1+ sintcost)y + y sin’ t. 


Find the fundamental matrix of solutions. 


Assume that x = g(t), y = w(t) are solutions and g(0) = 1, w(0) = 1. The 
corresponding Wronskian is 


y(t) —sint 
w(t) cost 


10 
01 


1 
+2 2 ft 
exp (sin® t + cos’ t)dt |] =e’, 
0 


and hence 
g(t) cost + w(t)sint =e’. 
Substituting x = g and y = yf to two first-order differential equations one gets 


dg 
dt 
dw 
dt 


=—w+cost(ycost + wsint) =—W +e’ cost, 


=+sint(gcost + wsint)=o+e' sint. 
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Observe that 
d d 
ae —e'cost) = oA + e'(sint — cost) = —(w —e’ sin’), 
d d 
av —e'sint) = “ —e'(cost +sint) = g —e' cost, 


and hence we have found two additional solutions: g(t) = e' cost, w(t) = e’ sint. 
The fundamental matrix of solutions is 


e’ cost —sint 
a= E sint cost ; 
Oo 
Example 4.8. Determine a general solution of the following equations 

d 
— =11—d)x4+@-2P?4+t4+ Dy 
d 
— =(1—fx+(P—t + Dy 


assuming that x = x} =a+bt+ct?,y =y, =d + ft satisfy the equations. 


Substitution of (x1, y1) into the set of two first-order ODEs yields 


—c+ f=0, c-b+d-—f=0,b-a-d+f=0, 
a+f+d-—-2c=0, b=d, a+d-—f=0, 


and henceb = d = 0,a = f =c. Takinga = f =c = 1 wegetx; =1+27, 
y, = t. We are looking for remaining solutions x = g(t), y = w(t), where 
y(0) = 0, W(0) = 1. The Wronskian 


j + 0? y(t) 
t w(t) 


_ {10 
~ 101 


t 
exp lise —s)+s*—s+1]ds | =exp(), 
0 


or equivalently 


(1+2°)w(t) —te(t) =e". 
The second considered ODE yields 


H =U ny + Ut —ty =9-ty te 
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and hence 


d 
it =to-Pytté =yvt(t—De'. 
The obtained equation satisfied by y(t) = e’, ¥(0) = 1. 


The Wronskian formula yields 
to=(14+%)y—-e =(14 Pei -e =e’, 


i.e. we have found two remaining solutions w(t) = e’, g(t) = te’. 
Therefore, the sought general solution has the following form 


x = C(1 +t?) + Cote’, 
y=Citt+ Coe’. 
oO 
In the case when in (4.122) P(t) = P = const, the problem of finding solutions 
can be solved using directly the Euler method. The following form of solution is 
being looked for 


y =ae™, (4.125) 
where o is an eigenvalue of the matrix P, and the vector a[a1,...,a,] corresponds 
to the eigenvalue o. Now, if we deal with o;,...,0, and each of them being 
associated with the vector a;,...,da,, then a general solution to Eq. (4.122) with 
P(t) = P has the following form 

y = Cyaye™ + Coane +++» + Chane, (4.126) 
where C,,C2,...,C, are arbitrary numbers. If there is a multiple root o* of the 
k-multiplicity with k-linearly independent vectors a),a2,...,da,, then this root 
corresponds to k-linearly independent solutions e?a,, e°'dz,..., eax. 


If for a root o* with multiplicity k there are only m (m < k) linearly independent 
eigenvectors, then the corresponding solution has the following form 


y=(agtat +--+ amt ™e™. (4.127) 


If among eigenvalues are complex numbers, then each complex number cor- 
responds to a complex eigenvector. Since matrix P is real, then Reo, and Imo 
corresponds to real eigenvectors. 

There is also a direct approach of finding the fundamental matrix of solutions to 
Eq. (4.122) with P(t) = P. Namely, we introduce a notion of the exponent matrix 
e“' of the form 


1 1 | 
At _ 2402S = 4k 
et = T+ 7A ke + dA (4.128) 
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The following properties hold: 


(i) If AB = BA, then e48 = e4-e8 = eF - eA, 
(ii) If A= T~!JT, then e4 = Te’ T; 
(iii) Matrix Y(t) = e?' is asolution to the Cauchy problem (4.122) with P(t) = P, 
i.e. 


& = PY, Y(0) =I. 


Third property means that y(t) = e?' yo, where yo = y(0). Therefore, the 


problem reduces to that of finding the matrix e”’. In order to compute e”’ one 
may apply the property (ii), where J is the so-called Jordan cell 
0 10...0 
0Oo1...0 
J=]|. ‘ (4.129) 
000...0 


and P = T~!JpT, where Jp is the Jordan cell corresponding to the matrix P. 
Introducing 


010...0 
001 0 
= 3 ; (4.130) 
0 00...0 
one gets 
J=ol1+8, (4.131) 
and hence 
et! = eM ek (4.132) 
where e*' can be found using series (4.128) 


Example 4.9. Solve the following system of ODEs 


4.4 First-Order Linear Differential Equations with Variable Coefficients 201 


Assuming x = Ae’, y = Be®', governing equations yield 
(5—o0)A+2B=0, 
—4A—(1+0)B =0, 
and the determinant 


5-—o 2; 
=4 =li¢| 


gives 0, = 1, 0) = 3. Foro = | we have 44 + 2B = 0. We take A = 1, B = —2, 
and the solution is x; = e', y) = —2e’. For 0 = 3 one gets A+ B = 0; we take 
A = 1, B = 1, and the solution is x. = e*”, yy = —e*”. One may check that the 
obtained solutions are linearly independent because 

e et 
—2e' -e 


#0. 


—3t 


All possible solutions to the studied equation are governed by formulas 


Cie’ + Ce*, 
—2C\e' = Coe*, 


x 


II 


II 


y 


where C,, C) are arbitrary constants. oO 


Example 4.10. Find e?', where 
O41 1s 01]... 2-51. 31 
P= = Ci r= inp = 
(i k a (i) ee Al (ii) : = (iv) ie i 


We use definition (4.128), where 


Per? P33 
+ 


Pt 
eo =1+Ptt+ 
2 6 


(i) We have 


ge relotr ee 


=P eaiPa?, Par rail =, 


Therefore P‘ = P,ifk =2p+1,and Pk = J, ifk =2p. 
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Finally, we obtain 


2 a t* 
ppt ap ay 
+ Ptt =° at 7 


10 10\t o1ye 
“oa. F nt aaa 
145404. See ae ae cosht sinht 
= sae a -1 = sinht cosht 
Opa a be ooo pe. 
(ii) We have 
p= 0 1 O 1; |-1 0 
~ {-10]{-10}~ [0 -1]’ 
pes pps -1 0 0 1 ey Aa) 
0 —1}]{-10 10 
pt = p3p =|97! i 10) 
1 0 }{-10 01 
Therefore, we have 


2k G1) 7, p2ktl = (=1)* P; k =0,1,2,... 
Finally, one obtains 


12 ra t4 


10 01 10] 0? 01) 10 
E i 7‘ B j E i 2! BE A art R Na 5 
te a, HS ah oe reer eee fue t sint 
= at @, yt F -(" sin I. 
t t t t 1 
Shh ape a aay LS ah ape —sint cost 


(iii) In this case one computes 0; = 1, 07 = —l,and J = lo A We are going 


eft 


II 


to find a non-singular matrix T = k | satisfying the condition 
c 


P=T"'JT, 
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or equivalently 
ab||}3-2] _ |1 0]Jab 
cd||4-3} |0-1]}|ed]’ 
which can be presented in the form 
3a+4b-2a-—3b] _|a b 
3c-+4d —-2c-—3d}] |-c—d|° 
The problem boils down to solving of algebraic equations 


a+2b=0,c+d=0. 


Taking a = 2,b = 1,c = —1,d = 1 we get 


Since e?! = T~'e/'T, therefore 


oPt a 11]fe’ 0 2-1] _ [ 2e’-e* -e' +e 
FPO Oe Let Ser’ gh ger? | 


(iv) The characteristic equation is 


3-0 1 
-l1 l-o 


[=0?-40+4=0, 
and therefore 0; = o> = 2. Because 


rank(P — oJ) = rank | Z a = 1, 


02 cd 


equivalently 
ab||3 1] _|21]/|ab 
cd||[-11}] [02},ed]’ 


then J = E at We are going to find T = k | such that P = T~'JT, or 
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The following linear equations 


3a—b=2a4+c,at+b=2b4d, 
3c-—d =2c, c+d=2d 


being equivalent to two equations 


a—b—c=0,c-—d=0 


yield the solution a = 3,b = 2,c = 1,d = 1. Therefore, we define 
_ 132 ee ee 
r=[ti].7 =(45)- 


P=T!JT 


Belts mwsl esi ini 


Taking into account that 


One may verify that 


or 


we have 
griiel | Ie? e* te*) [32] [e+e te 
Se Oe LL | i pet Ge 


Example 4.11. Find a solution to the following ODEs 


x ft. <8 S07) a 
xX.) = ]—-1 2 -1] J] x], 
X3 2-1 4 X3 


where [x1 (0), x2(0), x3(0)]7 = [0, 1, 0]”. 
Eigenvalues of the matrix P follow 
l-o 1 -1 


-1 2-0 -1 |=(0o-2)(o-3) =0, 
a Steg 
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and hence 0; = 02 = 2, 03 = 3. Observe that 


-11-1l1 
rank(P —o,J) =rank| —-1 0 —-1] =2. 
2-1 2 


Therefore the Jordan form corresponding to P is 
210 
J=1/]020 
003 


We are going to find a matrix T defined by the formula P = T~'JT: 


ty tho t3 1 1-l 210 th the ty 
to ton 3 | | —1 2 —-1]| =] 020] | ty to hb 
t31 32 133 2-1 4 003 t31 b32 633 


Resulting linear algebraic equations yield: t;; = 3, t2 = to = 2,1 = tn = 
to3 = f3; = t33 = 1, and hence 


302 1 0-2 
T=|111),7'=] 0 1-1 
101 —-10 3 
Because 

e” te" 0 

e/'=| 0 e 0 

0 0 e® 

therefore 


1 0-2] Fe” te” 077302 
S| OST PO Oe) 1 
-10 3 0 0 e*} 101 
e*(3+1t)—2e% te* e%(2+1t)—2e7 
=: e2t — et e2t e2t — e3t 
—(3 + t)e** + 3e3* —te** —e7#(2 + ¢) + 3e* 


Finally, the sought solution has the following form 


x(t) = e?*[0, 1,0]? = [te*, e?, -te*“]. Oo 
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4.4.5 Non-homogeneous Differential Equations 


As it has been shown earlier, any solution to Eq. (4.67) consists of two parts: a 
general solution to the homogeneous equation and a particular solution to the non- 
homogeneous equation, i.e. 


y(t) = ye(t) + yp(t). (4.133) 


Assume that 


Yp(to) = 0, yg (to) = yo). (4.134) 
Let us find u(t) which satisfies the equation 
yp(t) = P(t, to)u(t). (4.135) 
Differentiating the above equation gives 
pp = Out Ot, to)u, (4.136) 
and from (4.67) one obtains 
Ou + Ou = Abu + F. (4.137) 
Note that 6 = A® and hence 
u(t) = @'(t, to) F(t). (4.138) 


An integration of (4.138) gives 


u(t) = utto) + f ®!(r, to) F(t)dt. (4.139) 


to 


From (4.115), (4.134), (4.135) and (4.139) one obtains u(to) = 0. Taking into 
account (4.135) and (4.139) one gets 


9, = (0.10) | ®!(t, to) F(t)dt 


i , (4.140) 
=) P(t, to) P(t, t) F(t) dt =) @(t,t)F(t)dt. 
i) to 
Finally, keeping in mind (4.133), we obtain 
a; 
y(t) = ®t, to) yo +f @(t,t)F(t)dt. (4.141) 
i) 


Observe that the obtained solution can be expressed analytically only in particu- 
lar cases. In general, it is found numerically. 
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4.4.6 Examples of Linear Non-homogenous Differential 
Equations 


The system of Eq. (4.67) can be presented in the following first-order form 


dy; 
dt 


= pa(t)yi + pi2(t)y2 +-+++ PinOyn t+ Hit), i= 1,...,n. 
(4.142) 


As it has been already mentioned there are two main approaches aimed on 
solving ODEs (4.142) in getting an equation of a higher order: (i) method of 
integrable combinations and (ii) method of variation of arbitrary constants. 

The Lagrange method (ii) can be applied if the associated homogeneous problem 
can be solved. In other words if 


y=Yit)ec, (4.143) 


where Y(t) is the fundamental matrix of solutions, we are looking to solve the 
original non-homogenous problem in the form 


y(t) = Y(t)c(t), (4.144) 


where now the vector c is time dependent. Elements of the vector c(t) are defined 
by solving the following system of equation 


rine = Fi. (4.145) 


A general solution to the original non-homogeneous problem consists of a sum 
of a general solution to the associated homogenous problem and an arbitrary one 
solution of the non-homogeneous problem. 


Example 4.12. Find a solution to the following ODEs 


dx 5 ; 
— = y—Scost, 
dt - 

dy 

—- =2 . 
dy x+y 


We find first a general solution to the associated homogeneous equation (see 
Sect. 4.4.4) 


Cie! + Coe", 
—Cie! + 2Ce*". 


Xg 


II 


Veg 
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A particular solution of the non-homogeneous problem is sought in the form 


x = A; sint + B, cost, 


(*) 
y = Ansint + Bo cost. 
Substituting (+) to the initial non-homogeneous set of equations we get 
A, — Bn =—5, B, + A. = 0, 
Az — 2B, — By = 0, 2A; + Bo + Ar = 0. 
Obtained linear algebraic equations are satisfied for A; = —2, B} = —1, Ap = 1, 
By = 3. Therefore, the general solution of the problem is 
x = Cie + Coe —2sint — cost, 
y=-Cie' + 2Cre*' + sint + 3 cost. oO 
Example 4.13. Find a solution to the following ODEs 
dx 
— =2x+y42e’, 
dt * 
dy 
——=x+2y—3e”. 
dt ay 
The characteristic equation of the associated homogeneous problem 
2-0 1 2 
=o —4 3=0 
| 1 2% 0 o+ 
yields the eigenvalues 0, = 1, 02 = 3. Therefore, a general solution of the 
homogeneous problem is 
Xg = Cie’ + Cre*, 
Vg = —Cye’ + Coe”. 
Since 0 = | corresponds to the excitation e’, therefore we are looking for a 


particular solution of the non-homogeneous problem of the following form 
Xp = (Ai + Antje’ + Ase", Vp = (Bi + Bot)e’ + B3e". 


Substituting x,, yp, into initial ODEs the following algebraic equations are 
obtained: 


—A,+A2.—B,=2, A, +B,;—-B.=0, A.+ B.=0, 
2A3— Bz =0, A3 —2B3 = 3. 
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The algebraic equations yield the solution A; = 0, Az = 1, Az = —1, By = —1, 
By = —1, B3 = —2. Finally, the general solution to the non-homogeneous system is 


= 06 Oe 47 =e", 


y = —Cye! + Coe*® — (¢ + De’ —2e”. oO 


4.4.7 Homogeneous Differential Equations with Periodic 
Coefficients 


The homogeneous differential equations with periodic coefficients play an important 
role in many applications. Consider a system of Eq. (4.98) of the form 


y(t) = Pty, (4.146) 
where P(t) = P(t + T). According to our earlier consideration we get 


X(t) = P(t, to) xo, 


: (4.147) 
D(t, fo) = P(t) P(t, to). 
Since P(t + T) = P(t), hence we get 
O(t + T,t) = P(t) ®(t + T, to). (4.148) 
It means that ®(t + T, fo) is a fundamental matrix, and therefore 
P(t + T, to) = Dt, to) Px, (4.149) 
where ®,. is constant and non-singular matrix. For tf = fo one gets 
P(t + T, to) = D(to, to) Px = Py. (4.150) 
The matrix ®, is called the monodromy matrix. Observe that 
@(t + T, to) = P(t, to) P(to + T, to) = Blt, to) Px, 
O(t + 2T, 0) = O((¢ + T) + T, t0) = Ot + T, t) Ox = O(t, to) ®%, 
(4.151) 


O(t + nT, to) = D(t, to) Pi, 
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and hence 
x(t +nT) = O(¢ + nT, to)x(to) = Ot, to) OLX (to). (4.152) 


The obtained result suggests that a knowledge of the matricant in the time interval 
to <t <t)+T is sufficient to find a solution in the time interval fo < t < +00. 


4.4.8 The Floquet Theory 


Assume that a K x K-dimensional matrix F is defined in the following way 
®, = Of) + T,t) =e? *. (4.153) 
Observe that in general F is complex. Let us define now the following matrix 
W(t) = B(t, )e7 "OF (4.154) 
It can be proved that 
elita)F — enF ohF — pbk ek (4.155) 
Now we are going to show that V(t) = W(t + T). From (4.154) one gets 
W(t + T) = Of + T, tee Ot (4.156) 
Hence, from (4.151), (4.153), (4.154) and (4.156) we get 
Wt +T) = Ot, toe Fe The -OF = O(t, pe“ F = WO). (4.157) 
Since det B(t, to) 4 0 and det(e~—)F ) # 0, hence 
det U(r) = det B(r, f9) dete" ¥ ¥ 0, (4.158) 
From (4.154) we also get 
W(to) = O(to, to) / = I. (4.159) 
Finally, from (4.154) we obtain 


P(t, f) = W(net—F (4.160) 
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It means that the matricant can be expressed in the form of (4.160), where 
Wxxk = Uxxk(t+T) (4.161) 
is regular (W(t) = J), and Frxx is a constant matrix. 
According to (4.160), having any constant and regular matrix C one can 
construct the fundamental matrix of solutions 
P(t, to) = OF, Ho)C, (4.162) 
and hence 
P(t, t) = V(tje"— Fc, (4.163) 
Recall that for any square matrices F and C we have 
ee =e eC (4.164) 
and hence (4.163) can be transformed to the form 
T(t, to) = VCC et F C = WA)Cet—C FC (4.165) 


Now, introducing new matrices 


x = VDC, 
_ (4.166) 
Fy = CFC, 
we get 

T(t, t) = U(DeoO**, (4.167) 

It is seen that I'(f, fo) is similar to ®(f, to) (see (4.160)) and in addition 
W,(¢ + T) = V,(0). (4.168) 

Since both matrices C and W(t) are regular, hence from (4.166) we get 
det VW, = det VdetC 4 0, (4.169) 


and one can conclude that also W,.(¢) is regular. 
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4.4.9 Reduction of Non-homogeneous Linear Differential 
Equations with Periodic Coefficients 
We are going to show that any non-homogeneous dynamical system 


yp = P(t)y + F(t), 
P(t) = P(t +T), (4.170) 


can be reduced to a system with constant matrix coefficients. Hence, a stability 
problem of (4.170) can be reduced to that of the earlier discussed for singular points. 
Let 


y(t) = Z(t)x(t), (4.171) 
where Z(t) is a regular matrix. Hence, from (4.170) and (4.171) one gets 
Zx+Zx = PZx+F, (4.172) 
which yields 
x= Z(PZ—Z)x+Z7'F. (4.173) 


Now we prove that Z~!(PZ — Z ) is the matrix which constant coefficients, 
where 


Z(t) = O(t, te" (4.174) 


Observe that 


2 (ror). & (oO pe) oS MO pg 


n=0 n=0 
(o-t)" | an) g(a —O* 2) = am Fa 
--(y oor =p F F=-(\0 via (laa F. 
n=0 k=0 
(4.175) 
It means that 
d —(t—to)F —(t-to) F F Fy —(t—to) F 
— (c ) ny F =—Fe (4.176) 


Hence the investigated matrix (see (4.173)) has the form 
Z"(PZ —Z) = O©1(t, m)e*-F (Po, te CF _ Bt, toe“ CF + 


+ O(1, 10) Fe“ ) — @'OF =F. 
(4.177) 
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Taking into account the obtained results Eq. (4.173) has the following form 

x= Fxr+O(, peo FP, (4.178) 

To sum up, it has been shown that a change of variables (4.171), where 

Z(t) has the form (4.174), leads to reduction of the non-homogeneous set of 


differential equations with periodic coefficients (4.173) to the non-homogeneous 
set of differential equations (4.178) with constant coefficients. 


4.4.10 Characteristic Multipliers 


The eigenvalues 4 of a monodromy matrix ®, are called the characteristic 
multipliers, which are found from the equation 


®,a = pa, (4.179) 
where a is the vector associated with an eigenvalue. The characteristic equation 
R(w) = det (®, — wl) = 0 (4.180) 
has K roots. Each of the eigenvalues ju, is associated with an eigenvector ax 
Dd, = Leak. (4.181) 
Observe that the eigenvectors a, corresponding to the distinct jz, are linearly 
independent. In a case of multiple root zz, where j1, denotes its multiplicity, a 
solution is more complicated. One has to check in addition a matrix (®, — pzJ) 
defect d;, where 
dy =k —r(®x — xl), (4.182) 
where 
L<dy<vp, &k=1,2,...,k*, ke <k, (4.183) 
and &* is the number of distinct multiplicators. 
If wx has a multiplicity vz, then there exist d; linearly independent eigenvectors. 
If dy = vx, then pz is associated with vz independent vectors. 


Let us take a particular solution y; (t) of a homogeneous equation with the initial 
conditions yz (to) = Cax, where C is a certain constant. Then 


ye(t) = BCE, to) Vx (to) = CBE, to)ag, (4.184) 
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and taking into account (4.152) one obtains 
ye(t + T) = C(t, to) Pay. (4.185) 
Taking into account (4.181) one gets from (4.185) 
ye(t + T) = weC P(t, to)ax = Ux yx(t). (4.186) 


The latter result has the following interpretation. A solution y;(¢ + T) shifted in 
time of the period T can be obtained as a product of juz, and y,;(t). Therefore, the 
eigenvalues ju; are called the characteristic multipliers. 


4.4.11 Characteristic Exponents 


The characteristic exponents A, are the eigenvalues of the matrix F: 
det(F — AI) = 0. (4.187) 


They are associated with the multipliers by the relations 


Ma = exp(A,T), (4.188) 

or 
An = : 1 4.189 
k= T Nk. (4.189) 


Note that any one value of jzg corresponds to infinitely many characteristic 
exponents A, = Ago +i mz, where m is integer number, and i 2 = —]. It can 
be also proven that any multiple multiplier corresponds to a characteristic exponent 
with the same multiplicity. 


4.4.12 Structure of Solutions for Simple Characteristic 
Multipliers 


Let the matrix A, contains the eigenvectors ax 
Ax = (@,...,ax). (4.190) 
Owing to (4.181) we get 


bu Ax = Ax diag(11;), (4.191) 
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and hence 
gx = Ax diag(u;) Az). (4.192) 
From (4.152) one obtains 
y(t +nT) = Wt, to) Ax diag(1;)" Ay! yo. (4.193) 


A similar like solution structure is obtained also for the case dy = v x, since in 
this case there are also & linearly independent eigenvectors. 


4.4.13 Solutions Structure for Case of Multiple Multipliers 


We consider here only the case, where jug is associated with a number of 
independent vectors. 

Note that any characteristic multiplier jz; of multiplicity ©; is associated with 
dj; < vj; linearly independent eigenvectors aj,...,@jq,;. One needs to increase a 
number v; — d; of independent vectors. 

Recall that from the matrix theory one has 


(b« — nj Da") = al”, (4.194) 
where: 
i a 
a) = ajy, 1 =2,3,...,Jw. Div - 1) = 9; - dj. (4.195) 
v=1 


In the above J;, — 1 denoted the number of main vectors av corresponding to 
each of the eigenvectors aj, whereas J;, denotes the largest number of nonlinearly 
independent vectors. Obtained vectors can be used to construct a regular matrix 


A = (Aj, A2,..., Axx); (4.196) 


where the block matrices dimensions (k x v;) possess the following structure 


(Ji 


j. — (,0 ,@ (Jj) () aj) 
ApH (Gp Qjy ree Gi oe Qjgzr e+ Qa," )s (4.197) 
where: 7 = 1,2,..., K*, and K™ is the number of different multipliers. The matrix 


ox in this case has the following structure 


gd» = AJA, (4.198) 
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and the matrix J is a quasi-diagonal Jordan matrix 
J = diag(.., IjisecscsS jdpiess)s (4.199) 


where the blocks have the form 


fw; 10... 0 
0 py; 1 0 

Jjp=l. . (4.200) 
000... 4; 


In the case of simple eigenvalue the matrix blocks are simplified to one 
element u;. 
One gets form (4.198) 
go = AJ" AT, (4.201) 
where: 
J" = diag(...,Jj1,--..Ijaj+++) (4.202) 
Hence, similarly to (4.193), one gets 


y(t +nT) = O(t,t)Adiag(...,J%,...,J7dj,...)A-!yo. (4.203) 


Taking into account (4.200) we get 


Jy = pl t+ Kjy, (4.204) 
where: 
010...0 
001...0 
Kj = fii: ; (4.205) 
000...1 
000...0 


is the matrix of dimension Jj, x Jjy. 

It is worthless to note that the matrix Kj, is obtained by a shift of a line consisting 
of 1 steps towards right. 

Since 


Ke =0 fort 2 Jy; (4.206) 
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then 


Jjv7l 
n n n n A-o Oo 
Jt, = (wjl+ Kp)" =e1+ (“) a jae (4.207) 
o=1 


Expanding the formula (4.207) we get 


J) = pe"lL+nes Ky + nD i Ke Bes 
4 ete nee Juv 1) 1 ee i! (4.208) 
Tne Fy gu 


Observe that for n — 0 we have J”, — 0, if |;| < 1. For |z;| = 1 the values of 


vp 
J” 7 
jv > 00. 


4.4.14 Stability 


The following stability conditions can be formulated for the solutions to homogene- 
ous ODEs with periodic coefficients. 


(i) If each of the multipliers satisfies the inequality |u;| < 1 (or, equivalently, 
Rex; < 0), then all solutions tend to zero and hence they are asymptotically 
stable. 

(ii) If there exists at least one of the multipliers |;| > 1 (or, equivalently, the 
characteristic exponent with Re A; > 0), then the considered dynamical system 
is unstable. 

(iii) Assume that there are no multipliers |jz;| > 1. If there are |j2;| = 1, which are 
simple or multiple but with a full defect, then the considered system is stable, 
but not asymptotically stable. If there are multiple multipliers without a full 
defect, then the considered system is unstable. 


4.4.15 Periodic Solutions to Homogenous Differential 
Equations with Periodic Coefficients 


Recall that periodic solutions can appear in the case if only simple or multiple with 
a full defect multiplier satisfying |;| = 1 exists. All other multipliers satisfy the 
inequality |w;| > 1. 

According to (4.186) one value 4, = 1 corresponds to infinitely many T 
periodic solutions yz (to) = Caz, where a, is the eigenvector associated with x 
and C is a certain arbitrary constant. 
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In the case 4, = —1 we have infinitely many 27-periodic solutions, because 


YG PT) = yt), 
y(t + 27) = —y(t + 27) = y(t), (4.209) 


where T = 27. 
In the general case, each of two complex conjugate multipliers of the form 


Qn ., 20 
pL = cos — +7 sin — (4.210) 
v v 
is associated with periodic oscillations with the period vT, where T = 2 is an 


integer, according to (4.152) we get 


y(t + VT) = W(t, to) Wy Co), (4.211) 


and taking into account periodicity conditions one gets 


(We — I) y(to) = 9, (4.212) 


which defines the initial conditions required for finding the periodic solution. 


4.4.16 Periodic Solutions to Non-homogenous Differential 
Equations with Periodic Coefficients 


Consider the system (4.67) where P(t) = P(t +7), F(t) = F(t + pays and p, q 
are integers. 
Let T be the smallest period of P(t) and F(t) is equal to pT. The fundamental 
question appears. Does the system (4.67) have also a solution with the period pT? 
Assume that it is true. Hence, 


y(to + pT) = y(to). (4.213) 


According to (4.141) we havev 


Ome / W(t, 1) F(a)dr, (4.214) 


and hence 


to+pT 
(I —W(to + pT. to)) yo = / W(to + pT, t)dt. (4.215) 
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On the other hand 


W(to + pT, to) = ve. (4.216) 


Since we are going to find yo from (4.215), then the matrix (J — (to + pT, to)) 
must be regular one. It means that in this case the associated homogeneous 
differential equation 


y= P(tyy, (4.217) 


with P(t) = P(t + pT) should not have the multiplier ~ = 1, i.e. it should not 
have a periodic solution with the period pT’. If the later requirement is true, then 


to+ pT 
yo = C= y?)? i te + pT. DF @)de (4.218) 


Now, from (4.214) we find that 


to+pT 


yO) = ¥Gm)0 — wey / + PT. DF @ ade + i, v(c,2)F(a)de. 


i) 


(4.219) 


Chapter 5 
Higher-Order ODEs Polynomial Form 


5.1 Introduction 


If a function FER) is defined and is continuous in a subset of 
IR’*?(n > 1), then the equation 


ft, x,%,...,x™) =0 (5.1) 


is said to be ordinary differential equation of nth-order. 
Fortunately, it happens very often that (5.1) can be transformed to the form 


x) = fi(t,x,4,...,x07-). (5.2) 


The Cauchy problem for Eq. (5.2) is that of finding a solution x(t) satisfying the 
series of the following initial conditions 


x(to) = x0, X(to) = Xo... X(t) = x0". (5.3) 


Theorem 5.1 (Peano). Jf the function f, is continuous in certain open subset, then 


for an arbitrary point (to, Xo, X0,.-. are) belonging to this subset there is a 
solution to Eq. (5.2) defined in a neighbourhood of to, which satisfies (5.3). 


Theorem 5.2 (Cauchy—Picard). If the function f; satisfies both the conditions 
of Theorem 5.1 and the Lipschitz conditions with regard to the variables 
x,X,...,x"), then for arbitrary initial conditions (5.3) there is only one solution 
(uniqueness) to Eq. (5.2). 
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Recall that the Lipschitz constant L for the first-order case can be found from the 
inequality 


F(t, x1) — f(t, x2) 


X1 — x2 


<L. (5.4) 


=|~) 


In words the Lipschitz constant can be defined by an upper bound of af . In the 


nth-order case, when f = f(t, X1,...,X,), the Lipschitz constant L can be defined 
by the inequality 
a) a) 
Max of ; f <L. (5.5) 
ax, |" OXn 


To show a uniqueness of a solution let us recall the eae of the equation 3~ of 
1+ x? given in the book [191]. In this case f(t, x1) = 1+xj and f(t,x2) = 1 ee 
Hence | f(t, x1) — f(t, x2)| = Fe — x3| = = |x) — X2||x1 + x2| < 2 |x1 — x2] in the 
rectangle |t| < 1,|x| < 1. Theorem 5.2 states that there exists only one solution 
passing through (0,0). In fact, this solution has the following analytical form: x(t) = 
tg(t). Let D be a domain composed of points, where any point corresponds to only 
one solution of the Cauchy problem. The function 


x = (t,C1,...,Cn) (5.6) 


is said to be a general solution to Eq.(5.2), if the following assumptions are 
satisfied: 


(i) the function ¢ has the nth-order derivative with respect to f; 
(ii) for any point defined by the series (5.3) the following equations 


= o(t, Ci, sees Ch), 
= b(t, Cy, tee ,Ch), 
x0") = ger NG Ou). (5.7) 
have the unique solutions with regard to the constants C?,..., c. 
(iii) the function @(t, C?,...,C,°) is the solution to (5.2) for arbitrary constants 


ec? ...,C°, which are the solutions to (5.7). 


n? 


If a general solution is given in the implicit way 
do(t,x,Ci,...C,) = 0, (5.8) 


then Eq. (5.8) defines a general solution to Eq. (5.2). 
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Any arbitrary solution (5.6) for the specified values of constants C),...,Cy, is 
said to be the particular solution of Eq. (5.2). The following steps are required in 
order to find a particular solution knowing a general one: 


(i) the algebraic set of Eq. (5.7) should be derived from either (5.6) or (5.8), which 
yields the constants Cj,...,Cy; 

(ii) the found specified values C?,..., Cc are substituted to (5.6) or (5.8), which 
are now solutions to a Cauchy problem. 


Note that sometimes a general solution can be represented in a parametric form 


t=t(p,C,...,Cn), 

x =x(p,C,...,Cn), (5.9) 
where p is a parameter. In the most general case governed by Eq. (5.1), the following 
theorem satisfies an existence and uniqueness of a Cauchy problem. 


Theorem 5.3. Assume that the function defined by (5.1) is continuous and posses- 


ses the continuous derivatives with regard to x,x,..., x"). Hence, for an arbitrary 
point (to, Xo, Xo,.-- ee) such that 
af 
Ff (to, X0, X0,--- x8”) = 0, Sty (0X0, Sos. ee FO, (5.10) 


there is exactly only one solution to Eq. (5.1) defined in the neighbourhood of to and 
satisfying the initial conditions (5.3). 


A general solution constitutes of a family of integral curves in the plane (f, x) 
with n parameters C),..., Ch. 


5.2 Linear Homogeneous Differential Equations 


Consider the following homogeneous nth-order differential equation 


Lily) = yy + pi@y@? +--+ pay = 0, (5.11) 
where L,, is called the nth-order linear differential operator (here y™ — oy d 


Recall that in general, a linear differential operator (a function) has the following 
properties: 


(i) L(Cy) = CL(y), 
Gi) L(y + y2) = LO) + LO»), 
(iii) L(Ciy1 ap St tiae CnJm) = CL (y1) eee Sse CnL (ym), for any Yi and Ci. 
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Theorem 5.4. /fy1,..., ¥n are the solutions to homogeneous equation (5.11), then 
y = Cry, +--+ + Cyyn is also a solution to L;,(y) = 0 for arbitrary constant 
numbers C\,..., Ch. 


Remark 5.1. The set of functions {y1(t),..., ¥n(t)} is said to be a fundamental set 
of solutions of L,(y) = 0. 


Remark 5.2. The function y(t) = Ciyi(t) +++: + Cryn(t) is called the comple- 
mentary function of L,(y) = 0 


Definition 5.1 (Linearly Independent Functions). Let u)(t),...,un(t) are the 
functions defined in the interval a < t < b. If there are numbers a,..., @, not all 
of them equal to zero, and the following equation is satisfied 


Z= QU, ++++ + Anum = O, a<t<b, (5.12) 


then we say that the functions w\(f),...,u%m(t) are linearly dependent in the 
considered interval. 


The vector z is called a linear combination of the members of the set 


{u1,...,Um}, whereas the set {@,...,Q@n} is called a set of coefficients of the 
linear combination. 
Recall that: 
(i) the set of all linear combinations of members of {1,...,¥m} is called the 
linear span (or simply span) of {y1,..-. Ym} 


(ii) a linear space U is a set that satisfies the following properties: 


(a) ifu,v € U thenu+veuU; 
(b) ifue U andc € R, thenCue U; 


(iii) the span defined in (i) forms a linear space. 


Assuming that Eq. (5.12) is satisfied if and only if a; = --- = a, = O, then 
the functions u1,...,M%, are called linearly independent. A linearly independent 
spanning set for a linear space U = {uj,...,Um} is called a basis for U. 
A dimension of U is defined by the number of vectors in a basis of vector space U. 
A necessary condition for linear dependence of the functions u1,...,u, can be 
obtained in the following way. Let the given functions u,..., uy, to be are linearly 
dependent. It means that they satisfy (5.12). Differentiating n — | times Eq. (5.12) 
one gets 


ou +--+ ou =0, k=1,...,n-1. (5.13) 


Of course, we have assumed that the functions {u,..., u,} have n—1 continuous 
derivatives on some interval (they are C”~! smooth). It is known from algebra that 
the system of Eqs. (5.12) and (5.13) has non-trivial solution of a),...,@,, when the 
following determinant function (called Wronskian) is equal to zero: 
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uj eee Uy 
TA eee uy, 
W(u1,...,Un) =|. =0, ax<t<b. (5.14) 
yee coe uf) 
Theorem 5.5. /f the functions y,,..., Y, are the solutions of Ly(y) = Oona < 
t <b, then W(y\(t),..-, Yn(t)) is either zero for every t from [a,b] or is never zero 


for anyt € [a,b]. 


Proof. We take n = 2 and follow the proof given in the book [191]. Here we 
omit a generalization for any n. Consider the following linear operator with variable 
coefficients 


Lo(y) = y” + pi(t)y’ + po(t)y = 0. 


The Wronskian 
W192) = |) 27] = yiyh — yay. 
V1 Y2 
On the other hand 
W" = (y1¥— yay) = yiy's—Y'1¥2 = Vi(— Piya — P2y2) — yo(— Pry) — P2y1) 


= —pi (V1 Yo — y2y}) = —piW, 


and hence 
nW = = f rid +1nc. 


Finally, one gets 
W(y1,¥2) = Cen roar, 


which for C = 0 is identically zero, or for C # 0 is never zero. oO 


Theorem 5.6. [f y1,...,¥n are solutions of the equation L,(y) = 0 and 
W(y1,.0+¥odlrae, = 0, then WO1,...,¥n) = Ofora <t < b, and yi,...+¥n 
are linearly dependent solutions in the interval t € |a, b]. 


Theorem 5.7. A necessary and sufficient condition for solutions z,,...,Zn of 
Ln (2) = 010 be linearly independent in an arbitrary pointis W(z1,..-.2n)|t=1 F 9: 
If W(to) 4 0, then also W(t) 4 O fora <t < b, and if W(to) = 0, then also 
W(t) = 0. 
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Theorem 5.8. /f yi,...,¥n are linearly independent solutions of the equation 
Li(y) = 0, then y = Cy, +°+++ Cyyn is a general solution fora <t < b, 
—00 < yz, < +00,k =0,1,...,n-1. 


In the case of a homogeneous linear nth-order equation L;,(y) = 0, there are n 
linearly independent solutions y,,..., ¥, forming the fundamental set of solutions 
(proof is omitted here). It is interesting to note that the Wronskian can be used to 
define a differential equation, when a fundamental set is known. 

Recall that a set of all solutions of the linear equation L(y) = 0 is called a null 
space or kernel of the operator L. 


Theorem 5.9. A homogeneous linear differential equation L,(y) = O has n 
linearly independent solutions that form a basis for the set of all solutions. The 
dimension of the kernel of an nth-order linear differential operator is n. 


Example 5.1. Define a linear differential equation possessing the fundamental 
solution: y(t) = sint, yo(t) = e’. 


We define the Wronskian 
sint e’ y sint 1 y 
W(sint,e’,y) =| cost e’ y'Je'| cost 1 y’ 
—sinte’ y”| |—sint 1&y” 
Agel aay Ly} | cost y’ cost 1 
7 1 y” —sint y” | sint 1 


= e'[sint(y” — y’) — (y" cost + y’ sint) + y(cos¢ + sint)] 


= e'[(sint —cost)y” —2sint + y’ + (sint + cost)y] = 0, 
and the being sought differential equation is defined immediately as 
L2(y) = (sint — cost)y” — 2sinty’ + (sint + cost)y = 0. 
In order to verify the obtained results we check: 


Lo(sint) = —(sint — cost) sint — 2 sint cost + (sint + cost) sint = 0, 


L(e') = e' L2(sint) = 0. 


5.3 Differential Equations with Constant Coefficients 


Since characteristic equation corresponding to an nth-order homogeneous differen- 
tial equation cannot be solved using radicals already forn > 5, very often numerical 
or approximate analytical methods are used. The most important observation is that 
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the nth-order differential equation is reduced to the nth-order polynomial (algebraic) 
equation. The solutions differ from each other qualitatively for distinct and repeated 
(multiple) roots of a characteristic equation, which we are going to discuss. 


Theorem 5.10. Given the nth-order linear differential equation L,(y) = y“ + 
Diy" D+++-+ pny’ + Pay = 0. Let the characteristic polynomial corresponding 
to Ly(y) = 0 possess: 


(i) n distinct real roots r;,i = 1,...,n. Then the n functions y;(t) = e’'' form a 
basis for the kernel of L(y) = 0. A general solution has the form 


y= Ce" 
i=l 


(ii) Single root repeated n times. Then the n functions y,(t) = e™, y(t) = 
te”,...,¥n(t) = t” 1e" form a basis for the kernel of Ly(y) = 0. A general 
solution can be written as 


y(t) = (Cy + cot Hee + Cyt” "Ye": 


(iii) Single root repeated m times and there are n — m distinct roots 
Vin+15lm+2s+++>Tn- Then the n functions 
yi(t) =e", 


yo(t) = te”, 


y(t) = He", 
Ym+i(t) = erm", 
Yn(t) = or 
form the kernel of Ly (y) = 0. A general solution has the form 
yt) = (Cy + Cy Hee + Ct Ne” + Cn get +--+ Cre™, 
Example 5.2. Consider the following third-order differential equation 
L3(y) = y” —8y" + 19y’— 12y = 0. 
Introducing y = e” one obtains the characteristic polynomial r? — 8r? + 197 — 
12 = 0, with three distinct roots: 7; = 1,r2 = 3,r3 = 4. The linearly independent 


solutions are: y;(t) = e’, y2(t) = e*, y3(t) = e*”, and every solution is written as 
y(t) = Cie! + Cye* + C3e*. oO 
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Example 5.3. Consider the fifth-order differential equation L;(y) = y—12y%+ 
56y” — 126y”" + 135y’ — 54 = 0. 


The characteristic equation corresponding to Ls(y) has the following roots: 
ry =1,7r2 = 2andr3 = rg = rs = 3 (multiplicity 3). The following set forms 
a basis {e’, e’, e*, te*’, t7e*}. Every solution in the kernel has the form 


yt) = Cie! + Cre” + C3e*" + Cyte* + Cst7e*". 
In order to investigate their linear dependence one calculates 


We’, e7", e*, te, 17e*") 


3t t2e3 


e 
e! Qe 3e% =e 4 3te% 2te* + 3t7e% 

= je’ 4e”" 9e% 6e% + 9te* 2e* + 12te* + 9t7e* 
e! 8e7" 27e% 27e% +27te* 16e% + 54te* + 27t7e% 
e’ 16e”" 8le* 108e* + 81te* 108e* + 216te* + 811720 


11 t t? 

23 143t 2t + 31? 

49 649 2+12t +912 | 40. 
8 27 27+27t 164+ 54t + 2707 

16 81 108 + 81¢ 108 + 216¢ + 812? 


1 
1 
ai gtyet gat 3 o3t ly 
1 
1 


Theorem 5.11. Given the nth-order linear differential equation L;(y) = y" + 
Diy") 4++*+ pay! + pny = 0. Let the characteristic equation corresponding 
to Ly(y) = 0 to have: 


(i) A pair of complex roots r = a+ bi, i? = —1. Then the functions 


y(t) = e“ cosbt and y(t) = e“ sinbt are linearly independent solution 
of Ln(y) = 0. 
(ii) A pair of complex conjugate roots repeated m times. Then the 2m functions 


yi(t) =e" cosbt, y2(t)=te cosbt ,..., Ym(t) = t'"'e™ cos bt, 
ymai(t)=e" sinbt, ym42(t)=te™ sinbt ,...,  Yam(t) = t™ le” sin bt 
are linearly independent solutions of L,(y) = 0. In addition, every function 


y(t) = (Cy + Cot +e) + Cyt’ ")e™ cos bt + (Cnt + Cnpot fee + 
Comt™!)e sin bt is a solution to the studied equation. 


In order to get a better imagination of understanding of repeated roots of a 
characteristic equation we review some properties of polynomials. 
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(i) A polynomial w(t) has a root r if w(t) = (t — r)wo(t). 
(ii) A polynomial w(t) has a double root if w(t) = (¢ —r)*w1(t). In this case w(t) 
and w’(t) = 2(t — r)w;(t) have a common root r. 
(iii) In general, a polynomial w(t) has a root r of multiplicity k if w(t) 
= (t—r)*wx_1(t). In this case, w(t), w(t), ..., w*~!(¢) have a common root r. 


Now we focus our attention on a second polynomial corresponding to differential 
operator L>(y) = y”—2ry’+r’y. The corresponding quadratic equation is w(t) = 
t? —2rt +r? = (t — r)*. According to Theorem 5.10 we have the solutions: 
yi(t) = e”, yo(t) = te” . It is true, because L2(y;) = e(r? — 2r? +r?) = 0, 
and L2(te”) = (te"*)” — 2r(te”) + r2te™ = (e + rte) —AIr(e™ + rte™) + 
r°te”™ = 2re™ + r*te™ — 2re™ —2r?te"™ +r7te™ = 0. The above example leads 
to more general observation. Namely, have got L2(e) = e”'w(r). Observe that 
2 L2(e") = Zle"w(r)] = te™w(r) + w(r)e”. But recall that r is the double 
root of the characteristic equation w(r) = 0 and hence w(r) = w(r) = 0, ie. 
#L2(e") = 0. On the other hand 2 L(e") = Lo(Ae") = L2(te") = 0, which 
shows that te” is a solution of the differential operator Ly. Finally, let us check a 
linear dependence of both solutions. The Wronskian determinant gives 


rt te” 


e 
is rt 
w(e" te”) = 

el et + te” 


= et #4 0, 


which means that they are independent. This observation can be generalized by the 
following theorem. 


Theorem 5.12. [fo is a root of m-multiplicity of the characteristic equation 


n—2 


w(r) =r" + ar"! + aor ++--+4d,-\r +a, = 0, 


where 1 < m <n, then the functions e’',te’,...,r"~'e" are the linearly 
independent solutions of the characteristic equation w(r). 


Proof. If ro is the root of w(r) of multiplicity m, then 


dw d?w d*“w(r9) 
w(To) = a = qo) Se ae 0. 


Consider now the differential operator 


LQ) = y™ + ary) +--+ + any. 


It is easy to check that L(e”’) = w(r)e". Consider now L(t'e™) = L (5) = 


or! 
ELE") = & wre). We have 
0: wre" = 0; 
=1: (w’ + tw)e™ = 0; 
2: (w" + 2tw’ + w(1 + 2*))e" = 0; 


—_— 
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k=1 


Since fori = k — 1 we obtain w =:.--= yw!’ =w = w = 0, hence we 
have also L(t'e’’) = 0. It means that t‘e’’ are solutions to L(y). In addition, they 
are linearly independent, because the polynomials of different orders are linearly 
independent. Oo 


In the case of complex conjugate roots (Theorem 5.12) we recall some funda- 
mental properties known from algebra. According to the Euler’s formula we have 


eB — cosB +isinB, 


where: Re(e’’) = cos B, Im(e’?) = sin B and e*+'? = e*(cosb + i sinb). 

Now let the characteristic equation representing the differential equation 
L(y) = 0 to have conjugate complex roots a + ib, and we obtain the following 
solutions to the differential equation: e@*!)” = e(cosbt + isinbt) and 
eit — e(cosbt — i sinbt). Observe that instead of taking this solution 
one can take y;) = e“ cosbt and y2 = e“ sinbt. Both of them are real-valued 
independent solutions (check), and they span the same real-valued solutions as 
the complex-valued solutions e+!" This observation can be generalized by the 
following theorem. 


Theorem 5.13. Jf u and v are in the domain composed of real elements of a real- 
valued function L, and we take y = u+iv, then L(y) = L(u) +iL(v). In addition, 
if L(y) = 0, then L(u) = L(v) = 0. 


Remark 5.3. Theorem 5.12 shows that the domain of L can be extended to include 
complex-valued component. 


Our considerations can be briefly outlined in the following way [191]. The so- 
lutions to homogeneous linear nth-order ordinary differential equation (5.11) are 
sought in forms of exponential functions 

y=e", (5.15) 


where r is constant. We have 


ak 
&) — OY _ pkert k= 1,24 


7 i , Jn. (5.16) 
Substituting the assumed solution (5.15) to (5.16) we get 
L(e") =e" P, (r) = 0, (5.17) 


where the polynomial 


P,(r) =r" + pyr™ | +--+ + pair + Pn = 0 (5.18) 
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is called the characteristic equation (or the characteristic polynomial). The roots 
of the characteristic equation (5.18) are called the characteristic roots. If the roots 
r},...,/» are real and different, then we have 1 independent solutions of the form 


yp see. Wn =e. (5.19) 


The Wronsky determinant has the form 


ee a, elt 
rel... ret 
we" "»...,e™) = 
n—-1 ryt n—-1 pryt 
Te saa oe” 
1 1... 1 
r Tr ... T 
= eitnte trait : 7 . 
n—-1 ,n-1 n—-1 
ae re 
trot tryst 
= em i" ma (Tn —11) Tn —12)...n —1n—-1)(n-2 — 11)... 
we (Tn-1—-Tn-2) 12-11) F Oz (5.20) 
Observe that w(t) > 0, if f > +00, when r, < 0,k = 1,...,n. A general 


(or every) solution to (5.11) has the form 
y=Cre™ + +--+ Cre, (5.21) 


If 7, < 0,k = 1,...,n, then every solution y governed by (5.21) y — 0 for 
t> +o. 

Consider the case, when 7;,...,7, are different, but some of them are complex 
conjugate. Let r; = a + ib. Since the coefficients of the differential equation (5.11) 
are real, then also r2 = 7; = a — ib exists. A general solution has the form y = 
u(t) + iv(t), where u(t) and v(t) are real-valued functions. However, if y(to) = 


u(to) + iv(to) = yo. y(t) = u(t) + iv (tm) = YO k = 1.0.0 - 1, 


where yo and rg are real-valued, then v(t) = v/(to) = «+» = v(t) = 0, and 
hence v(t) = 0. 
Given the initial conditions one finds the being sought constants C),...,C, from 


the algebraic equations 


yo = Ce" Sa Ge”, 
vy) = Cyrke™ $.--4 Cyrket, k=1,....0—1. (5.22) 
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It can be shown that the solution (5.21), after substituting the constant C;i = 
1,...,n from (5.22), is real-valued. Hence, since the solution is real-valued then 
instead of complex-valued form of the solution we can use the real-valued form of 
the solution. For our case r} = a + ib, r2 = a — ib we get 


Cye™ + Coe™ = Cie" (cos ht +i sinbt) + Coe“ (cos bt — i sin bt) 
= (C; + Cy)e cos bt + i(C; — Cr)e™ sinbt = Cie“ cos bt + Cr sin bt, 


where: Cjp = Cy +C2, Cop = i(C}—C2). It is easy to check that Cy. = Cjo+C20/i, 
i.e. they are complex conjugate, but Cjo,i = 1,2 are real-valued. In other words 


y = Coe cos bt + Coye™ sinbt + C3e™! +++» + Cre”. (5.23) 


For real-value initial conditions yo, yj,..., y—) the solution (5.23) is real- 
valued and also Cjo and C29 should be real-valued. Since e"’ = e“(cosbt + 
isinbt) is the solution, then also y; = e“ cosbt and y2 = e“ sinbt are the 
solutions generated by the roots r,} = a+ib,rz = a—bt. Recall now the discussed 
case of the root r; = --- = r, with mth-multiplicity. The Ath-order derivative 
of (5.11) yields 


d*‘ L(e"’) ag d*et 
drk drk 


= L(t*e"), (5.24) 
and 
L(tke") = (te) + pi (the)! + + + pa-i(the™y + pa(t®e”™). (5.25) 
Owing to the Leibniz formula applied to dot product of two functions we have 


(uv) = w™ + (‘) ye? (;) uly" 4, 
(5.26) 


n 


+ (, " :) u"@— Dy! 4+ uMy = uO ye— | 
k=0 
where: uv = u, v = v. Applying Leibniz formula (5.26) to (5.25) we obtain 
Lee) = tke" P,(r) 4 Cepale P’, (r) 


CEP", (r) ae ease e Pe); (5.27) 


where the numbers ce depend on k and /. Since r; = --- = rym, hence the 
characteristic equation has the following property 


Piri) = Piri) = ++ = PRN) = 0. (5.28) 
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It means that L(t*e”) = 0 fork = 1,2,...,m—1 andr = r,, where r; 
is the root of mth multiplicity. In other words, m times repeated root generates m 
solutions of the form e”’, te"™’,...,¢’”~'e"". If r1,..., 7) are different roots of the 
corresponding multiplicity m,,...,m, and there are no other roots (i.e. m, +++++ 
m ; =n), then every solution to homogeneous linear differential equation (5.11) has 
the form 


y= Pm,—-i (te at Pile” SRS PuaGye™, (5.29) 
where: Pm,-1(t), Pino—1(t),---, Pm;-1(t) are the polynomials of ¢ of the 
corresponding orders: m,; — 1,mz — 1,...,m; — 1. It can be checked that a set 
fe™ re™ 2 lemt eM te™, 2, te" has members which are 


linearly independent. 

Recall now our considerations related to repeated complex roots. If among the 
roots |,..., 7; acomplex one appears, say r; = a +ib, then also exists r2 = a—ib 
with the same multiplicity. The used real initial conditions yo, y4,..., x allow 
to find a set of constants to define a real solution. 

Assume thatr = a+ib andr = a —ib are m times repeated roots. Every 


solution includes the functions 


rt m—1| rt 
fateh e'~" 


e te’! pm—leit 0) 

Since te" = tke’e!! = tke (cos bt + i sinbt) is the solution, then its real 
and imaginary part are also solutions. The same consideration holds for 7. In the 
case when a root is purely imaginary with mth multiplicity (a@ = 0), then every 
solution is composed of the functions t* cosbt,t* sinbt,k =0,1,...,m. 

Let us sum up our brief conclusions related to a repeated root. Any real-valued 
root r with mth multiplicity generates m solutions, whereas a complex-valued root 
r with mth multiplicity generates 2m solutions. Every solution corresponding to 
m-times repeated root is represented by 


m-—1 


r= Gee, (5.31) 
k=0 
Every solution corresponding to complex root with mth multiplicity has the form 
m-1 
y= > (Axt*e cos bt + Byte” sin bt). (5.32) 
k=0 
Finally, every solution corresponding to repeated imaginary roots r = ib, r = —ib 
has the form 
m-1 
y= +S (Agt* cos bt + B,t* sin bt). (5.33) 


k=0 
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In both latter cases, Ay and B; are defined by the initial conditions. 


Example 5.4. Using formula (5.25) and (5.26) for k = 2 find a corresponding 
number C i when 


L(y) = y” + piy” + pry’ + psy. 


Formula (5.26) gives 
a mw 3 PA 3 Lape mw 
(uv) =uv- + 1 uve + > uvtuv, 


(uv)” = uv” + ) uv! + u'r’, 
(uv) =ul'v + v’y, 
whereas from (5.25) we get 
Le") = Gat’ 4 pit ey" a po(t* ery 4 pate") 
= (t7?r? +6tr? +6r)e™ + py (t7r7 +4tr+2)e" + po(t?r+2t)e" + p3t7e" 
=e" [t?(r? + pir? + par + ps) + t(6r? + 47 p, + 2p2) + 6r + 2p). 


Since 
P3(r) =r? + pir? + por + ps, 
P'3(r) = 3r? + 2pir + pr, 
P"3(r) = 6r + 2p), 
therefore 


L(te") = t7e" P3(r) + CP Pi(r)e” + e” Py (r), 


and we have C? = 2. 
5.4 Linear Non-homogeneous Differential Equations 
with Constant Coefficients 


In the previous section we have considered linear homogeneous operator defined by 
Eq. (5.11). Here we are going to consider non-homogeneous problems. 
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Theorem 5.14. [f the fundamental solutions y\(t),...,¥n(t) to Eq.(5.11) are 
known, then a general solution to the following non-homogeneous equation 


Lily) = y™ + pithy) +--+ prOy = fO (5.34) 
has the form 
Y=Vpt+Ciys + Coyz + -+- + Carn, (5.35) 


where C,,C2,...,C, are arbitrary numbers, and yp is an arbitrary particular 
solution of (5.34). 


There are two general methods to solve a non-homogeneous problem, i.e. the 
method of undetermined coefficients and the method of variations of parameters. 
The method of undetermined coefficients relies on observation that a being sought 
solution is somehow similar to the right-hand side function f(t). 


Example 5.5. Find a general solution to the non-homogeneous differential equation 
L(y) = y" —3y' + 2y = 3t7 —2t +4. 


First we consider the corresponding homogeneous equation L(y) = y” —3y’ + 
2y = 0. The corresponding characteristic equation is r*— 3r +2 = 0 with the roots 
r; = | andr, = 2, and hence the general solution of the homogeneous equation 
y = Cye'+Cye”'. Let us look for a particular solution of the form y, = at?+bt+c. 
The simple calculus yields 


L(yp) = 2at — 3(2at +b) + 2(at? + bt +c) 
= 2at? + t(2b — 6a) + 2c + 2a — 3b. 
Equating the coefficients standing by the same powers of ft we obtain: 


t°:2c+2a—3b=4, 
tl: 2b-—6a=-2, 


3 22= 3; 
The above linear algebraic equations give: a = 1.5, b = 3.5, ¢ = 5.75. 
The general solution of the non-homogeneous problem is y = Cye! + Cye7! + 
1.51? + 3.5t + 5.75. Oo 


Example 5.6. Find a general solution of the non-homogeneous equation 
L(y) = y” + 2hy’ + a6y = qceosat. 


This equation governs oscillation of a one-degree-of-freedom mechanical system 
with mass m and with a viscous positive damping, a linear stiffness and a harmonic 
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excitation. The parameters have the following physical meaning: c—damping 
(2h = c/m);k—stiffness (aj = k/m); Po—amplitude of exciting force (¢ = 
Po/m) and w is frequency of excitation. The characteristic equation is 


r? + 2hr +a = 0, 


which gives the roots r132 = —A + ,f/h?— Oe If h > apo, then we have two real 


roots and oscillations do not appear. If h = ao we have so-called critical damping 
Cer = 2Vkm and the root is double. Here we consider the case as > h? which 


corresponds to oscillations and r}37 = —h + id, where A = + 0% —h?. Since 


eit — eh (cos At + i sinAt) and according to our earlier discussion we 


can take the following real-valued general solution corresponding to homogeneous 
equation: y = Cie cosAt + Coe sin At. As it has been mentioned, the form of 
the particular solution to the non-homogeneous equation is similar to the right-hand 
side excitation and is assumed to be: yp = Acoswt + B sinat. Since 


y’ =—Awsinwt + Bacosat, 
y"” = —Ao’ cos wt — Bo’ sinat, 
hence 
Livy) = —Aw’ cos wt— Bw” sinwt—2hAo sin wt +2hBw cos wt + aA cos wt 


+a,B sinwt = qcosat. 
Equating the terms standing by sinwt and coswt yields 


A(ag — @) + 2hoB = q, 
—2haA + (a _ w*)B = 0, 


and therefore 


q 2hw 
el: Re aa seas 
W a—a@? 2hw (a2 — w?)? + 4h2@?’ 
—2hw a —w* 
a — @ ‘ 
Ss, We - —2hw 0 a 2hwgq 
Ww aj—@? 2hw (a2 — w2)? + 4h? 


—2hw a, —w* 
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Finally, the general solution to homogeneous equation has the form 


y = Cie" cosAt + Coe sinAt + Acoswt + B sinat. ‘i 


The obtained solution possesses clear physical interpretation. It is composed of 
oscillation of autonomous damped system (this part vanishes, when tf — +00) and 
a particular solution generated by the harmonic excitation. A steady state oscillation 
is represented by the solution 


jim y@ = Acoswt + Bsinwt = acos(wt + ¢). 
Observe that 
acos(wt + g) =acosgcoswt —asingsinwt = Acoswt + Bsinat. 
Equating terms standing by cos wt and sin wt we obtain 


A=acosgy, B=-—asing, 


and hence 
a= V A + B2 => Z ’ 
2 — 0)" + 4h? 
= —arctan— = —arctan ‘ 
e A a — w? 


This result indicates that the oscillations are harmonic with the amplitude a 
and are delayed by the phase shift @ in comparison to excitation. The latter 
example allows to solve more general problem, which possesses many applications 
in engineering, and particularly in mechanics. 

Consider now the following non-homogeneous problem 


Li(y) = e“[P(t) cos bt + O(t) sin bt], (5.36) 
where a,b € R and P(t) and Q(t) are polynomials of orders p and q, respectively. 


Let the characteristic equation corresponding to the homogeneous equation has 
the form 


ri pir™! tet py, = 0. (5.37) 
By s we denote the largest values among p and g (for p = q we take s = p = q). 
If a + ib is not a solution to the characteristic equation (5.38), then also a — ib is 


not a solution. In this case the being sought particular solution has the form 


yp =e“ [R(t) cos bt + S(t) sin bt], 
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where R(t) and S(t) are polynomials of an order not higher than s. If a + ib is 
repeated root of multiplicity k, then 


yp = tke" [R(t) cos bt + S(t) sin bt], (5.38) 


where R(t) and S(t) are polynomials of an order not higher than s. 
The steps of the method of undetermined coefficients can be even more detailed 
presented by introducing the following theorem (see [191]). 


Theorem 5.15. Apply the following steps to solve L,(y) = f(t) using the method 
of undetermined coefficients: 


(i) Factor the characteristic polynomial w,, (r) of Ly into linear and irreducible 
quadratic factors and form a basis By for the kernel of L. 

(ii) Separate f(t) into groups of terms that are annihilated by a single annihilator. 
Form wa(r), the characteristic polynomial for an annihilator of f(t) factored 
into linear and irreducible quadratic factors. Recall that for a given function 
f, an annihilator of f is a linear operator A such that A(f) = 0. For instance, 
y” + 16y is an annihilator of singt and cos ¢t, because the characteristic 
equation is (r> + 16) = (r + 4i)(r — 47). 

(iii) The characteristic polynomial of Ax is defined by wa(r)w_(r). Form the basis 
Byz, and find B consisting of the functions in B 4, that are not in B,. 

(iv) Form y,(t) as a linear combination of the functions in B and equate 
coefficients of L(yp) = f(t). 


(v) Determine values for the coefficients and define a particular solution. 
(vi) Find y(t) = ye(t) + yp(t). 


Example 5.7. Solve the differential equation L(y) = y’”” — 2y” + 9y’— 18y = 
e’ + 3 sin 2¢ using the method of undetermined coefficients. 


(i) The characteristic polynomial w, (r) = r? —2r? + 9r —18 = (r —2)(r? +9), 
and hence {By = e”', sin3t, cos 3¢}. 

(ii) The function f(t) = e’ + 3sin2t is annihilated by the characteristic 
polynomial w4 = (r — 1)(r? + 4), and the basis for kernel of A is By = 
{e', sin 2t, cos 2t}. 

(iii) The characteristic polynomial of A; is waw, = (r—2)(r?+9)(r—1)(r? +4), 
and the kernel of Ay is B4z = {e', e?", sin 2t, cos 2t, sin 3f, cos 3t}. We have 
found also that B = By = {e', sin2t, cos2r}. 

(iv) The particular solution y, = ae’ + bsin2t + ccos2t. The successive 
differentiation gives 


ae = ae' + 2hcos2t — 2c sin2t, 
y", = ae’ — 4b sin 2t — 4c cos 2t, 


i = ae' —8bsin2t + 8c cos2t, 
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and 


L(yp) = ae’ — 8b sin 2t + 8c cos 2t — 2(ae' — 4b sin 2t + 4c cos 2t) 
+9(ae’ + 2bcos2t — 2c sin 2t) — 18(ae’ + bsin2t + ccos2t) 
= —10ae’ — 18(b +c) sin2t + 2(9b — c) cos2t. 


Equating the appropriate coefficients with those of f(t) gives 


e: —10a = 1, 
sin2t : —18(b +c) = 3, 
cos2t: 9b—c=0. 


(v) The solution of the latter linear algebraic equation is: a = —10,b = —a> 


c = —3, and hence the particular solution is 


20° 
(t) 10e" aa 2t : 2t 
= —10e' — — sin2t — —cos2t. 
ve 60 20 
(vi) Finally, the general solution is 


1 3 
= Cye” + Cysin 3t + C3 cos 3t — 10e’ — — sin2t — —cos2t. 
y 1e° + Co a3 60 0 : 


Now we briefly describe the method of variation of parameters. Recall that 
even in the method of undetermined coefficients we have found the kernel of a 


homogeneous equation L,,(y) = 0 first. 
Theorem 5.16. A particular solution y,(t) of non-homogeneous equation 
Lily) = f(t) can be found by quadratures if it will be sought in the form 

Yp(t) = Ci) yi (4) + Colt) y2(t) +--+ + CaO yn), (5.39) 


where {y,(t), y2(t),.-., Yn (t)} is the basis of the kernel of Ly, = 0. 
Theorem 5.17. [f the functions C(t),...,Cy(t) satisfy the system of equations 


Clin + C'xry2 a C'aYn 
Cy" + Clay'> See Cyn 


ae (5.40) 


’ 


Cry + Cay bt Cy 


then the function y, defined by (5.39) satisfies the non-homogeneous equation 


Lily) = f(t). 
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Remark 5.4. The function y,(t) possesses the form of a general integral of 
L,(y) = 0, where now the constant are the functions depending on f. 


Remark 5.5. Observe that Cj, C3,...,C, are uniquely defined, since the determi- 
nant of the system (5.41) is the Wronskian determinant, and by definition it never 
equals zero. 

In order to get C\(t),...,C,(t) we integrate the functions C/(t),...,C;(¢) 
without the constant of integrations, because they appear already in the part of n 
general solutions of the homogeneous equation. 


Example 5.8. Find a general solution of the equation 
Lily) =y" ty =e. 


The kernel of L3(y) = 0 is {sint, cost}. The general solution of L2(y) = @? is 
Y =p +Ci cost + Crsint. 
The functions y,(t) is sought in the form 


yp(t) = Ci(t) cost + Cy(t) sine. 
From (5.41) we obtain 
C’, cost + C’osint = 0, 
—C'; cost + C’ysint = 27, 
and hence 
Ci =-t’sint, C; =f’ cost. 
Integration of C/, C5 yields 
Ci(t) = (t? —2) cost —2tsint, C(t) = (t? — 2) sint + 2t cost 
and 


y = 17-24 C;cost + Csint. 


5.5 Differential Equations with Variable Coefficients 


We begin with a special class of higher order homogeneous differential equations, 
which can be reduced to the differential equations with constant coefficients. 
A solution to the differential equation 


d"y - d"y dy 
n—1t” vee t— : 5.41 
Ae eS aay, ee + Poy (5.41) 


dt 


Li(y) = Pat” 
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known as the Cauchy—Euler differential equation, can be sought in the form 
y=t'. (5.42) 
Substituting (5.42) to (5.41) gives 
L(t") =w(r)t", (5.43) 


and hence L,, = 0, when w(r) = 0. The analysis is similar to previous one, but now 
instead of the function e”’, we have rt’. 


(i) Assume that there are 7),f2,...,/m distinct real roots (m < n), then 
t",¢',...,¢"™ are real independent solutions, and 
y(t) = Cit" + cy + re + Crt™ (5.44) 


is a general solution (it defines an m-dimensional subspace of the kernel 
of (5.41)). 
(ii) Assume that ro is a root with kth multiplicity, then its subkernel follows 


fe Int). .4 nt}, 
and a general solution 
y(t) = Cyt” + Cot” Int +--+» + Cyt (Inte! (5.45) 


defines a k-dimensional subspace. 
(iii) Assume that r = a + Di, then ft“ cos(b Inf) and ¢¢ sin(b Inf) are real linearly 
independent solutions. In addition, if a + bi has multiplicity k, then 


t* cos(b Int), t“ Int cos(b Int),...,¢@(Int)‘~! cos(b Int), (5.46) 

t sin(b Int), t@ Int sin(b Int), ...,¢¢(Int)*! sin(b Int), , 
are 2k real linearly independent solutions in the kernel of (5.41). Their linear 
combinations span a 2k-dimensional subspace. 


Now we show how to reduce the homogeneous and non-homogeneous 
Cauchy—Euler equation to an equation with constant coefficients. 


Theorem 5.18. Jntroducing a variable x = Int in the non-homogeneous Cauchy— 
Euler equation 


n n—-1 


d"y _,a"y dy 
Lily) = ppt" — Peer dae sie t— = f(t), 5.47 
(y) =P qe eet PP Poy ft), (5.47) 
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leads to conversion to the differential equation with constant coefficients 


Liy(e*)] = g(x), 


where g(x) = f(e*). 


(5.48) 


Example 5.9. Transform the Cauchy—Euler differential equation 
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to a differential equation with constant coefficients. 
Let ¢ + e*, and use the chain rule to get 
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The characteristic polynomial is 


P—7r? +5r4+1=(r—1)(r?—-6r—-1) 


and possesses the characteristic roots 


r; =3- V10, 


m= 1, 


r3 = 34 v10. 
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Hence the solution is 


y= Cie" ae Coe"™* a C3e3* = Ce” Int 4 Ce? aA C3e73 : 


A key role in mechanics plays second-order differential equation, since a second 
derivative corresponds to acceleration of a moving rigid body with one degree 
of freedom. It can happen that one of its solutions is known (for example, from 
theoretical considerations or from an experiment), and a question appears, how to 
find a second linearly independent solution? 

Consider L3(y) = po(t)y” + pi(t)y’ + po(t)y = 0, and assume y(t) = 
v(t) yi(t), where y(t) satisfies L2(y1) = 0. The assumed form of solution refers 
to the so-called Bernoulli method, which is often applied to solve first-order non- 
homogeneous differential equations. The successive differentiation gives 


ysvy toy, 
y =v"y, + 20'y’, toy"), (5.49) 
and hence 
Lo(vy1) = pr(t)(v"y, + 2v'y’, + vy") + pit)(v'y1 + vy’s) + polt)uyi 


=v" (poy) + u'(2poy’) + pry) + v(poy") + Piy’s + Poy) 
poyiv" + (2pry’, + piyi)v’ = 0. (5.50) 


Denoting v’ = w one can solve first-order linear differential equation with regard 
to w’ to give 


w(t) = ype OPO de, (5.51) 
Hence 
v(t) = [aceOnOra, (5.52) 
and the second solution is 


yo(t) = v(t)yi(t) = wile) f yi2erf m/e, (3:53) 


Chapter 6 
Systems 


In the free encyclopedia “Wikipedia”, one can find that the entry “system” is 
ambiguous and old. The word “system” comes from Greek and means a “compound 
object” (ovVTHUa), and this explains why it occurs in many different branches 
of science such as: social science (social system, law system), astronomy (solar 
system, system of planets, heliocentric system), philosophy (philosophical system), 
geology (geological system), anatomy (nervous system), mathematics (number 
system, decimal system, binary system), computer science (operating system), logic 
(deductive system) and many others. It is difficult to give a single definition of 
a system suitable for any branch of science. That is why we give only a few 
definitions and choose the most suitable one for our purposes (see [45, 48, 107, 132, 
150, 168,235]). There is a tendency to use a concept of system as a primary one, i.e. 
indefinable. However, in this case it is a composed object which contains interacting 
elements. We give our own definition within this background. 


(i) Definition (generalizing, asymptotical). System is a collection of material 
elements or marks, which undergo slow evolutionary processes in space-time. 
The interchange of interactions among the systems, ones extracted from the 
environment (one being a paradigm determined by a particular branch of 
science), is of order ¢, where ¢ < 1. Below, we give some features of such 
defined system. 


(a) elements of the system can vanish or appear in time of order (1/¢)",n € N; 

(b) in the system one can distinguish subsystems, which interact in a region of 
space and time. The way they interact obeys the rules related to a particular 
branch of science. The role of a subsystem can be understood as “system 
residence” in a particular region of space and time of order (1/e)” as opened 
or closed subsystem; 

(c) the function and purpose of the system is determined by a generating entity 
(human, laws of the nature); 


© Springer International Publishing Switzerland 2014 245 
J. Awrejcewicz, Ordinary Differential Equations and Mechanical Systems, 
DOI 10.1007/978-3-319-07659-1_6 


246 6 Systems 


(d) there exists a border between the system extracted from the environment and 
the rest of the environment. Matter and energy (the order of magnitude ¢) 
or information (depending on a given paradigm represented by a particular 
branch of science) are interchanged through the border. Note that sometimes 
in particular cases the interchange may lead to qualitative changes of the 
system (or another one, quantitative changes can transfer into qualitative 
ones); 

(e) we will assume that the mentioned borders undergo slow changes in parallel 
with the mentioned changes of the system state; 

(f) one can use the definitions from Wikipedia, i.e. a system can (but in a defined 
time interval of order (1/é€)") characterize with morphostasis (keeping form 
and shape the same) or morphogenesis (tendency to changes); 

(g) equilibrium state (dynamical or static state, understood as a particular case 
of the dynamical one between the system and the rest of the environment is 
homeostatic). Note that from Greek homoios means similar (new), and stasis 
means residing in time interval (1/e)"; 

(h) one admits the possibility of various results (after exceeding time (1/e)") or 
preservation of the system with the same causes (perturbations of order e), 
i.e. so-called equifinality holds (it is just a result of slow evolution of the 
considered system); 

(i) similarly, one can explain the equipotentiality principle. The causes (per- 
turbations) originating from the same source can cause various effects 
(responses or behaviour) to the system. It depends on places in the border 
region where the causes arrive to the analysed system. 


Now, we give three definitions of a system used in mathematics, cybernetics and 
natural sciences. 


(ii) Definition (mathematical) 
System (S) is a subset of N-elements relation, which is the Cartesian product 
(x) of properties set (objects of a system or a process), namely 


SC (Up Gp ho 35); (6.1) 


where U; denotes ith set of properties. 


In many branches of science, an object is regarded as a “black box”, i.e. we 
do not know a mathematical model of an examined object or a process but we 
know completely a set of the inputs X and the outputs Y (responses) of the system. 
There also exists a concept of a “white box”, when the knowledge of our object is 
complete. Such defined system has the form 


SC(XxY) (6.2) 


The aim of every examination is to determine the black box. The examination 
is equivalent to identification of the system. The identification can be performed 
basing itself on the knowledge, investigations, development of science, leading to 
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a kind of mathematical model, e.g. based on algebraic, differential, differential- 
integral or integral equations. Some parameters of the system are determined by 
the identification, i.e. based on the measured or known inputs X and outputs Y (this 
problem will be considered in more detail). It can happen that behaviour of the black 
box is so complicated that it is impossible to assume a priori a model. 

Then, it is useful to apply the concept of neural networks. One needs to “teach” 
the network, usually basing oneself on a large amount of input signals, so that the 
response of the system is generated by the taught network. In other words, when we 
teach our network we make it change its dye from black to white, i.e. a white box. 

Note that this method is often used in the behaviour analysis in psychology, 
medicine, chemistry and even in mechanics (though mechanics is highly saturated 
by mathematics). This way is often more economic with regard to the time 
duration of solving the problem or it is not possible to perform the identification 
of the whole object due to the costs (e.g. bridge support are immersed deep in water 
or some of them are not accessible for examining due to detrimental conditions such 
as chemical or nuclear). There is a concept of relation used in the given definition. 
Below, we give the definition of relation 


Definition of relation (set theory). 


Relation p between elements of the sets X and Y is any subset of the Cartesian 
product of X and Y, i.e. po C X x Y. The relation defines any set of the ordered 
pairs (x,y), where x € X and y € Y. Notation (x, y) € p is equivalent to xpy. 


As an example, consider relation in a set of integer numbers C such that y = kx. 
Such defined relation is called the relation of divisibility. For example (2, —6) is the 
element of the relation of divisibility p, whereas (—5, 3) ¢ p. 


(iii) Definition (natural). System is a collection of interacting material elements, 
whose mutual interactions make a common goal (function), which cannot be 
reduced to a function of a single or a few selected elements. 


It is easy to give an example of a natural object, namely a plant or an animal. 
For example, the brain consists of cells that are connected by cells of the nervous 
system and it receives stimulus’s. The brain would not be able to function without 
cells of the nervous system. 


(iv) Definition (cybernetic). System is a functional entirety that is extracted from 
environment, which influences the system by means of stimulus’s (actions, 
signals, input quantities), and the system influences the environment through 
“feedback loop” by means of the outputs (reactions). 


The notion of cybernetics comes from Greek (kybernetes—steersman, manager; 
kyberan—to control) and is a science of control systems, transmitting and proces- 
sing information. 

Cybernetics is one of the mainstreams of the so-called systematic research and 
is an interdisciplinary science. It is assumed that it was Andre Marie Ampere 
(1775-1836), who first used this concept in “Essay on philosophy of science”. 
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The Polish philosopher Bronislaw F. Trentowski used this concept for the first time 
in 1843, in “The relation of philosophy to cybernetics”. 

The American mathematician Norbert Wiener is regarded as a creator of 
cybernetics as a sole branch of science. Now, one can distinguish theoretical 
cybernetics (emerged from biology and mathematics) and applied cybernetics 
(technical, economical or biocybernetics). 

To sum up, it seems that the definition (i) has the broadest range and can be 
applied in many different branches of science. Many of the derived properties (a)—(i) 
will be explained further with the help of many examples. 

At the end of this chapter, we refer to the genesis of the earlier given definition (i). 
The genesis is related to asymptotological understanding of the nature laws and to 
the conception of quantitative changes and their transformations into qualitative 
changes. In classical textbooks, one usually contrasts traditional Aristotle’s me- 
chanics with Newtonian mechanics. However, both conceptions can be seen by 
asymptotology. One can show that rough Aristotle’s approach could have been a 
stimulus that made modern mechanics arise after asymptotological pattern. The way 
the science develops is not like pulling down old theories and building new ones. 

It is not unusual for an old theory to be a source of new ideas and concepts. 
Although there are many various opinions on development of science today’s, one 
can see asymptotological relations between them. Aristotle thought that force is 
a cause of motion and a state of rest is when no force is applied. According to 
Aristotle, a dropped ball from a horizontally moving object falls downward. Despite 
the beliefs outwardly distant from present conceptions, it turns out that one can 
point some asymptotological relations between Aristotle’s and Newtonian theory. 
In order to make a thorough study of such relations, we consider the motion of 
a body experiencing the force F and the viscous resistance with the coefficient c. 
Aristotle’s idea can be expressed through the relationship 


F=cx=cv. (6.3) 

The relationship confirms the earlier described Aristotle’s ideas. When there is 
no force (F = 0), there is no motion (since x = 0). If the force is constant, then it 
makes the motion velocity grow. To Aristotle, the resistance force was an attribute of 


motion and was not external. Newton introduced inertial force and resistance force 
which are external. The equation of motion of a massive body reads 


m— = F-cuv, (6.4) 


and after integrating it leads to the relationship 


jo (1 — en") (6.5) 


Cc 
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One can see as t — 00 we get Aristotle’s law. Aristotle did not know the law of 
inertia and it was Galileo, who made this breakthrough discovery. Thus, Aristotle’s 
approximation is a kind of asymptotics of motion for sufficiently long time intervals. 
The larger resistance and lower mass, the greater difference is between Aristotle’s 
and Galileo’s principle. For small values 1 we obtain 


ve —(i-14+ Sr) = =r. (6.6) 


The above equation describes additional asymptotics. This equation holds for 
sufficiently small time ¢ intervals. Moreover, the lower resisting coefficient c is, the 
longer time will pass before Aristotle’s asymptotics comes into play. This example 
shows the described asymptotological transition between two theories, namely 
Aristotle’s and Galileo-Newton’s. Aristotle’s theory “generated” the asymptotics, 
and after differentiating we get 


oe 6.7 

Wg ON (6:7) 
that is definitely Newton’s second law. Did Aristotle discover Newton’s law without 
noticing it? 

The way through the asymptotics led us to a completely different world, alien to 
Aristotle, to the world of Hamiltonian mechanics. Theory of conservative systems is 
one of the asymptotics of Newtonian mechanics. In this new world, completely new 
notions emerged such as vibrations, periodic and quasiperiodic dynamics, chaotic 
orbits. This new, idealized world is a reflection of the real one and approximates it. 

Is Aristotle’s theory already dead? Does not it have a reflection in the reality? On 
the contrary, it does. Movements of polymer molecules in solutions and relaxation 
movements can be well approximated by Aristotle’s principle. 

It was Einstein, who made the next asymptotological transformation arise. This 
led to the Special Relativity. Let us discuss the asymptotic transition between 
Newton’s and Einstein’s theory. 

Consider a particle of mass m, moving at the velocity v and experiencing the 
force F. According to the Special Relativity, the velocity is described by the formula 

rE —— (6.8) 
gl cy, 
where v9 = ft and c is the speed of light. For small values of the velocity we stay 
in the world of Newton’s theory and then v & vo. 
The equation allows to discover additional asymptotics. It is easy to see that 


1 


lim v = lim ———— =c¢, (6.9) 
t>oo 12 
ees) 


where € = up”. 
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We seek the solution in the form 


v(e) = v(0) + Oe + 0(e). (6.10) 
Since 
2 Sry (6.11) 
de 2 a\" 
(Ve+@) 
then 
dv _ 1, 
By (6.10) we get 
1c? 


As one can see, as t — oo we get completely new effects. With the help of 
the asymptotics, one succeeded to either discover or explain a few new physical 
phenomena, namely deviation of light rays in gravitational fields, retardation of 
electromagnetic signals propagating in gravitational fields and many others. 

Another example of asymptotical relations is classical mechanics and quantum 
mechanics. First, let us investigate analogous relations between wave optics and 
geometrical one. It turns out that there exists a justified, asymptotical transition 
between these theories. The transition from wave optics to geometrical optics is 
related to neglecting of the wave of the length e(¢ ~ 10~’m) in comparison with 
the size of the object. Let a light wave be described by the following formula: 


ig(x,y.z) 


u=A(x,y,z,ee © , (6.14) 


where A is the amplitude and it can be put into the form of series 
A=Ao+Aiet+::: (6.15) 


and it = —1 and g(x, y,z) is a phase-shift at the point (x, y,z). One puts the 
sought solution into the wave equation. Next, one equates the terms occurring by 
the same powers of ¢. Thus we obtain a nonlinear differential equation to determine 
v(x, y,z). This is the equation which corresponds to the approximation introduced 
by theory of geometrical optics. It was E. Schrédinger, one of the first, who 
transferred asymptotical similarities between the mentioned theories to asymptotical 
relation between quantum mechanics and classical mechanics. Similarly, one can 
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find asymptotological relations between both mechanics. The point is that the 
initially given probability distribution of a particle position varies according to the 
classical mechanics laws. 

At the end, it is worth mentioning that the methodology of asymptotical methods 
enables to comprehend the real world deeply. There are no eternally accurate 
rules and laws—they are less or more approximated as Einstein noticed. Such 
fundamental laws as follows: Ohm’s law, Hooke’s law, Coulomb’s friction law 
T = UN are the approximated laws and the given relations are obtained through 
linearization of nonlinear laws. 

Even one of the fundamental models of fluid mechanics, namely the Navier— 
Stokes model, is the asymptotics of gas flow in the framework of Boltzmann’s theory 
as € — 0, where ¢ is the mean free path of molecules. Such asymptotical transition 
allows many completely new concepts to come into being; the concepts which could 
not appear in the framework of old theories. 


Chapter 7 
Theory and Criteria of Similarity 


For many years, theory of similarity has been used either in aware or unaware 
manner in many branches of science. It turns out that it is impossible to realize the 
examining real phenomena and processes, or objects due to their complexity and 
costs. For example, the examining water flow in rivers or behaviour of manned and 
unmanned flying objects during the flight. In such cases, one usually builds a smaller 
object (or larger) in such a way that one could carry out measurements in labs by 
means of modern apparatus. The obtained results should be reliable, i.e. there should 
exist the possibility of either direct or indirect transition to the real object. Theory 
of similarity gives an answer to the essential question: what range and under what 
conditions does a model represent a real object? In practice, a researcher fixes his 
attention on the object he examines, i.e. on the similar object. Sometimes, it is 
difficult for an individual to examine the proper object or the object is out of reach. 

It may happen that engineer’s intuition allows building a device that could 
not have been built on the basis of mathematical models due to the lack of 
sufficient development in a particular scientific discipline. The primary object (real 
or imagined) is called original and the object similar to the original is called model. 

Let us notice that theory of similarity is based on dimensional analysis. The 
theory determines relationships between physical parameters, which influence the 
phenomenon under consideration. This approach is often used in nonlinear issues, 
especially in fluid mechanics and aerodynamics, or hydrodynamics. 

It should be emphasized that theory of similarity is mainly supported by 
measurement analysis and defines dependencies between physical parameters 
having influence on a being investigated phenomenon. Such approach has been 
used often in nonlinear problems especially matched with fluid mechanics, aero- 
mechanics or hydromechanics. Obtained results due to theory of similarity can 
be transformed from laboratory devices to industry and allow for minimization of 
measurement numbers and costs. 
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Fig. 7.1 The original (mechanical system) and the model (electrical system) 


Traditionally the following partition of similarity has been introduced. 


(i) Geometrical—shapes and dimensions of two objects are similar, e.g. a ratio of 
two characteristic dimensions; 

(11) Kinematical—distributions of physical fields lines are similar, e.g. velocity, 
pressure or acceleration; 

(iii) Dynamical—scale of similarity of different characteristic quantities is the 
same. In the case of incompressible fluids, Reynolds number Re is such number 
and in the case of compressible fluids one uses Mach, Strouhal or Prandtl 
numbers. This description requires introducing concepts of force and torque, 
or tension. 


Let us remind that Reynolds number Re = ele Where 1 is characteristic 


dimension (e.g. diameter of a pipe), v is characteristic velocity of fluid and p is 
kinematical viscosity, and p is density. For Re < 2,300 we have a laminar flow, for 
2,300 < Re < 10,000 transition flow and for Re > 10,000 turbulent flow appears. 

Similarity numbers allow for qualitative evaluation of the examined phenomena. 
They are often used in applications. They follow: Abbe, Archimedes, Arrhenius, 
Biot, Euler, Fourier, Rayleigh or Weber numbers. Note that relationships original- 
model can concern both material systems and processes (e.g. flow), i.e. phenomena 
in general. 

As an example, we consider a vibration phenomenon described by a second-order 
differential equation in the mechanical and electrical systems (Fig. 7.1). 

The mechanical system equations of motion, based on Newton’s second law, can 
be written in the form 


BO+ce+ko = Mocosat, (7.1) 


where (-) = £, B is moment of inertia of a shield suspended on a weightless rod 
of torsion rigidity k = (GJp)I—', G is shear modulus, Jy is moment of inertia of 
cross-section and / is length of the rod. Mp and w are amplitude and frequency of 
harmonic excitation respectively, g is generalized coordinate (angle measured in 
radian). 
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The electrical system equation of motion is based on Kirchhoff’s law, i.e. we 
equate the sum of voltage drops on all elements of the circuit to the voltage on 
terminals. We obtain 


wo 4 Ri + fiat= Up cos wt, (7.2) 


where L is self-induction coefficient, R—resistance, C—capacitance, i—current 
intensity, Up and w are amplitude and frequency of external voltage (driving), 
respectively. 

Since i = ad where g is electric charge, then by Eq. (7.2) one gets 


1 
rok = Upcosat. (7.3) 


Lg +Rq+ 
It is easy to see that Eqs.(7.1) and (7.3) are similar. We have the following 
similar quantities: the rotation angle g and the charge q; the angular velocity g and 
the current intensity 7; the moment of inertia B and the self-induction coefficient 
L; the viscous damping coefficient c and the resistance R; torsion rigidity k and 
reciprocal of the capacitance C~!; the amplitude of the torque Mo and the voltage 
Uo; frequency w of torque and voltage. 
We aim to determine the “period of damped vibrations in both systems’. On this 
purpose, we transform the homogeneous equation, obtained from (7.1) and (7.3), 
into the form 


¢+2hp +a’? = 0, (7.4) 
q’ +2h'q' +a'’q =0, (7.5) 
where a? = fi 2h= ; a’? = (LC)"!, 2h’ = Rfi=aii= . 


In order to determine delatiouships between the original and the model, we make 
use of dimensional analysis. Let us introduce the following values of the scales 


ko= =, b=, new, k=, (7.6) 


where (’) refers to the model. Making use of (7.6) in (7.4) we get 


k kokn 
iat" + —on'q! + kpk2a'*q = 0. (7.7) 
t t 


The equations of the original and the model are identical when there are the 
following relationships between the scales 


ky Kgkn ; 
— =k k-. 7.8 
We = 
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The above relationships imply 


kk), =1, Kak; = 1, 


(7.9) 
Ko = kh 
which means 
ht =h't'’ and at=a’'t’, 
or 
h h! 
—=-—, (7.10) 
a a 


We have obtained the criterion of similarity (7.10). This means that some 
dimensionless combinations of the signal parameters must equal to the analogous 
combinations of the model parameters. By Eq. (7.10) we get as well 


: =R/S (7.11) 
VB L 


The above equation implies that two of the three parameters R,C,L can be 
chosen freely but the third one is obtained from (7.11). 

When we have a model (the electrical system) we can measure the period 
of damping vibrations T’, and then determine the period of vibrations in the 
mechanical system (the original) in the following way 


f=h7T" (7.12) 


where 


Kel B 
= , (7.13) 


1 
_@ _ VIC 

ke a k kLC 
B 

There is another often applied method of obtaining similarity criteria, namely 

the transforming equations of both the original and the model into the same 

dimensionless form, and the imposing of identity conditions on the form of 

the equations and their coefficients. The vibration phenomenon will be described 


by the only one dimensionless differential equation of second order. We introduce 
to the original and to the model, the following dimensionless values 


a= = i= (7.14) 


my a go’ 


where @, go, T’ and T are values of the angle and the charge, and the time (period). 
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Inserting (7.14) into Eqs. (7.1) and (7.3) we get 


BO Hopi: UN one One (7.15) 
a = — -cos2zrh, . 
Tr? Ef fe, 
LCq@ RC, UpC 

Ta + 7 atnai= a -cos2mt}, (7.16) 
since the cosine input values are assumed to be the same, namely wT = 27, 
o'T' =27,0't' = ot. 

One can assume that ot = c = r = 1, which implies ¢; = fy’. 


Equations (7.15) and (7.16) possess the same independent variable t;. The quan- 
tities g; and g; are dimensionless, so the original and the model can be represented 
by the second-order differential equation 


(T; p? + Top + 1)x = K cos2nt; (7.17) 
where 
_d 
DS ae 
X= 1 = 41, 
B Le 
T= ops = pa (7.18) 
Cc RC 
Ty = — 
oer 
— My _ UC 
kQo qo ; 


One can say that the obtained relationships are equivalent to (7.10), (7.11). 

Now, let us come to the third way of determining similarity criteria between 
the original and the model, using Eqs.(7.4) and (7.5). Each of the equation 
terms (7.4) or (7.5) possesses the same dimension. The terms can be written in the 
following way 


Y hg 
Fa = || = [a* 9], (7.19) 
dividing the above equality by [$] we get 


[1] = [At] = [a2?). (7.20) 
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This implies the products ht and at are dimensionless combinations of dimen- 
sional quantities for the mechanical system. Similarly, with regard to Eq. (7.5) we 
get that the products h’t’ and a’t’ are dimensionless combinations of dimensional 
quantities for the electric system. 

Newton formulated the following law of similarity of two phenomena. 


We say that two phenomena are similar to each other when the quantities occurring in the 
equations which describe the phenomena form dimensionless combinations are of equal 
values. 


In regard to the analysed example, the similarity criteria are the following 
ht =h't' and at =a’'t' (7.21) 


which lead to (7.10). 

The example was based on the knowledge of equations describing the phenomena 
in the original and the model. 

Now, we will try to determine similarity criteria only through the analysis of 
physical quantities characterizing the phenomenon (the equations describing the 
phenomena are unknown), basing ourselves on dimensional analysis. 

Every dimensional quantity can be presented in the following way 


C=377 5, ee (7.22) 


where X1,...,X; are dimensional units, g is dimensionless, and a),...,@ are real 
numbers. As an example, let us put 1 W = 1Nms_! or g = 9.81 ms”. 

Let n dimensional quantities Q;,..., Q, be given in the description of the exa- 
mined phenomenon, however only m measurement units are required to complete 
the description, m > m. It turns out that the choice of these m measuring units is 
free provided that the condition of dimension independence holds. 


We say that the quantities Q;,..., OQ are dimension-independent if the equality 
PO OF =K PHU Brinn ER (7.23) 
implies 7) =. =...=Tm =Oandy = 1. 


Example 7.1. Show that the displacement s, the acceleration p and the force F are 
dimension-independent. 


According to (7.23) we have 
slp”? FR _ y, 
and after taking into account the dimensions 


m" (ms~*)” (kgms~)" = m°kg°s®, 
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or equivalently 
MITA & g!3 s—2r2—2r3 = mk g?s° 
Equating the exponents of the same bases we get 


ntnmt+r; =0, 
r3 = 0, 
—2 (ra +73) = 0, 


hence 
rh=mM=r=0 


which proves that s, p and F are dimension-independent. 

One can do it in another way. On this purpose, one must determine the rank of 
the exponents matrix of each dimensional quantity. For the considered case from the 
example 7.1 we have 


m|kg|s 
s | 1 | 0 
p|il|0O | -2 
Fy.i i]. | -2 


Three quantities s, p and F are linearly independent because the determinant of 
third order is nonzero, 1.e. 


10 0 
10-2 ae 2 
i 


If there are m of the n dimension-independent quantities, then it is easy to 
determine n — m non-dimensional combinations of these quantities referred to the 
form 


04310 ;" 0," a ie = Vis 


T1.2 7y"2,2 Tm2 __ 
Om+29, 2 ce m = 72; 


(7.24) 


Tin—m f-y'2.n—m Tmn—m __ 
n 1 2 ests, m — Yn—m; 
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or of analogous form referred to the model (prime mark): 


I yr I 
O70," Ne ae Oi — Vis 


Q' IT1,2 F122 Tm2 
m+221 2 ses em =Y2) 


/ ITLn—m py!T2,n—m Tmn-m __ ,,! 
0,9; Q, eae Om = Vn-m: 


The similarity criteria in number n — m are obtained from the equations 


/ ig 
Vi = V 15-++s Yn—m = VY n—m- 


Let us introduce the following scales of independent quantities 


k; = ois 1,...,m 
and dependent quantities 
Osa 
Km+1 = - ; 
m+1 


(7.25) 


(7.26) 


a7) 


(7.28) 


After dividing both sides of Eqs. (7.24) and (7.25), and making use of (7.26)— 


(7.28) we obtain 
kpiky hy” ky = Ly 
hence 
hy ee 
Product of type (7.24) takes the form 


at? =y,, ht? =y, 


where @ and h are dimension-dependent. 
From the first equation (7.31) we have 


hence a = 1, and the first invariant takes the form 


at=y\. 


(7.29) 


(7.30) 


(7.31) 


(7.32) 


(7.33) 
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The second equation (7.31) leads to determining the second invariant of the form 
ht =y. (7.34) 


Analogous considerations, carried out for the electrical system, lead to determi- 
ning invariants of the form 


at’ =y'), and h't!=y’. (7.35) 
Since we get the following similarity criteria 
at=a't’, and ht =h't', (7.36) 


dividing both sides we get the invariant 


thus Kak = 1, kik; = 1. oO 
At the end, we consider the procedure of transforming Duffing’s equation into 
dimensionless form. 


Example 7.2. Let us analyse an oscillator described by the second-order differential 
equation 

Qi 
d diz oF I (u) = = 0. 


We Maclaurin-expand the nonlinear function 


. df d* f al 
fH = FO +IL O + HL O+ FEA OH 
Let us take 
10) =Lo=0 ma Ley>0, 
du 
hence the resulting equation takes the form 
a= 
ae iLO ie Lo =0, 


After introduction of the following non-dimensional quantities u = u~!, t = 
tT! one gets 
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are Pi 
aos tl y+ tv (0) =0. 


which leads to the equation 


d*u pA df uw aed 
Sa tur di (+2 Tl qn 


(0) = 0. (*) 


Assume that 
df 
24 =1 
I7 di | , 


what follows from the often applied combination [F T?/ML] = 1, where L is the 
length, T the time, M the mass and F the force. Note that [f] = Nkg', [a] = m, 
[T?] = 5”, and hence 


d 
[Fo =s*(kgms~*)kg"'m7! =1. 
du 
Equation (*) takes the following dimensionless Duffing-type form 


d2u 
Te +aut+ bu = 0, 
where: 


=~ al aa 


es 
(9): b= 7 (0), fr = —— 

Transformation of the dimensional equation into dimensionless one has a signi- 
ficant meaning. It enables to generalize the results, i.e. transition from one scientific 
discipline to another one, e.g. from mechanics to electrics. Moreover, transforming 
equations into dimensionless form sometimes allow the number of parameters to 
be reduced significantly. It has non-trivial meaning in analysis, especially during 
numerical computations. Oo 


Chapter 8 
Model and Modelling 


8.1 Introduction 


The concept of model has deep historical roots and definitely it is not unambiguous. 
Especially it is used in both common life and science. In this book, we think of 
a model as a simplified representation of the reality. Depending on the goal of 
investigation, a human makes some simplifications intentionally leaving the real 
system without many details and many features, which are unnecessary from the 
awaited goal viewpoint. 

The concept of model is very broad. In sociology, culture is treated as a collection 
of behaviour models and human activities. In linguistics, in the case of colloquial 
language, grammatical rules and writing are models. 

The ideal scientific theory should include a collection of minimal axioms 
(principles and concepts taken without proof). One can obtain, basing oneself on the 
axioms, a solution of any problem with the use of formal logic, i.e. mathematically. 
It turns out that complexity of phenomena around us, as well as limitations 
originating from creative abilities of Man makes a scientific theory impossible to 
apply. 

The examining processes proceeding in the reality is performed by means of 
suitable mathematical apparatus, based on the earlier chosen mathematical models. 
The structure of mathematical model is the key to describing phenomena and 
processes. It should be emphasized that any mathematical model is approximated 
and is not adequate to the process it describes. 

When one constructs a mathematical model, one tends to catch the most 
characteristic features of the analysed process. On the other hand, the mathematical 
model should be quite simple and it should provide necessary information about 
the process under consideration. Consequently, some singularities of a process 
are completely taken into account, others at a certain degree and the rest is 
ignored. We say about the so-called idealization procedure and the success of the 
investigation strongly depends on this procedure. 
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In order to make use of mathematical apparatus in practice, any problem should 
be simplified. Only experiments can verify the assumptions, the ones that should be 
verified not only physically but also mathematically. 

One does not require experiments related to problems, which do not differ from 
each other too much, while qualitatively new problems require new experiments 
since the introduced simplifications can lead to physically unrealizable conclusions. 
During the idealization procedure it is necessary to introduce a kind of order of 
its elements by comparing them. 

For example, if one of the system elements is 1 cm long then a natural question 
arises, namely: is this length small or large? Only initial formulation of the problem 
can give an answer to this question. It is obvious that when we examine the motion 
of an orbiting satellite, we can assume that | cm is negligible. On the other hand, if 
we consider distances between molecules then | cm is huge. 

Let us take another example. It is well known that air is compressible. Does one 
always need to take into account the compressibility of air? Again, it depends on 
initially formulated problem. If an object moves in air at small velocity V, then we 
can neglect the compressibility. However, if the velocity is high, even close to the 
speed of sound or higher, then we must take into account the compressibility. In this 
case, it is convenient to introduce a dimensionless quantity M = r called Mach 
number. It plays an important role in aerodynamics. 

For example, as M < 1 one can use the idealized model of incompressible 
fluid, however at larger values of Mach number the compressibility of air should 
be taken into account. We have the similar situation during the building of a 
mathematical model and in other branches of science or technology, where other 
characteristic dimensionless numbers play an important role. These numbers are 
formed as combinations of three dimensionless quantities, such as: length L, time 
T and mass M. For the sake of convenience, one assumes that the dimension of 
the combination F T?/ML equals 1 (where F is force). In other words, one of the 
quantities F, 7, L and M can be chosen freely. 

The concept of model can be defined in regard to a language L. In this case, the 
model consists of the universal set U containing all the objects under examination 
(symbols), which are significant from the goal of examinations viewpoint, and the 
map from L to U, called an interpretation function. 

From the viewpoint of logic, a theory is defined as a consistent collection of 
sentences. The Austrian scientist Kurt Godel stated the theorem of consistency, 
which says that a theory possesses a model if and only if it is consistent. This means 
that theory can lead to the contradiction. Gédel’s theorem, proved in 1931, allows to 
verify correctness of a theory through the examining of its models. It follows from 
the Gédel’s theorem that the theory T proves the sentence X if and only if each 
model of T fulfils X. Validity of a statement X is proved on the basis of statements 
belonging to the theory 7, axioms and proving rules of classical logic. 

Besides Gédel, the Polish mathematician and logician Alfred Tarski had an 
impact on the theory of models, called logical semantics. Tarski claimed that in 
a theory there must exist true statements, which are not proved by the theory. 
He emphasized the importance of meaning (semantics) of the examined statements 
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and not only their syntactical relations. He pointed the attention that equivalence 
of syntactic and semantic consequences exhibits only internal equivalence of the 
theory but it does not allow to conclude about the validity of a sentence as a result 
of the analysis of syntactic relations. 

In the 1960s of twentieth century, mathematicians and logicians obtained many 
significant results so that the theory of models isolated from logic as an individual 
science. 

The reality around us is so rich that sciences which so far have not under- 
gone absolute formalization and their results are based on deductive reasoning 
and intellectual evaluations dependent on subjective media. With regard to rich 
development of mathematics, a natural tendency of a researcher is to introduce a 
mathematical model, i.e. applying mathematical apparatus for description of the 
examined object or process. Most of the sciences undergo such an approach. One 
needs to mention such sciences as: mechanics, electrical engineering, physics, 
biophysics and biomechanics, biology, economy, sociology, medicine or even 
politics sciences. 

Most of the examples given in this book and concerning the modelling will 
be related to applied sciences. Nowadays, it is difficult to imagine life without 
engineering achievements based on mathematical fundamentals. This concerns civil 
engineering, construction of airplanes and spaceships, transport of people and reso- 
urces, production of machines and mechanisms, control of complex technological 
processes, novel solutions in bioengineering, or various solutions in electronics and 
high technology. 

With regard to rapid changes and achievements in science, particular scientific 
disciplines underwent the transformations, which originate from the expectations 
imposed by the industry, as well as tendency to being interdisciplinary. The field 
of interests of mechanics ranges from atomic to astronomic phenomena. The tools 
of mechanics are used by physicists, biologists, chemists, ecologists, physicians, 
economists and even cryptologists which proves its interdisciplinary. 

There exist indissoluble relations between mathematics and mechanics in histo- 
rical course and one pointed out how the development of one of the mentioned 
scientific disciplines positively influenced the development of the second one. 
For example, problems appearing in a field of interests of mechanics stimulated the 
development of such branches of science as theory of dynamical systems or theory 
of optimization. Mechanics was a source of rise of individual scientific disciplines 
such as theory of control or theory of bifurcations and chaos. 

Mechanics, in the sense of Gdédel’s approach, is a theory represented by 
the system hierarchically ordered. The highest level of the hierarchy is usually 
connected with a description of the whole “macro-body” with the use of time- 
varying parameters. On technical purposes, from mechanics one isolates mechanics 
of materials, solids mechanics and fluids mechanics. 

Mechanics makes use of classical tools of fundamental physical laws, when 
relatively small number of material points is taken. While the number of these 
objects increases (in the case of molecules and atoms) then mechanics makes use 
of phenomenological theories. It turns out that there is no model, which describes 
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transition on the basis of the knowledge concerning particular basic elements 
of structures such as atoms and molecules. Mechanics allows for explaining 
many biological or medical problems such as biological structures or hemostaza 
processes. The attention should be paid to biomechanics—a new and dynamically 
developing branch of mechanics. 

It should be emphasized that examining any continuum medium is connected 
to the analyses of fields of displacements, deformations, temperature, velocity, 
acceleration and stress, but these fields vary in time randomly. 

The outlined portrait of contemporary mechanics points the difficulties related to 
the theory of modelling. Moreover, modelling in this domain of science, supported 
by computational methods, gives hopes connected with solving of many courageous 
problems in the future such as: predictions based on computer simulations of 
properties of natural objects, working out new and complex models of continuum 
media, working out transition techniques from nano to micro scales, modelling of 
biological systems or yielding new materials of the desirable properties. 


8.2 Mathematical Modelling 


Let us start from the definition given by Gutenbaum [107]. A mathematical model 
is a collection of symbols and mathematical relations, and the rules how to operate 
them. The mentioned symbols and relations refer to specific elements of the 
modeled part of the reality. Interpretation of symbols and mathematical relations 
made a model come into being. Mathematical modelling is characterized by two 
essential features: 


(i) interdisciplinarity (introducing the language of formal logic enables to examine 
many various scientific disciplines); 

(ii) universalism (the same mathematical model can be applied in different bran- 
ches of science). 


Great scientists of eighteenth and nineteenth centuries pointed that applying the 
rules of mathematics and logic awaited empirical verification. Since mathematics 
and logic is a product of the human mind, and the latter undergoes evolutionary 
process according to the laws of the nature, then one can expect that the product of 
the mind is also consistent with the nature. Consequently, the product possesses a 
corresponding real element of the being. 

There are many examples of application of outwardly pure abstract products, 
e.g. non-Euclidean geometry or Boole algebra. The aim of mathematical modelling 
is to describe our reality. An experiment is an ultimate verification of modelling 
correctness. 

In general case, a sequence of events leading to appearance of a mathematical 
model is depicted in Fig. 8.1. 

Mathematical modelling is successful and reaches sciences, which have 
been regarded as being resistant to mathematizing as e.g. history. Geometry 


8.3. Modelling in Mechanics 267 


Examined piece Idea 
of a real and 
phenomenon conception 


Formulating of 
relations between 
mathematical objects 


Mathematical objects 
used in modeling 


Set of 
hypotheses 


Mathematical 
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Fig. 8.1 Thinking process leading to the appearance of a mathematical model 


undergoes unbelievable mathematical regime, as Spinoza (1632-1677) emphasized. 
He presented his philosophy in “a geometric manner” using definitions and axioms. 

It was Galileo (1564-1642), who introduced mathematics into physics and 
Lavoisier (1743-1794) introduced mathematics into chemistry. In order to fami- 
liarize with the modelling procedure we will focus on mechanics. 


8.3. Modelling in Mechanics 


In order to examine an object or a phenomenon we are interested in, first we must 
build its physical model. A physical model is understood as a conception of physical 
phenomenon description and determination of parameters having the influence on 
its course. 

The model should accurately represent processes proceeding in the real object. 
On the other hand, the model should not be too large. The next stage of modelling 
is the building of a mathematical model that is understood as mathematical 
formulation of physical laws. A mathematical model can be represented by algebraic 
equations, ordinary or partial differential equations, differential—integral equations, 
difference equations or difference equations with a delayed argument. 

Although a mathematical model of a phenomenon should describe real condi- 
tions as accurately as possible (modern computational methods enable to analyse 
very complicated models with nonlinearity, stochasticity and various types of 
external interactions involved), it can happen that the costs connected with the 
analysis of so complicated problems are very high. Moreover, sometimes very 
simple models are sufficient to describe a phenomenon. 

In the case of analysis of construction, one can treat the analysis as a system 
of coordinates, which are decision variables (constructional) and parameters from 
mathematical viewpoint. Moreover in the case of modelling of construction, one 
often makes use of a simplified model at the preliminary stage, while in final stages 
the model is more complicated. 

The goal of mathematical description of construction is mathematical formula- 
tion of all constructional features, i.e. geometrical, material and dynamical ones. 
On the other hand, one needs to remember that constructional conditions make 
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functional limitations. A complete mathematical model of construction covers 
determination of decision variables, determination of a set of good constructions 
and creating an optimization criterion—an objective function. 

Mathematical models of construction can be classified as follows: 


a) deterministic—all parameters are determined and each decision corresponds to 
one value of the objective function; 

b) probabilistic—one or a few parameters are random variable with known 
probability distribution; 

c) statistic—one or a few parameters are random variable with unknown probabi- 
lity distribution; 

d) strategic—one or a few parameters can take on one of the determined values. 


It is worth noticing that dynamical processes proceeding in a physical model 
are not accurate reflection of a real phenomenon but they rather present the actual 
knowledge about the examined phenomenon. 

The differences between a real process and a process proceeding in a physical 
model are called disturbances. By the notion of disturbances we understand 
unknown or known influence of small changes of the system parameters on the 
process. This influence is intentionally ignored. 

In order to understand the concept of disturbances better, let us consider an 
example of mechanism with ideally stiff links. Assumption of such a model is a kind 
of approximation, since in a real mechanism there are many (omitted) phenomena 
described by equations of theory of elasticity, rheology, fluid mechanics and others. 

A mechanism with susceptible links can make the same movements as a mecha- 
nism with stiff links (classical), but additionally these movements can interfere with 
vibrations, which are connected with deformability of the constraints. The motion 
of a classical mechanism, called the base motion, is perturbed by additional motion, 
namely vibrations in this case. This additional motion will be called a disturbance 
of the base motion. 

This observation also led to an original method applied in a new branch of 
mathematics and physics, namely the asymptotology. Due to the introduction of 
a naturally occurring quantity, namely a small parameter (perturbative), there exists 
a possibility of suitable separation of equations describing a modeled phenomenon 
into several systems. The systems describing processes, which differ in terms of 
only magnitude of some characteristics can be solved separately, that significantly 
simplifies the computing procedure. Next, the obtained particular solutions are 
combined into asymptotic series. 

The next stage of modelling is the analysis of equations describing dynamics of 
machines. The analysis is performed in various ways, depending upon a type of the 
equations. Generally, one can isolate some essential steps applied at this stage. First, 
one seeks analytical solutions of such equations. One can do it if one deals with a 
linear mathematical model. It turns out that even very simple nonlinear systems 
do not possess unique solutions or it is very difficult to find solutions. Then, one 
uses analytical methods for finding approximated solutions based on elementary 
functions. 
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Such solutions allow for at least initial to familiarize with qualitative and often 
with sufficient accuracy quantitative dynamics of the system. However, so far 
numerical methods have been widely used in the analysis of the equations. On a 
present level of development of calculating machines (computers) and numerical 
methods, very many problems of dynamics of machines can be successfully solved. 

Finally, the last stage of modelling covers the choice of system parameters so 
that one achieves the required dynamical properties. The choice is made within a 
framework of synthesis and optimization. 

The next step, after synthesis and optimization, is a construction of a machine 
or a mechanism, which should be optimal with respect to the chosen optimization 
criteria. The detailed principles of constructing follows: 


(a) functionality; 

(b) reliability and durability; 

(c) efficiency; 

(d) lightness; 

(e) cheapness and availability of materials; 

(f) producibility; 

(g) easiness of usage; 

(h) ergonomicity; 

(i) agreement with current norms and regulations; 
(j) corrosion-proof and resistant to changes of temperature; 
(k) aesthetics. 


The optimization procedure can be defined as the choice of an element from a 
given set with regard to an order in this set [94]. Different variants of construction 
or control of particular processes can be included in the set. The set of solutions is 
usually bounded to the set of admissible solutions. Numbers (Euclidean space) or 
functions (Hilbert space) are components of a vector of decision variables. 

The operator transforming an admissible set @ (or space of solutions £,) into 
another set @, (or quality space E,), which is called a set of attainable objectives is 
said to be an optimization criterion Q. The optimization criterion can be treated as 
a hypersurface located over the admissible set. 

If E, = R"(m = 2,3,...), then the operator O(q1,..., Qm) associates each 
element belonging to the admissible set (¢) with m numbers characterizing the 
quality of the element. This is a job of poly-optimization, since m components of a 
vector of the function Q correspond m different optimization criteria. An element 
of a subset of m-dimensional Euclidean space Q(x) = (qi(x),..., Qm(x)), called 
an objective vector for a fixed vector of decision variables, is a set of m numbers 
determining the value of particular quality coefficients. It is worth noticing that 
dimension n of a vector of decision variables does not depend on dimension of a 
vector of quality coefficients m. 

From mathematical point of view, by optimization we understand finding such 
an element x* € @, that for x 4 x* the values of Q(x) are not less than the values 
of a quality functional at the optimal point x*, ie. (x* € $) : Aveg Q(x) = O(x*). 
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The point x* = (x},..., X,*) is said to be optimal, if the components x/,... , x7 
are optimal values of particular decision variables. 

Depending on ¢ and Q we have to do with various optimization tasks. If an 
admissible set has a finite number of elements, then a problem of optimization is 
discrete. A problem of optimization is continuous if we have to do with continuous 
variation of decision variables. When we have to do with both mentioned tasks of 
optimization, then problems of optimization will be mixed. 

Problems of optimization can be classified as problems with and without 
limitations, and static or dynamic problems. The case of static analysis in E” 
belongs to a problem of linear or mathematical programming. If the dimension of 
Euclidean space is 1, then we have to do with minimization of a function of single 
or multi variables in one direction. 

In the case of dynamical optimization, admissible solutions are elements of 
infinite-dimensional space, i.e. they are functions of independent variables. In prac- 
tice, we mostly have to do with optimal choice of controlling, while an admissible 
set is given by equational and inequational constraints, and differential equations of 
a state. 

Optimization problems can be classified with respect to the way they are solved. 
Generally, optimization problems can be classified as partial problems, and then we 
say about the decomposition of a problem. Iterative and statistical methods belong 
to the computational methods of optimization. 

Besides the mentioned theoretical analysis, one should perform experimental 
research. The goal of such an examination is identification of elements of a phy- 
sical model, identification of a mathematical model and verification of theoretical 
considerations. The experimental research is often performed in parallel with the 
theoretical research. 

By the occasion, it is worth paying attention to significance of modern research 
techniques supported by reliable mathematical methods. As an example one can 
mention constructions consisting of non-uniform shells of various thickness. It turns 
out that the most reliable results can be obtained by using modern experimental 
methods. 

There is a scheme of elements of modelling in dynamics of machines depicted 
in Fig. 8.2. 

One distinguishes two classes of physical models. Structural models, belonging 
to the first class, whose organization is similar to organization of the analysed object 
and there exists correspondence between the elements of the object and model. 

In the case of mechanical models, one distinguishes continuous and lumped 
models. The first ones are systems with continuously distributed parameters and 
they are usually described by means of partial differential equations, integral or 
differential-integral equations. 

Lumped mechanical systems are described by ordinary differential equations 
and are simpler than continuous ones during the analysis. That is why continuous 
systems are often approximated by discrete systems. Moreover, one distinguishes li- 
near and nonlinear models which are described by linear and nonlinear equations 
respectively. Usually, linear systems are approximations of nonlinear ones because 
the world outside is nonlinear. 
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Fig. 8.2. Scheme of modelling stages in dynamics of machines 


It is worth emphasizing that we will consider rather simplified mathematical 
models generated by problems related to nonlinear dynamics of machines. More- 
over, we will show, even in regard to complicated systems of nonlinear equations, 
how to obtain much information, desired by engineers concerning the behaviour of 
the systems with the use of an associated simplified model, which is very often a 
system of linear differential equations. 
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Further considerations will be carried out on the basis of a mathematical model 
described by the equations 


dys 
dt 


= F(t, y1,...,¥n)) S=1,2,...,n, neEN. (8.1) 


This is a very general formulation of equations. The processes proceeding 
between ideally stiff bodies, ones connected by a massless system of stiffness and 
damping can be brought to these equations. The system (8.1) needs more discussion. 
First of all, it is in normal form i.e. derivatives of the quantities are on the left-hand 
side of the equation. It can happen that the system F(t, y1,..-,¥n.J1,---5)n) =O 
is implicit, however such problems will not be discussed here. Most of methods and 
textbooks on numerical solutions of ordinary differential equations concern a system 
of the form (8.1). Moreover, the right-hand side of the system (8.1) is continuous, 
thus some of the processes proceeding in dynamical systems are not modelled by 
the system (8.1). 

The techniques of transforming mechanics problems into a system of differential 
equations (8.1) are described in many textbooks on mechanics and will not be 
discussed here. With regard to a problem or needs of a user, on the medial stage 
leading to the system (8.1) one uses Lagrange’s equations of the first or second kind, 
Lagrange’s equation with multipliers, Boltzmann—Hamel or Maggi’s equations (see 
[12, 13]). 

The state of a dynamical system is described by y),..., y,,¢, where ¢ designates 
time, while yj,..., ¥, for each fixed t > fo > O take on real values. The Cauchy 
problem connected with the system (8.1) requires a “starting point’, i.e. imposing 
initial conditions of the form y(to) = yo, thus for the initial instant a state of the 
system is known, i.e. y10, ¥20,---» Yn0- 

Moreover, assume the function F is defined, continuous and its first derivative 
with respect to y is continuous as well for allt ¢ J =¢:t > t > Oand||y|| < oc, 
where || - || denotes the norm. 

The mentioned assumptions ensure for each fo > 0 and ||y|| < oo local existence 
and uniqueness of solutions as well as their continuous dependence on the initial 
instance yo in the finite time interval. 

Moreover, we will deal with only such a class of equations for which solutions 
can be extended to +00, and this covers most of mechanical systems. Assume we 
know a particular solution to the system (8.1) 


ys = Q(t), S=1,...,n, (8.2) 


while %;(to) = @so. This solution for t > tf) means that for each value of ¢ the 
instantaneous state of the system is generated by the initial state. 

This raises a question: can one, on the basis of proximity of two states (proximity 
of two sets of initial conditions), come to conclusion about the distance between 
these two states as t — oo. Theory of stability of motion deals with such problems. 
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8.4 General Characteristics of Mathematical Modelling 
of Systems 


One can distinguish the following types of models of systems connected with the 
goals of modelling: 


(i) phenomenological model—describes and explains functioning of a system; 
(ii) prognostic model—allows for predicting the behaviour of a model in future 
even when there are different conditions of environment interactions; 
(iii) decision model—allows for a proper choice of input interactions satisfying 
required conditions; 
(iv) normative model—allows for a proper choice of parameters and structure of a 
model for realization of particular tasks. 


As one already mentioned, mathematical models should be compatible with 
the modeled system and easy in usage on the basis of the modelling procedure 
in mechanics. Verification and validation of a model plays a crucial role during 
the modelling procedure. Comparison of results obtained during the modelling 
procedure with a modeled object conserved (piece of the reality or more complex 
medial model) with respect of theory and experiment is called verification of a 
model. 

The following criteria decide about consistency between an original and 
model: 


(i) Internal, based on formal consistency (no logic and mathematical con- 
tradictions) and algorithmic (correctness of functioning of computational 
algorithms); 

(ii) External, based on heuristic consistency (ability of interpretation of phenomena 
or verification of hypotheses and formulation new research task) and pragmatic 
(evaluating whether a built model is good). 


In 1976 Zeigler [251] formulated the following types of consistency: 


(i) Replicative—telies on evaluation of consistency with the same data as one used 
during identification of models; 

(ii) Predicative—telies on evaluation of consistency with the modeled system 
under another conditions than during the performance of identification of a 
model; 

(iii) Structural—trelies on preservation of consistency also with respect to the 
structure of a model. 


8.5 Modelling Control Theory 


Now, we deal with modelling in automation and control theory which can be suc- 
cessfully applied in scientific disciplines such as: mechanics, electronics, physics, 
civil engineering, chemistry, chemical and process engineering, biochemistry and 
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biomechanics, materials science and others. Moreover, many conceptions of the 
mentioned sciences can be easily transferred to another system, which is an object 
of considerations of cybernetics, psychology, linguistics or other arts. This chapter 
is based on the textbook [37]. 

Classification of control systems is performed on the basis of assumed criteria. 
One of the most important criterions is the one of required initial information (a 
priori) about a controlled system. According to this criterion, automatic control 
system can be divided into: 


(i) ordinary control systems; 
(ii) adaptive control systems; 
(iii) distributed control systems. 


Ordinary control systems require some initial information about a controlled 
process, i.e. detailed information about properties, equations, characteristics and 
parameters of the process before the start of controlling. Such systems are charac- 
terized by a constant structure and time-invariant values of parameters of particular 
elements during the system operation. 

Ordinary control systems are widely discussed in literature and applied in prac- 
tice. Since conditions variation of many physical processes is slow in time enough, it 
is sufficient to apply ordinary control systems (instead of more complicated control 
systems, namely adaptive ones). 

In Fig. 8.3 one presented classification of ordinary control systems. 


Ordinary control systems 


Open-loop control systems 


Closed-loop control systems 


Program-following 


control systems 
¥ Constant-value control systems 


(stabilizing systems) 


Disturbance compensation 
systems 


Programming systems 


Follow-up control systems 
(tracking systems) 


Fig. 8.3 Classification of ordinary control systems 
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Fig. 8.4 Block diagram of an open-loop control 


8.5.1 Ordinary Automatic Control Systems 


Principles of operation and basic structure of control systems of different types will 
be presented in block diagrams. 


8.5.1.1 Open-Loop Control Systems 


Open-loop control systems constitute a group of systems, in which there is no 
feedback, which makes the input dependent on a selected output quantity. This type 
of systems requires complete initial information about a controlled system (process) 
with regard to the lack of feedback. The operating information is contained mainly 
in controlling and disturbing quantities. Open-loop control systems can be divided 
into open program-following control systems and open systems with disturbance 
compensation. 

Principle of operation of an open-loop control system is depicted in Fig. 8.4. 

Such systems perform jobs in order, preset by a controller, independently of the 
state of a controllable quantity y and disturbances acting on a plant (an object to 
be controlled). A correcting element in the system is necessary, when the response 
yz of the object to the disturbance z differs from the response y, of the object 
on the control signal u, and this can occur in both stationary and transient states. 
An amplifier is an element of the system which amplifies its output by means of the 
energy EF, taken from outside. 

Open program-following control systems very often occur in processing industry 
in machines such as: numerically controlled machine, cyclic automata, etc. The 
information (program) is stored in controllers (memory devices), e.g. magnetic 
drums, perforated tapes or diskettes. The information in digital form is delivered 
to actuators and ensures the preset order and parameters of the procedure. In the 
similar way mechanical copy devices operate, in which a program is contained in a 
suitable type of cam mechanisms. Another example of an open-loop control system 
is control of the traffic lights. 

A block diagram of an open system with disturbances compensation is depicted 
in Fig. 8.5. 

Open systems with disturbance compensation are used to reduce undesirable in- 
fluence of the environment (disturbances) on a process or object to be controlled by 
means of measurement of these interactions and compensation, which is performed 
by the additional inverse interaction on the object. The operating information is 
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Fig. 8.6 Block diagram of a constant-value control system with a regulator of indirect operation 


contained in disturbing quantities, but one needs to choose only those disturbances 
which influence the process most, since it is impossible to cover all disturbing 
interactions. As an example of this kind of systems, one can mention thermo- 
compensation systems in sensitive measurement devices. 


8.5.1.2 Closed-Loop Control Systems (Automatic Control Systems) 


Closed-loop control systems operate on the basis of the negative feedback principle, 
in other words measurement of the output quantity of an object (controllable 
quantity) and comparison of this result with the preset value of this quantity. 
Hence, a signal of control deviation arises. So the operating information is contained 
in the controlled signal itself. The initial information about a process to be controlled 
must be moderately complete, however less so than in open systems. 

A control system with single controlled quantity and single feedback loop is 
called a one-dimensional system, while systems with many controlled quantities are 
called multi-dimensional. 

Closed-loop control systems can be classified as follows: constant-value automa- 
tic control systems (stabilizing), program-following automatic control systems and 
follow-up control systems (tracking systems in other words). 

A block diagram of a simple constant-value control system is depicted in Fig. 8.6. 

As one can see in Fig. 8.6, the system possesses a backward feedback loop 
running through the meter of the controlled quantity y. Thus, it is a closed system. 
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In the main loop of the system there is an amplifier supplied with the energy EF, 
besides an actuator, adjuster and plant. 

In consequence, the signal power from the controller is amplified and such 
systems are called systems with a controller of indirect operation. Otherwise, if a 
regulator does not amplify signals (there is no amplifier), then we have to do with 
simple systems with a regulator of direct action. A characteristic feature of constant- 
value control systems is constant value of the presetting quantity (w(t) = const.), 
which can be varied (if necessary) by means of various inputs w, adjusted in the 
controller by means of handwheels. On the preset level w of the controlled value y 
the system will stabilize its course despite the undesirable disturbance z interaction 
on the object. 

Control systems containing one loop of control are called one-loop systems. 
Such a system is depicted in Fig. 8.6. However, both one-dimensional and multi- 
dimensional systems can be multi-loop. 

A set of elements of a simple regulator of indirect operation (see Fig. 8.6) is not 
always sufficient in practice. One introduces correcting serial and parallel elements 
into the system in order to ensure the necessary stability of operation, suitable 
quality and accuracy of control. 

A block diagram of such a stabilizing one-dimensional system (which is then a 
one-loop system) is depicted in Fig. 8.7. 

Constant-value control systems are the largest group of control systems, which 
are encountered in practice. 

The second group of closed-loop control systems is different from stabilizing 
systems by that the presetting quantities w(t) (preset values of controlled quantities) 
vary in time according to the program introduced by the service of the controller. 
Thus, these quantities are known, programmed functions of time (w(t) = f(t)). 

A block diagram of the program-following control is similar to that in Fig. 8.7 
but instead of an ordinary controller a program controller occurs. The controllable 
quantity y varies according to the program stored in a controller. Follow-up control 
systems do not possess a controller. The presetting quantity w(t) is a random, 
previously unknown function of time (w(t) = /f/(t)). The controlled quantity y 
follows or tracks the course w(t). 


Controller 


Serial 
correcting 
element 


Actuator Adjuster 


Parallel 
correcting element 


Fig. 8.7 Block diagram of a stabilizing system with a serial and parallel correcting element 
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In practice, one can also meet combined systems (closed-open), where feedback 
loop occurs with section of disturbances measurement. 


8.5.1.3 Adaptive Automatic Control Systems 


Adaptive control systems are such systems in which required initial information 
about a controlled process or object does not have to be complete. This means that 
in order to ensure the required accuracy and quality control, these systems require 
smaller range of the initial information than ordinary systems do. It follows from 
the fact that adaptive systems have an ability to adapt to such changes of the object 
operating conditions, which result in a change of its parameters or characteristics. 

Activities connected with an object control in these systems rely on continuous 
or periodic examination of the object, and this results in completing the initial 
information. 

Cars (changes of the tractive adhesion coefficient, changes of intensity of 
wind) and airplanes (changes of flight parameters according to altitude or weather 
conditions) are examples of objects, whose characteristics change as the operating 
conditions change. 

Another type of objects of variable properties are objects with characteristics 
possessing extrema. The objective of an adaptive system is to keep an object 
operating point at maximal point of this characteristic. An example of such an object 
can be a radio receiver, whose circuit must be aligned to the frequency of a received 
electromagnetic wave in order to obtain a maximal value of intensity of the received 
signals. Another example is a water turbine, whose efficiency coefficient 7 under 
different loads Z; varies according to curves possessing maxima according to the 
value of angle a of blades configuration (Fig. 8.8). Keeping a turbine operating point 
at maximal efficiency requires an adaptive system. 


Fig. 8.8 Extremal characteristics of a water turbine 
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Adaptive systems can be divided into extremal control systems, control systems 
with self-adjustable correcting devices and self-optimizing systems. Extremal ad- 
aptive control systems refer to objects of characteristics, which possess extrema. 
The operating information in these systems is deviations from an extremum of a 
particular function of a single or multiple variable and it is not necessary to know 
precise position of the extremum at the beginning. In fact, it is sufficient to know 
a type of the extremal function and occurrence of the very extremum. The system 
gains the lacking information about position of the extremum during the seeking 
procedure. 

Adaptive systems with self-adjustable devices allow to ensure the stability 
and required quality of control under incomplete knowledge of parameters and 
characteristics of a plant. 

These systems are classified as follows: systems with open adjustment loops, 
closed adjustment loops and automatic control of object characteristics, and systems 
with extremal adjustment of correcting devices. Additional operating information 
in these systems is: information about disturbances influencing the parameters of 
a plant, information about deviation of transient processes in the main loop and 
information about deviation of quality control from the extremum of this quality. 

Self-optimizing systems are a kind of control systems, which improves their 
characteristics during the control. The operating information, which concerns the 
existing interactions, and conclusions about necessary changes of the characteristics 
are gained by the system during the operation. Such processes as: prediction of 
occurrence of a random event, classification of complex situations, etc. are the basis 
of control algorithm of such systems. These systems are used in e.g. remote control 
and optimization of flight trajectories of rockets. 


8.5.2 Distributed Automatic Control Systems 


Distributed systems constitute a group of systems, which are meant to control 
motion of a large number of elements, means of transport or elements of communi- 
cation network, etc. 

Control in such systems is like playing game between two sides, from which one 
side is controlled by the system (computer) but the second side is not. The control 
is to ensure the most useful kind of motion of particular elements according to 
a criterion called a success function. This function can be e.g. required amount 
of transported goods in determined terms at the smallest costs of the transport. 
A system which is controlled is a set of means of transport, and the other side, 
the uncontrolled one, is a set of goods requirements, which pour in from various 
regions of a territory. In such systems, the required initial information about the 
uncontrolled side is poor. Only in successive game stages (control) the system gains 
the operating information about the other side. 

A block diagram explaining the distributed system functioning is depicted 
in Fig. 8.9. 
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Fig. 8.9 Scheme of functioning of a distributed control system 


Initial information 
- the second side 


8.5.3 Classification of Control Systems with Respect 
to Another Criteria 


Besides the main criterion of classification of control systems with respect to initial 
information about a process to be controlled, it is advisable to discuss another 
classification criteria, which are used in theory and practice. 


8.5.3.1 Classification with Respect to Purpose 
It covers control systems or automatic regulation systems of: level, intensity, flow, 
power, voltage, angular velocity, pressure, temperature, humidity, etc. 
8.5.3.2 Classification with Respect to Type of Energy of the Control 
Factor 
It covers control systems such as: mechanical, electrical, electronical, hydraulic, 
pneumatic, electro-hydraulic, electro-pneumatic, chemical systems, etc. 
8.5.3.3 Classification with Respect to Types of Signals Occurring 
in a System 
We distinguish here: continuous systems, in which all occurring signals are conti- 


nuous functions of time and discontinuous systems (discrete), in which at least one 
element generates a discrete quantized signal in time. 
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The following systems belong to the discrete systems: 


(i) impulse systems, in which quantized in time signals occur, and this means that 
output quantities (coming from impulsators) appears only in pulsing instants 
(e.g. each | second), while the width of the pulse can be constant and the height 
can be variable or otherwise. One encounters impulse systems of variable period 
of pulsing; 

(ii) relay systems, in which output signals of relays attain only two (e.g. zero— 
maximum) or three (minimum—zero—maximum) values, while transition from 
one to another level is done, when the input signal of a relay exceeds so-called 
switch point. 


So-called finite automata belong to the class of discontinuous systems. These are 
systems, which take on (under influence of external signals and internal couplings) 
finite number of specific states, whose change obeys deterministic or stochastic 
rules (algorithms). Thus, a finite automaton will be a simple relay as well as digital 
mathematical machine. Complex finite automata can serve for modelling of neural 
networks of alive organisms. 


8.5.3.4 Classification with Respect to Linearity of Elements 


Linear systems, in which all elements have linear static characteristics (dependen- 
cies between inputs and outputs in stationary states) and are governed by linear 
differential, integral or algebraic equations. These are systems, for which one can 
apply the superposition principle, i.e. a complete output signal of the system with 
simultaneous action of several input signals is equal to the sum of output signals of 
the system. 

Nonlinear systems are such systems in which there is at least one nonlinear 
element, and this makes that the whole system can be described by means of 
nonlinear equations, whose analysis is more difficult than the analysis of linear 
equations. 

In the reality, one does not meet ideal linear elements. However with good ap- 
proximation, one can often linearize for technical purposes nonlinear characteristic 
in neighbourhoods of operating points of an element. 


8.5.3.5 Classification with Respect to Character of System Parameters 


In this case we distinguish the following systems: 


¢ stationary, whose parameters do not vary in time. In the case of stationary linear 
systems, they are described by linear equations of constant coefficients; 

¢ non-stationary (parametric), whose parameters clearly vary in time, mostly 
according to known functions of time. Equations describing these systems are 
so-called parametric equations, whose coefficients are known functions of time, 
e.g. harmonic functions. 
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Fig. 8.10 Scheme of a temperature control system in a gas furnace 


8.5.4 Examples of Control Systems and Their Block Diagrams 


Classify elements occurring in control systems and make block diagrams (structural) 
of control systems, which are presented in schematic block diagrams and described 
with respect to their destination and operation. Moreover, determine the type of the 
considered control systems. 


Example 8.1. Description of the system functioning. 


The presented system (Fig. 8.10) serves for controlling the internal temperature 
of a furnace (1). It is achieved through the change of intensity Q of the heating 
medium (gas) delivered to a valve (5) under constant pressure p. The degree of valve 
opening is controlled by the electric engine (4), whose angle of rotation depends on 
the delivered voltage u,, which is amplified in the amplifier (3) by the voltage ue. 
Voltage ue is a difference between the voltage u, on the resistor (2) and the one u,, 
on the temperature sensor (6). So, the value of temperature 6 can be changed by the 
service through adjusting position of the slider of the resistor (2), which is under 
constant voltage uy. 

After the analysis of the system functioning one can say that temperature control 
is carried on in a closed loop of signals, since the signal u,, from the measurement 
of the temperature 6 backward-influences the value of this temperature, which in 
turn depends on the voltage u, set on the resistor (2) by the service. The considered 
system is a constant-value automatic control system, in other words a stabilizing 
system. 


Essential Elements in the System 


1. Plant—a furnace (1), in which a process of temperature 6 control proceeds by 
means of variation of inflow intensity Q of the heating medium. 
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2. Controller—a potentiometer (2); with its help the service can preset the required 
value of the temperature 6 in the furnace (1) adjusting the potentiometer to the 
proper voltage value u,. 

3. Summer—an electric circuit of thermoelement connections (6), a potentiometer 
(2) and an amplifier (3). 

4. Amplifier—an electrical amplifier (3), serves for amplifying a difference u, 
voltage uz and u,, to the value, which allows to start the engine (4). 

5. Actuator—an electric engine (4), serves for changing the degree of valve opening 
(5). Elements mentioned in points 2—5 constitute a regulator. 

6. Adjuster—a valve (5), serves for variation of inflow intensity Q of the heating 
medium. 

7. Sensor—a thermoelement (6), serves for measurement of the temperature, which 
is transformed into voltage uy). 


Essential Quantities Occurring in the Considered Temperature Control System 


. Controllable quantity—temperature @ inside the furnace. 

. Input—position “w” of the potentiometer slider. 

. Presetting quantity—voltage u, on the potentiometer. 

. Processed quantity (measuring)—voltage u,, on the thermo-element. 

. Control error—voltage u,, which is a difference between the voltages u, and uy». 

. Controlling quantity (adjusting)—angle a of rotation of an electrical engine shaft 
(4) adjusting a valve (5). 

7. Adjustable quantity—inflow intensity Q of the heating medium through the 

valve (5). 
8. Disturbances—opening of the furnace (2), the external temperature 0,, eventual 
changes of the supply pressure p. 
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Basing oneself on the analysis of signal courses in the considered system, one 
made its block diagram (Fig. 8.11). 


Potentiometer 2 w e Amplifier 3 y Engine 4 
(controller) (amplifier) (actuator) 


Termoclement 6 


(meter) 


Fig. 8.11 Block diagram of the system from Fig. 8.10 
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Fig. 8.12 Scheme of a system of humidity control of a material band 


As one can see, the considered control system is a one-loop constant-value 
automatic control system (stabilizing), since there is a negative feedback and the 
presetting quantity U, does not vary during the system operation. 


Example 8.2. Description of the system functioning. 


The presented system in Fig. 8.12 is meant for regulation of tapes humidity of 
material moving by means of system of rolls at velocity v. Functioning of this 
system is as follows: we insert the material (8) containing some amount of humidity 
into a drying chamber (1). The material containing some amount of humidity is 
subject to drying air flow of temperature 0 measured by a sensor (6). The humidity 
D of the material is measured at the dryer output (1) by means of the humidity 
sensor (7). Signals from sensors (6) and (7) in a form of respective voltages U, 
and U,» are subtracted from the adjusted voltage U,, on the potentiometer (2). The 
difference U, amplified in the amplifier (3) arises, then it starts the engine (4), which 
change the degree of valve opening (5), and consequently the flow intensity Q. The 
value of temperature 6 of the heating medium, which influences the temperature 
inside the dryer depends on the flow intensity Q. The temperature inside the dryer 
has an influence on the vaporization intensity of humidity in the material. 

After the analysis of the system one can say that stabilization of humidity of the 
tape (8), coming out the dryer chamber (1) is made through the variation of the 
temperature @ inside the chamber. The signal coming from the temperature sensor 
(6) and the signal from the humidity sensor (7) are summed up with the input signal 
in the summer. Thus, we have to do with a double-loop system of humidity control. 
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Essential Elements in the System 


_ 


. Plant—a furnace (1) together with a material (8). 

. Controller—a potentiometer (2). 

. Summer—electric circuit of the thermoelement connections (6), a humidity 
sensor (7), a potentiometer (2) and an amplifier (3). 

. Amplifier—an electric amplifier (3). 

. Actuator—an electric engine (4). 

. Adjuster—a valve (5). 

. Sensor—a thermoelement (6) and a humidity sensor (7). 


WN 


NANA 


Essential Quantities Occurring in the Considered Temperature Control System 


. Controllable quantity—humidity D of a tape (8). 

. Input—position “w” of a slider on the potentiometer. 

. Presetting quantity—voltage U, on a potentiometer (2). 

. Processed quantity—voltage U,; and U,2 from the sensors. 

. Control error—input voltage U, on an amplifier (3). 

. Adjusting quantity—angle a of rotation of a shaft of an engine (4). 

. Adjusted quantity—intensity Q of inflow of the heating medium. 

. Disturbances—opening (2) of the drying chamber, the outer temperature 0-, 
variations of the velocity v of the tape displacement, variations of the tape 
humidity D,,.; on the entry of the furnace chamber. 
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A block diagram of the considered system is depicted in Fig. 8.13 

We can see from the block diagram that we have to do with a two-loop system. 
The first, internal loop concerns a temperature control and the second, external 
loop concerns the very humidity control. This is a constant-value control system 
of the humidity, whose value can be adjusted on the potentiometer (2). There are 
two negative feedbacks in the system, and the total control error U, is a difference 
between the presetting quantity U,, and two measured quantities U,; and U2. 


Textile & 
(plant) 


Fig. 8.13 Block diagram of the system from Fig. 8.12 
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Fig. 8.14 Schematic diagram of the numerically controlled lathe 


Example 8.3. Description of the system functioning. 


Figure 8.14 presents a schematic block diagram of a numerically controlled lathe. 
The machining program of the item is saved on a perforated tape (1). Data read 
from the tape in the form of pulses sequence are changed into another kinds of 
pulses, from which each pulse corresponds to the precisely determined increment 
of the coordinates w and p. It is performed by an interpolator (3). Position of the 
board in arbitrary instant of time is measured by sensors (6). The information about 
this position is transmitted from the sensors in a form of signals, which come from 
the interpolator. Thus, the signals determine the required position of the board in a 
given instant of time. When there is a difference between these signals, the electric 
engines rotate and move the board by means of a gear, and this makes the difference 
vanish. 

It follows from the above description that quantities presetting the position of the 
board in the form of signals U,,, and U,, from the interpolator (3) are not constant, 
but they vary according to the treat program saved on a perforated tape (1). There 
are also two feedback loops reaching from the sensors (6) to the amplifiers (5). The 
considered system is a two-loop program-following control system. 
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Essential Elements in the System 


1 
2. 
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. Plant—a treated object (9) together with a cross slide (7) and carriage (8). 


Controller—a perforated tape (1), a reader (2) and an interpolator (3). 


. Summer—an electric circuit of interpolator connections (3), sensors (6) and 


amplifiers (5). 


. Amplifier—an electric amplifiers (5). 

. Actuator—an electric engines (4). 

. Adjuster—gears moving the slide cross (7) and carriage (8). 
. Sensor—position sensors (6). 


Essential Quantities Occurring in the System 
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. Controllable quantity—coordinates y,, and y, of positions of the slides. 

. Input—configuration of perforation on the tape (1) (w-). 

. Presetting quantity—voltage U,,, and U_, from an interpolator (3). 

. Processed quantity—voltage U,,,, and U,,) from sensors (6). 

. Control error—input voltage of the amplifiers (5) 

. Adjusting quantity—angles a,, and @, of rotation of shafts of electric engines 


(4). 


. Adjusted quantity—displacements of the slides on the gears 
. Disturbances—movements resistance of the slides, technological inaccuracy. 


A block diagram of the considered system (Fig. 8.15) is as follows: the consi- 


dered system is an example of a program-following control of two loops. The first 
loop serves for program-following control of the carriage position and the second 
loop serves for program-following control of the cross slide position; presetting 
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Fig. 8.15 Block diagram of the system in Fig. 8.14 
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Fig. 8.16 Schematic block diagram of a register of voltage signals 


quantities of these position are obtained from the controller consisting of a reader 
of the perforated tape (2) and interpolator (3). 


Example 8.4. Description of the system functioning. 


Figure 8.16 illustrates the principle of operation of a voltage signals register. 
A signal U;., whose course is to be registered on a tape (8), is delivered to the input 
of a correcting element (1), where it is compared with the voltage U,,, obtained 
from a slider of a potentiometer (2) supplied with a constant voltage U,. Voltage 
U. = U, — U,, is obtained on the output of the correcting element The voltage is 
amplified in an amplifier (3) and then it supplies the electric engine (4). The engine 
via the gear (5) and the strand (6) moves the slider of the potentiometer (2) in such 
a direction that the difference of voltage U, and U,,, decreases. The engine stops 
when the voltage U, is zero. The strand (6) moves the pen (7). If the input signal 
U,. varies, then the slider of the potentiometer will be moved so that the voltage U,, 
follows the voltage U,. The pen, which is displaced together with the slider saves 
on the tape (8) a graph of variation of the input signal U, vs time. 

It follows from the description of the system functioning that the input voltage 
U,. varies arbitrarily and independently of the service. This voltage is followed by 
the voltage U,,, whose value influences the position of the slider. The positions of 
the pen and the slider depend on the value of U,,,. To conclude, the system depicted 
in Fig. 8.16 can be classified as a follow-up control system, tracking in other words, 
since the position y of a pen follows changes of the input voltage U,. and there is a 
closed cycle of signals in the system. 
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Essential Elements in the System 


1. Plant—a pen (7) of the register. 

. Controller—it can be an electric device, whose voltage characteristics U,(t) is to 
be registered on the tape (8). 

. Summer—an electric comparison unit (1). 

. Amplifier—an electric amplifier (3). 

. Actuator—an electric engine (4). 

. Adjuster—a gear (5) with a strand (6). 

. Sensor—a potentiometer (2). 
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Essential Quantities Occurring in the System 


. Controllable quantity—position y of a pen of the register. 

. Presetting quantity—input voltage U,. 

. Processed quantity—voltage ,, on the potentiometer. 

. Control error—voltage U, on the correcting element (1). 

. Adjusting quantity—angle a of rotation of an engine shaft (4). 

. Adjusted quantity—displacement of the strand on the shaft. 

. Disturbances—resistance of the pen, elongation of the strand, variation of voltage 
U, applied to the potentiometer, slides of the strand on a shaft. 
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A block diagram of the considered system has the following form. 

In Fig. 8.17, one can see that this is a tracking system. Its structure is similar 
to the structure of a stabilizing system in Fig. 8.11, but the presetting quantity U, 
varies arbitrarily and in a completely independent way, i.e. it can be neither adjusted 
nor programmed by the service. 


Example 8.5. Description of the system functioning. 


In Fig. 8.18 a schematic block diagram of a system is presented, which serves 
for keeping the flow intensity QO constant or in other words a constant discharge 
of the liquid in a common part of a pipeline. A discharge Q is, as one can see 
in Fig. 8.18, a sum of two discharges Q; and Qo. The discharge Q; undergoes 
indeterminate changes, while the discharge Q» depends on the angular velocity of a 


Potentiometer 2 ¢ 


Fig. 8.17 Block diagram of a system in Fig. 8.17 
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Fig. 8.18 Schematic block diagram of a system of keeping the flow Q constant 


pump (1), which is driven by a direct-current motor (2). The motor is supplied with 
the constant voltage U_, and its revolutions depend on the resistance R of a resistor 
(3), which in turn depends on a slider (6) position. The slider (6) position at fixed 
length of a mandrel (7) by means of a screw (8) depends on displacement of a sensor 
(4) membrane, which in turn depends on the pressure drop on a measuring orifice 
plate (5). This pressure drop depends on actual value of the flow intensity Q,. As the 
flow intensity QO; grows, the resistance R grows as well, and in turn angular velocity 
of the engine (2) decreases. Hence, the discharge QO» of the pump (1) decreases. 
Thus, the total discharge Q is kept on a constant level. The service is able to change 
the value of the discharge 0 by changing the mandrel (7) length. 

It follows from the description of the system functioning that the system serves 
for keeping the discharge QO on a constant level. As follows from the schematic 
block diagram, the quantity Q is not measured. The quantity Q; is measured by 
means of the orifice (5) and the sensor (4). One needs to say that there is no classical 
feedback in the system. Thus, it is an open-loop automatic control system and not a 
closed-loop one. By further analysis we can conclude that it is an open-loop system 
with disturbance compensation. The disturbances are certain indeterminate changes 
of the flow intensity Q). 
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Essential Elements of the System 


1. Plant—common part of the pipeline. 

2. Controller—a mandrel (7) with a device (8) serving for adjusting of its initial 
position on a resistor (3). 

. Summer—a resistor (3). 

. Amplifier—there is none in this system. 

. Actuator—an electric engine (4). 

. Adjuster—a pump (1). 

. Disturbance sensor—an orifice (5) together with a membrane sensor (4). 


AYDHWMN BW 


Essential Quantities in the System 


1. Controllable quantity—flow intensity Q. 

2. Presetting quantity—initial position / of the slider on the resistor. 

3. Processed quantity—displacement s of a sensor mandrel (4) corresponding to the 
flow intensity Q. 

4. Control error—increment of the resistance se resulting from the displacement of 
the slider of the resistor with respect to the initial position / corresponding to the 
resistance R. 

5. Adjusting quantity—angular velocity of an engine (2). 

. Adjusted quantity—flow intensity QO. from a pump (1). 

7. Disturbances—flow intensity Q. 


fon 


A block diagram of a system in Fig. 3.18 has the following form. 

In Fig. 8.19 one can clearly see that it is an open-loop control system without 
feedback. In this system, there is a slotted line of disturbance influencing the 
controllable quantity. 


Example 8.6. Description of the system functioning. 


It follows from the schematic block diagram (see Fig. 8.20) that the system serves 
for controlling of a piston motion (3). It is performed with the use of a programmed 
motion of the slider (2) of a hydraulic divider, which guides the oil (which is 


Orifice 5+ Sensor 4 le 


Fig. 8.19 Block diagram of the system in Fig. 8.18 


Q 


2 Common part 
of the pipeline 
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Fig. 8.20 Scheme of a piston motion control 


delivered under constant pressure p,) over or under the piston. The device presented 
in Fig. 8.20 consisting of a slider divider (2) and a piston, which moves in a cylinder 
is called a servo-mechanism. In this servo-mechanism slight movements of the 
slider make the piston move. Small movements of the slider requiring small forces 
to be applied result in large displacements of the piston (3), which can overcome 
significant resistance. 

It follows from Fig. 8.20 that it is an open program-following control system 
since there is no feedback. This means that there is no connection between 
movement y of a piston (3) and movement s of a slider (2) of the hydraulic divider. 
The motion s, as can be seen, follows from the cam (1), which is a program of this 
motion, and motion of the piston (3) in consequence. 


Essential Elements of the Considered System 


1. Controller—a cam (1) of a particular angular velocity w. 
2. Amplifier—a hydraulic amplifier, which is a slider divider (2). 
3. Actuator, adjuster and plant—a cylinder together with the piston (3). 


A block diagram of a system in Fig. 8.20 has the following form (Fig. 8.21). 
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Hydraulic > Cylinder 


amplifier 2 with the piston 3 


Fig. 8.21 Block diagram of the system in 8.20 


Essential Quantities of the System 


. Controllable quantity—movements y of the piston (3). 

. Input—curvature of the cam (1). 

. Presetting quantity—position s of a divider slider. 

. Controlling quantity—degree of gaps opening s; delivering the oil to the engine. 

. Adjusted quantity—flow intensity Q of oil in the system. 

. Disturbances—tesistance R of the piston movements, changes of the pressure p-, 
of oil supply. 
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Chapter 9 
Phase Plane and Phase Space 


9.1 Introduction 


A dynamical state of an autonomous system is completely determined by the 
generalized coordinates y;(t) and the generalized velocities y;(t) @ = 1,2,...,n, 
where n is the number of degrees of freedom). Treating time ¢ as a parameter, a point 
of the coordinates (y;, y;) will be a point of 2n-dimensional phase space. Motion 
of this point describes a phase trajectory as time increases. In the case of n = 1 
a vibrating system has one degree-of-freedom and the phase space reduces to the 
phase plane. Then, a phase trajectory is a curve lying in the plane, and a set of all 
phase trajectories, corresponding to distinct initial conditions, form a phase portrait. 

If the motion of one degree-of-freedom autonomous system (or two-dimensional 
system because it is governed by two first-order differential equations) is governed 
by the equation 


y= Fly, y), (9.1) 


then phase plane is said to be a plane with the rectangular coordinate system 
(y,y =v). 

Equation (9.1) is transformed into a system of two first-order differential 
equations 


y=v, 
v= F(y,v). 02) 


Equation (9.2) describes motion of a point A(y, v) in the phase plane. Elimina- 
ting the time, we obtain an integral curve (phase trajectory) formula of the form 


C(y, v) = 0. (9.3) 
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phase trajectories 


tangent line at the point A 


A(y,v) - phase point 


y 
> 
Fig. 9.1 Phase plane and phase trajectories 
Dividing both sides of the system of Eq. (9.2) by themselves, we obtain 
d FO, 
BY EOD ay (9.4) 
dy v 


where y is an angle between a phase trajectory and positive direction of the y-axis. 
There are a few phase trajectories depicted in Fig. 9.1 with the marked phase point 
and the angle y. 

Phase points, at which a tangent line is determined, will be called ordinary or 
regular points. Phase points, at which a tangent line is not determined, will be called 
singular points. The latter are equilibrium positions, determined from the equation 


F(y,0) =0. (9.5) 


One can see in Fig.9.1 that the phase trajectories intersect the y-axis at right 
angles. It turns out that each phase trajectory must pass through a regular point 
lying on the y-axis at right angle, since 


. adv _ F(y,v) 
lim — = lim —— = 
v>0 dy v0 0] 


oo, (9.6) 
and hence the value of y at these points is 7/2. A characteristic feature of nonlinear 
system follows from Eq. (9.5). These systems can possess one or several equilibrium 
positions depending on the character of the function F(y, 0). Phase trajectories have 
some general properties, given below. 
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1. Direction of motion of the phase point A(y,v) along the phase trajectory is 
such that the positive velocity v is in correspondence with increment of the 
displacement y according to positive direction of the y-axis, and the negative 
velocity v is in correspondence with the increment, which is opposite to the 
positive direction of the y-axis. 

2. A phase trajectory cannot have a tangent line parallel to the v-axis at regular 
points, which do not lie on the y-axis. The phase trajectory cannot have a tangent 
line parallel to the v-axes at points, which do not lie in the v-axis. 

3. If any continuous phase trajectory intersects the y-axis at two successive points, 
then there is at least one singular point between them. 

4. In time interval, in which a continuous phase trajectory does not intersect the 
y-axis, the trajectory can intersect, at most, once any straight line parallel to the 
U-axis. 

5. Closed curves in a phase plane correspond to periodic motions. 


9.2 Phase Plain and Singular Points 


A broader class of physical systems can be described by first-order differential 
equations of the form: 


dy dv 
i= aa O(y,v), dt = 


P(y,v). (9.7) 
Equation (9.4) is a particular case of Eq. (9.7). In what follows we analyse the 
linearized equation (9.7): 


cA ack (9.8) 
dy cy+dv 

In the dynamical system described by Eq. (9.8) there can be three types of phase 
trajectories, namely: a point, a closed (corresponds to a periodic solution) and open 
(corresponds to a non-periodic solution) curve. The aim of qualitative examination 
of the dynamical systems (9.8) is to determine a phase portrait and its topological 
structure. By a notion of topological structure we mean such properties of a 
phase portrait that remain unchanged under topological (i.e. unique and mutually 
continuous) mapping of a plane into itself. In order to perform such a qualitative 
analysis of the dynamical system (9.8), in most cases one can confine oneself 
to determining equilibrium positions, periodic trajectories and limit cycles, and 
phase semi-trajectories, which are curves separating qualitatively different phase 
trajectories in a neighbourhood of equilibrium position. 

A limit cycle is said to be a closed phase curve, surrounded by a region 
completely filled with trajectories tending to the curve as t ~ +00 ort > —o. 
After Taylor expanding the functions P(y,v) and Q(y,v) about the analysed 
singular point we obtain 
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dv _ ay+bu+ P'(y,v) 
dy cy+dv+Q"y,v) 


(9.9) 


Ignoring the nonlinear terms, Eq. (9.9) takes the form 


-+C 0 


ba 
a=[i AP (9.11) 


The point y = v = O is a critical point (or a trivial solution) of Eq. (9.10) 
and if det A # 0, then the system (9.10) is called simple [191]. Eigenvalues of the 
matrix A allow to determine the canonical basis in R?, where the matrix A takes a 
canonical form. A characteristic equation leading to determination of eigenvalues 
can be obtained by standard procedure, namely by assuming solutions of the form 


men om 
where C; and C) are constants. Substituting (9.12) into (9.10) we obtain 
Pe =? (9.13) 
and after expanding 
(b+ c)A+bc-—ad =0. (9.14) 
By the above equation we find the discriminant 
A= (b-c) +4ad. (9.15) 


The above equation possesses the following roots 


A2= ; c t+eo)+ ¥(b—-cy’ + tad : (9.16) 


Considerations based on the phase plane (x, y) are transferred into the plane 
(€,) and correspond to the canonical form of the matrix A. After the transfor- 
mation, corresponding curves in both planes are rotated and deformed but their 
qualitative features remain unchanged, e.g. a circle corresponds to an ellipse but 
both curves are closed. The character of the curves depends on the ratio 4; /A2 and 
a constant C (see (9.20)). 
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We will consider the following cases: 


1. Both roots are real and distinct, and of the same sign. We have such a situation 
when A > 0, ad — bc < 0. Then, the matrix A in the canonical basis has the 
form 


~ ae 
A= E Ml (9.17) 


where A. € R, and Eq. (9.10) takes the canonical form 


= Ain, 


; (9.18) 
& = Aoé. 


Equation (9.18) can be easily solved by separating the variables. Consequently, 
we obtain 


n(t) = Cye*", 
wl 
E(t) = Cre?" . 2 
Next, we have 
Xr 
ee eee 
C\ Ad Cr 
thus 
fant ie 
n— =lIn{ — ; 
1 (z 
hence 
AL 
n=C\é|”, (9.20) 


a 
where C = (C,/ Co), The singular point (0,0) is called a stable (unstable) 
node. 
2. Ifbc —ad = 0 andb +c < 0, then by (9.14) we get 


AA —(b +.c)] = 9, (9.21) 


and this implies A, = 0 andA; = b+c < 0. In this case, the analysed system is 
not simple. The matrix A has the following canonical form 
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A, 0 
A= ke 4 . (9.22) 
and its rank equals 1. Such a singular point is called a stable centre. It is 
noteworthy that when the rank of the matrix A equals 0, then the matrix is a 
zero matrix and each point of the phase plane is critical. 

Critical points, called nodes, also occur when the discriminant of (9.14) 
A = 0. Then A, = Az = Ao (double root) and if two linearly independent vectors 
are associated with a double eigenvalue, then canonical form of the matrix A 
reads: 


_ fro 0 
A= EF al (9.23) 


A critical point corresponding to this matrix is called a star-shaped node, which 
is stable, if Ap < 0 (and conversely). Only one eigenvector can be associated with 
a double eigenvalue. Then, a canonical form of the matrix A takes the form of 
the following Jordan block 


eo 
A= E ral (9.24) 


The differential equations (9.10) take the form 


ae (9.25) 
y=utdoy, 
and their solutions follow 
_ Aot 
eae ue (9.26) 


y=(Co+ Cit)er"’, 


In this case, the critical point (0,0) is a degenerate node, which is stable for 
Ao < 0 and unstable for Ag > 0. 

. In this case both roots are real and have opposite signs. The orbits surround a 
singular point, which is called a saddle. Two orbits approach and move away 
from this point—these are axes of a coordinate system. 

. If the discriminant of (9.14) A < 0 and b +c # 0, then the roots A; and A 
are complex conjugate. Then, the critical point is a stable b + c < 0 or unstable 
b+c > 0 focus. Assume that A}. = a + iw, whilea # 0 andw + 0 (farther 
we will assume w > 0). In this case the canonical matrix has the form 


A= k ll (9.27) 


oa 
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and we will consider the following system of equations 


v=av-—oy, 
(9.28) 
y=ovt+ay. 


Parametric equations of orbits of the above system (its general solutions) are: 


=_ at 
v(t) = Ce hiss (wt + 9), (9.29) 
y(t) = Ce™ sin (wt + @), 
where C and 9 are any constants. 
Orbits in neighbourhood of a focus can be also presented in the polar 
coordinates (@, 0). Let us make a change of the variables 


v = pcos0, 
(9.30) 
y =opsing. 
By Eqs. (9.28) and (9.30) we get 
pcos @ — p6 sin@ = apcos 6 — wp sind, 
(9.31) 


psin 6 + p@cos@ = apcos@ + wpsiné. 


Multiplying (9.31) respectively by cos @ and sin @ (and by sin 6 and by —cos 8), 
and adding the equations we get 


p=ap, 
. (9.32) 
d=oa. 
The solution in the polar coordinates takes the form 
p = poe, 
6 = at + 6, (9.33) 


where po and 6» define any initial conditions. The solutions (9.33) have simple 
physical interpretation. The argument 6 grows linearly in time, while a ray 
originating from the focus and passing through the point (y(t), v(t)) rotate 
anticlockwise at angular velocity w [rad/s]. 

By Eq. (9.33) after eliminating the time we obtain 


p= poe o%e 09, (9.34) 
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In this case the orbit is represented by a curve called a logarithmic spiral in the 
coordinates (p, @). It is worth emphasizing that in the case of an unstable focus 

uy p(t) = +00, and the shape of logarithmic spirals depends on the ratio ©. 
t+ 00 


In the case when b + c = 0, then A, 2 = +iw (a = 0). Then Eq. (9.32) we get 


Pp = Po = const., 
(9.35) 
6 =ott+ Op. 


The above formulas represent a circle of radius po in the polar coordinates (p, 0). 
While, by Eq. (9.28) we get 


v=-oy, 


y=ou, (9.36) 
and eliminating the time we obtain 


dy v 
a Se (9.37) 
and hence v? + y? = C?. 
A critical point, in this case, is called a centre. The centre is a stable point but 
not asymptotically stable in Lyapunov’s sense. 
There is only one particular case left to discuss, namely the case of vanishing 
discriminant A = 0, when zero is a double root, and the matrix A has the 
following canonical form 


00 
R= I‘ al (9.38) 


A normal form of a system of differential equations takes the form 


ale (9.39) 
and their solutions are the following functions 
v=C, 
y= Cit + Co. (9.40) 


In Table 9.1 one classified phase portraits associated with critical points in two- 
dimensional space R’. Using linear transformation 


E=ay+ pv, n=yytiuv. (9.41) 
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Table 9.1 Phase portraits classification 


Eigenvalues Eigenvectors 

Ay. A2 (comment) Name of a critical point 
0<A, <A2 Unstable node 

Ay <A. <0 Stable node 

A, <0<A, Saddle 

0=1, <A, Unstable centre 

Ay <A. =0 Stable centre 

A, =A2 <0 Two eigenvectors | Stable star-shaped node 

A, =A. >0 Two eigenvectors | Unstable star-shaped node 
A, =A <0 One eigenvector | Stable degenerate node 

A, =A, >0 One eigenvector | Unstable nondegenerate node 
4, =A, =0 | Oneeigenvector | Degenerate centre 

Ai2 =atio |\a>0,0 £0 Unstable focus 

Ai2 =atiwo |\a<0,0 40 Stable focus 

Aig =atiw |a=0,0 £0 Stable centre 


one can transform Eq. (9.8) into the form of separated variables (see 9.18) 


dn _ Ain 
aa ee 9.42 
dé ~ dot = 
Equation (9.41) yields 
d&=ady+ dv, dn=ydy+édv. (9.43) 


Inserting the nominator and denominator of the formula (9.8) instead of dy and 
dv, we obtain 


dn _ y(cy + dv) + d(ay + bv) 
dé a(cy + dv) + Blay + bv) 


(9.44) 


Comparing nominators and denominators of the above equation and of the 
formula (9.42), and using the linear transformation (9.41) we obtain the following 
system of equations 


y(cy + dv) + day + bv) = Ain = Ai(vy + bv), (9.45) 

a(cy + dv) + Blay + bv) = Ax€ = Ar(ay + Bor). . 

In order to determine the constants y and 6, for the first of the formulas (9.45), 

we equate the terms occurring by y and v. We obtain two algebraic equations of the 
form 
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y(c —A\) + 6a = 0, 

9.46 

pd $0 ene) 

The algebraic equations for the second equation (9.45) have very similar structure 
and allow to determine the coefficients a and B 


a(c —A2) + Ba = 0, (9.47) 
ad + B(b—A2) = 0. 
This implies that A, and A, are roots of the same characteristic equation, which is 
formed by equating the characteristic determinant of the system of Eqs. (9.46) and 
(9.47) to zero, 1.e. 


c-i a 


d b-i 


| = 0. (9.48) 


9.3 Analysis of Singular Points 


Nowadays there are many softwares allowing to solve the differential equ- 
ation (9.10) analytically and numerically. The obtained results are automatically 
plotted in a plane in the coordinates (y,v). The character of a singular point 
under consideration depends only on the coefficients a, b,c, d. The obtained phase 
trajectories are slightly deformed but it is possible to rotate them by solving the 
differential equation (9.10). This equation allows to obtain the rectified trajectories 
in the coordinate system (&, 7). The shape of these graphs depends only on a ratio 
of the roots A, and A» of the characteristic equation (9.10). 


9.3.1 Unstable Node 


The first singular point (0,0) will be a node. In this case the roots A; and A» of the 
characteristic equation must be real and distinct, and have the same signs. These 
conditions will be satisfied when 


(b—c)?+4ad>0 and be—ad>0. (9.49) 


The solution curves in the plane (&, 7) will be parabolas passing through the 
point (0,0). If b +c > 0, then a critical point is an unstable node, a phase point 
moves away from the origin as time increases. These conditions are satisfied for 
e.g.:.a =0,b = 2,c = 1,d = 1. This situation is presented in Figs. 9.2 and 9.3. 
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Fig. 9.2. The phase trajectories passing through the unstable node in the coordinates (y, v) 
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Fig. 9.3 Phase trajectories passing through the unstable node in the coordinates (&, 7) 


By the above graphs one can see that all the trajectories pass through the singular 
point (0,0), which is an unstable node because phase point move away from the 
node as time increases. 

In Fig.9.4 one can see the trajectory obtained numerically. This verifies the 
earlier obtained analytical solutions. 
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Fig. 9.4 Numerical solution for an unstable node in the coordinates (y, v) 
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Fig. 9.5 Phase trajectories passing through the stable node in the coordinates (y, v) 


9.3.2 Stable Node 


Ifb+c < 0 then a phase point approaches to the singular point (0, 0) as time grows. 
For instance, it takes place fora = 1, b = —2,c = —1, d = 0. These conditions 
are demonstrated in Figs. 9.5 and 9.6. 

The phase trajectories are parabolas passing through the origin (0,0) of the 
coordinate system but the origin, which is a singular point is called a stable node, 
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Fig. 9.6 Phase trajectories passing through the stable node in the coordinates (&, 7) 


Vv 


200 


150 


100 


50 


-15 -10 5 5 10 15: ¥ 


Fig. 9.7 Numerical solution for a stable node in the coordinates (y, v) 


since phase points approach the point (0,0). Below in Fig.9.7 one can see the 
numerical verification of the analytical solution. 

If the roots A; and A» differ from each other significantly, then the phase 
trajectories change the direction more rapidly. Moreover, if one of the roots equals 
zero, then the curves are transformed into vertical straight lines. 
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Fig. 9.8 Phase trajectories passing through the critical node in the coordinates (€, 7) 


9.3.3 Critical Node 


When roots of the characteristic equation are real and A, = A2, then a node is called 
a critical node. In this case we have 


(b—c)?+4ad=0 and a=d=0. (9.50) 


Let the coefficients be: a = 0,b = 2,c = 2,d = 0.Ifb =c > 0, thena 
phase point moves away from the origin as time increases. This situation is depicted 
in Fig. 9.8. 

While b = c < 0, then the coefficients can be: a = 0,b = —2,c = —2, 
d = 0. Then phase points approach the point (0, 0) as time increases. This situation 
is depicted in Fig. 9.9. 

Figures 9.8 and 9.9 imply that the trajectories form a bunch of lines, on which 
a phase point approaches or moves away from the node (0,0), which is now called 
critical. Verification of the analytical solution is the numerical one depicted in 
Fig. 9.10. 


9.3.4 Degenerate Node 


We deal with a degenerate node if roots of the characteristic equation are equal 
and no special case occurs e.g.:ad = 2,b = 5,c = 1,d = —2. Now, we have 
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Fig. 9.9 Phase trajectories passing through the critical node in the coordinates (€, 7) 


Fig. 9.10 Numerical solution for a critical node in the coordinates (&, 7) 


b +c > 0, and the singular point (0,0) is called a degenerate node and a phase 
point moves away from the origin of the coordinate system (Fig. 9.11). 

When a = 1, b = —2,c = —4,d = —1, thenbD+c < 0, anda phase point 
approaches the origin and we also have to do with a degenerate node illustrated in 
Fig. 9.12. The numerical solution for a degenerate node is presented in Fig. 9.13. 
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Fig. 9.11 Phase trajectories passing through the degenerated node in the coordinates (&, 7) 


Fig. 9.12 Phase trajectories passing through the degenerated node in the coordinates (&, 7) 


9.3.5 Saddle 


The second critical point is a saddle point, which is always unstable. In this case, 
the roots A, and A, are also real and distinct but they must be of opposite signs. This 
case occurs when the following conditions are satisfied: 


(b—c)? =4ad>0 and bc-—ad <0. (9.51) 
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Fig. 9.13 A phase trajectory presenting a degenerated node obtained numerically in the coordina- 


tes (§, 1) 


Fig. 9.14 Phase trajectories around the saddle in the coordinates (y, v) 


The solution curves in the plane (&, 7) are hyperbolae, which do not pass through 
a singular point. One of the roots (a positive one) is associated with the value growth 
of the solution as the time ¢ increases, while the second solution tends to zero. In the 
plane (y, v) the curves will be deformed. Figure 9.14 illustrates this situation, where 
the coefficients: a = 1,b = 2,c = —2,d = 1 and then A, > Ad. 

In order to “rectify” the phase trajectories, we transfer the solutions into the plane 
(&, 7). This situation is illustrated in Fig. 9.15. 
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Fig. 9.16 Numerical solution in the case of a saddle in the coordinates (&, 7) 


Verification of the analytical solution is illustrated in Fig.9.16, where there is 
numerically obtained singularity of saddle type. 

All the analysed dynamical systems possessed real roots, which were solutions 
of the characteristic equation (9.14). This means that we did not have to do with 
any types of vibrations. Below, we characterize dynamical systems, whose roots of 
a characteristic equation are not real any more, i.e. there are no vibrations in these 
systems. For a stable and unstable focus damped oscillations appear, while in the 
case of a centre undamped oscillations appear. 
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Fig. 9.17 Phase trajectories around the unstable focus in the coordinates (&,7)—numerical 
computations 


9.3.6 Unstable Focus 


The next analysed singular point appears, when 
(b-c)?+4ad <0 and b+c¥0. (9.52) 


Then, roots of the characteristic equation (9.14) are complex conjugate, but any 
of the roots is neither real nor purely imaginary. It is possible for e.g. the following 
coefficients a = 2,b = 0,c = 1,d = —1 thenb +c > 0, and a singularity of this 
type is called a non-stable focus, from which phase trajectories move away. 

Figures 9.17 and 9.18 illustrate this situation. 


9.3.7 Stable Focus 


When b + c < 0 and the coefficients equal e.g.a = —2,b = 0,c = —2,d =2 
then we have a stable focus. Then, the phase trajectories approaches the origin of 
the coordinate system (Fig. 9.19). 

We have also added the numerical solution of this problem (Fig. 9.20). 
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Fig. 9.18 Phase trajectories around the unstable focus in the coordinates (&,7)—numerical 
computations 


Fig. 9.19 Phase trajectories around the stable focus in the coordinates (y, v) 


9.3.8 Centre 


The last possible singularity, occurring in the origin is a centre point. The roots A, 
and A» are then complex conjugate and purely imaginary A;. = iw, when 


(b—c)?+4ad <0 and b+c=0. (9.53) 
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Fig. 9.20 The stable focus obtained numerically in the coordinates (&, 1) 


Fig. 9.21 Phase trajectories around the centre in the coordinates (y, v) 


In the plane (y, v) the phase trajectories are deformed, but their character is left 
unchanged, thus they are closed curves surrounding the origin of the coordinate 
system. The coefficients can be selected in the following way: a = —3, b = 2, 
c = —2,d = 2. This is illustrated in Fig. 9.21. 

In this case, the normal form of the equations differs from the previous one since 
we have to do with the case described by Eq. (9.37). 

Figure 9.22 presents the phase trajectories around the origin of the coordinates 
(€, 7), whereas the numerically obtained solution is shown in Fig. 9.23. 
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Fig. 9.22 Phase trajectories around the centre in the coordinates (€, 7) 


Fig. 9.23. The phase trajectory obtained numerically for a singularity of centre type in the 
coordinates (y, v) 


It follows from the analysis performed in this subsection that the character of an 
equilibrium position and the shape of phase trajectories near the position depends 
only on the coefficients a, b, c, d. They have significant influence on the structure 
of the characteristic equation (9.14). 
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9.4 Analysis of Singular Points Governed by Three 
Differential Equations of First Order 


In this section we deal with dynamical systems which are governed by three 
differential equations of first order. The obtained solutions will be presented 
by means of three-dimensional graphs of phase trajectories. Both analytical and 
numerical solutions will be plotted for properly selected values of all three constants 
Ci, C2, C3. Selecting in a proper way the values occurring in the equations, we 
will obtain singularities of special types. In Sect. 9.4.1, we will present the analysed 
system of equations and its characteristic equation, which will serve for determining 
proper matrices. 

A given matrix will be characteristic for a specific type of a considered 
singularity. While, in Sect. 9.4.2, graphs of solutions of the corresponding system 
obtained numerically and analytically will be presented. These are solutions of a 
system of three first-order differential equations. 


9.4.1 Theory Concerning the Solving a System of Differential 
Equations and Method for Determining Roots 
of a Polynomial of Third Degree 


Considerations will be based on a system of three first-order differential equations. 
The analysed system of differential equations written in a form of rectangular 
coordinate system can be presented in the following way: 


x 
a =ax+ by +cz, 
dy 
= dx tey + fz, (9.54) 
dz : 

i =gxthy+t+iz. 


In this system, the coefficients (characterizing the equations), i.e. a, b, c, d, e, 
Ff, g,h,i, can take on real as well as complex values. A solution of this system of 
equations, we will seek in the form 


x = Ciexp(At), 
y = Cyexp (Az), (9.55) 
z= C3exp (Ar). 


The characteristic equation can be written in a matrix form 
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abe 100 
defj}—-A{010] =0. (9.56) 
ghi 001 


This equation has a trivial solution when we equate the determinant below to 
zero 


a-izr b c 
d e-d f |=0. (9.57) 
g h i-dr 


Expanding the determinant we get the following characteristic equation 
M—(ate+i)a?+(aiteitae—cg—fh—bd)\+hdit+afh+ceg—ghf—dhc—aei = 0. 
(9.58) 


The above properly selected coefficients allow to obtain singularities, we are 
interested in, in a three-dimensional space. The coefficients are responsible for the 
character of curves plotted after solving the system of differential equations (9.54). 


9.4.2 Analysis of Singular Points Described by Three 
First-Order Differential Equations 


Below, we consider and analyse different dynamical systems, in which we select 
and change the values, which we will write in the matrix form: 


abe 
A=|def|. (9.59) 
ghi 


9.4.2.1 Unstable Node 
An unstable node will be the first analysed type of equilibrium in a three- 


dimensional phase space. We meet this type of singularity, when components of 
the matrix A are following 


Then the characteristic equation (9.58) possesses three roots. All of them are 
positive and real. They are: A; = 1,42. = 2,A3 = 3. 
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Fig. 9.24 The analytical 
solution, when an unstable 
node is an equilibrium 
position in the 
three-dimensional space 


Fig. 9.25 The numerical 
solution, when an unstable 
node is an equilibrium 
position in the 
three-dimensional space 


In Fig. 9.24, one can see that the solution is a parabola. One could have expected 
this, since we have obtained a similar graph during the analysis of equilibrium 
positions in the phase plane. Verification of this solution is a numerically obtained 
graph depicted in Fig. 9.25. 

Another example of the matrix A (this matrix enabled to obtain equilibrium 
position of unstable node type), whose elements are 


0.1 0 O 
A=] 0 0.06 0 
0 O 0.01 
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Fig. 9.26 The analytical 
solution, when an unstable 
node is an equilibrium 
position in three-dimensional 
space 


Fig. 9.27 The numerical 
solution, when an unstable 
node is an equilibrium 
position in three-dimensional 
space 


Then roots of the characteristic equation are positive and real, but one of the roots 
is a double root. They are: A; = 0.06, A2 = 0.1, A3 = 0.1. Below (Fig. 9.26), one 
can see the analytical solution graph (Fig. 9.27). 

The graph presented in Fig.9.26 was obtained with the use of symmetry 
principles and selecting the constants, which appear as a result of solving the system 
of differential equations (9.54). 
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Fig. 9.28 The analytical 
solution, when a stable node 
is an equilibrium position in 
three-dimensional space 


9.4.2.2 Stable Node 


The second equilibrium—a stable node occurs, when the matrix A has the following 
components 


—2 11 
A=] 0-11 
1 -13 


Then, the characteristic equations (9.58) possesses also three real roots but all of 
them are negative. They are: 4; = —1, Ap = —2, A3 = —3. Both analytical and 
numerical solutions of this example coincide and they are reported in Fig. 9.28. 


9.4.2.3 Saddle 


A next equilibrium position is a saddle point, which is always unstable. The matrix 
A has the following form then 


0.1 0 0 
A=] 0 0.09 0 
0 0 —0.09 


The characteristic equation (9.58) possesses then three real roots, but they are of 
opposite signs, i.e. two of them are positive and the last one is negative. They are: 
A, = —0.09, A. = 0,09, A3 = 0.1. The analytical solution is depicted in Fig. 9.29. 
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Fig. 9.29 The analytical solution, when a saddle is an equilibrium position in three-dimensional 
space 


The solution is hyperbola, just like in the case of a two-dimensional saddle. In this 
case, when two roots of the characteristic equation are positive and one is negative, 
then the solution approaches the equilibrium position. 

When a solution of Eq. (9.58) is three real roots of opposite signs, but two of them 
are negative and one is positive, then we also have to do with equilibrium position 
of saddle type. The matrix A has the following elements: 


0.1 0 0 
A=] 0 -0.07 0 
0 oO -0.1 


Roots, as one can predict, are following: A, = 0.1, Az = —0.07, A3 = —0.1, and 
the analytical solution with the use of symmetry principles is depicted in Fig. 9.30. 

In Fig. 9.30, similarly to Fig. 5.30, a hyperbola is a solution. This result differs 
from the previous one, since the phase trajectories move away from the equilibrium 
position. Roots of the characteristic equation have influence on this situation, since 
both of them are negative and previously were positive. 
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Fig. 9.30 The analytical 
solution, when a saddle is an 
equilibrium position in 
three-dimensional space 


9.4.2.4 Unstable Focus 


Now, we will consider the cases, when only one root of the characteristic equ- 
ation (9.58) is real, while two remaining roots are complex conjugate. 
When the matrix A has the following components 


0.2 0 0 
A=]| 0 01-1], 
0 1 0.1 


then roots of Eq. (9.58) equal: Ay; = 0.2, Az = 0.1 +17, A3 = 0.1 —i. Then we have 
to do with equilibrium position of unstable focus type. This situation occurs since 
the real root as well as the real parts of complex roots are positive. The obtained 
result is depicted in Fig. 9.31. 

As a result, we obtained spirals stretching along the x-axis. As one can see a 
radius of these spirals grows and moves away from the equilibrium position. This 
type of singularity is called an unstable focus. Verification of this solution is a 
numerically obtained graph depicted in Fig. 9.32. 

The spirals stretching is better seen for a similar matrix A, which also characte- 
rizes an unstable focus, namely: 


0.05 0 O 
A=] 0 0.1 -1.3 
0 1.3 0.1 


The roots are following: 4; = 0.05, Az = 0.1 + 1.37, Az = 0.1 — 1.37, and the 
solution is depicted in Fig. 9.33. 
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Fig. 9.31 The analytical solution, when an unstable focus is an equilibrium position in three- 
dimensional space 


Fig. 9.32 The numerical 
solution, when an unstable 
focus is an equilibrium 
position in three-dimensional 
space 


9.4.2.5 Stable Focus 


Similar graphs, in which phase trajectories approach to the equilibrium position, 
occur in the case of a stable focus, which can be characterized by the following 
matrix 
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Fig. 9.33 The analytical solution, when an unstable focus is an equilibrium position in three- 
dimensional space 


—0.2 0 O 
A= 0 -0.1 -1 
0 1 —0.1 
In this case, a root of the characteristic equation (9.58) is negative. While 
complex conjugate roots have a negative real part: A; = —0.2, A. = —0.1 +i, 
43 = —0.1 —i. Then, the solutions converge to the equilibrium position. This 


situation is illustrated in Fig. 9.34. 


9.4.2.6 Saddle-Node 


Similar graphs of phase trajectories can be obtained in the case of equilibrium 
position of saddle-node type. This singularity occurs when among three roots of 
Eq. (9.58), the real one is negative and real parts of the remaining complex conjugate 
roots are positive. It is possible when the matrix A has the following elements 


—01 0 O 
A=]| 0 0.09 —0.5 
0 0.5 0.09 


The roots are: A; = —0.1,A2 = 0.09+0.57, A3 = 0.09—0.57, and the trajectories 
are presented in Fig. 9.35. 
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Fig. 9.34 The analytical 
solution, when a stable focus 
is an equilibrium position in 
three-dimensional space 


Fig. 9.35 The analytical 
solution, when a saddle-node 
is an equilibrium position in 
three-dimensional space 
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9.4.2.7 Saddle-Focus 


An identical graph but flipped can be obtained if the matrix A has the form 


0.1 0 O 
A=] 0 —-0.1 —0.5 
0 0.5 —0.1 


The roots are: A; = 0.1, A. = —0.1+0.57, A3 = —0.1—0.57. One can see that in 
this case a real root is positive and real parts of the complex roots are negative. The 
singularity of this type is called a saddle-focus, and the phase trajectories approach 
the equilibrium. This situation is illustrated in Fig. 9.36. 

As one can see by the above considerations (just like in the case of phase plane), 
the graphs of three-dimensional phase trajectories corresponding to specific equili- 
brium points depend on coefficients occurring in the characteristic equation (9.58). 
Only they decide about the number of real roots of this equation and their values. 


Fig. 9.36 The analytical solution, when a saddle-focus is an equilibrium position in three- 
dimensional space 


Chapter 10 
Stability 


10.1 Introduction 


If a dynamical system is governed by a system of equations 


dys 
dt 


= Fy(t, v1, y2,---,¥n), S =1,2,...,0, (10.1) 


then a point (1... y,) will be called a phase point, and a space y;... yy will be 
called a phase space. In this chapter, we will consider systems, for which the Cauchy 
theorem holds, which implies that for each point (to, yi0,-.-, Yno) there exists a 
single solution (10.1) satisfying the initial condition ys (9) = ys(0),5 = 1,2,...,n. 
More detailed discussion on this problem, including discussion on critical points and 
curves, for which the Cauchy theorem holds can be found in [191]. The solution 
ys = s(t) is a phase trajectory and the time f is a parameter. 


Definition 10.1 (Lyapunov Stability). A solution y* = y*(¢) of the system (10.1) 
is called stable in Lyapunov’s sense, if for any numbers ¢ > 0 and fp there exists 
56 = 6(€,t9) > O such that all the solutions y, = y,(t) of the system (10.1) along 
with the solutions y*(t), which satisfy the initial conditions 


lys(to) — ys (to)| < 6, (10.2) 


also satisfy the inequality 


lys(t) — ys (t)| <8, (10.3) 


fortp <t<o. 


This means that the solution y(t) is stable, if in any given instant of time fo all 
the solutions y,(t) sufficiently close to y**(¢) lie within any small (but 5-dependent) 
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Ys | Ys" 
y.(t) 


perturbed solution 


ys‘(t) 
unperturbed solution 


- t 


Fig. 10.1 Illustration of the stable solution in Lyapunov’s sense 


epsilon band. It is depicted in Fig. 10.1. It is worth emphasizing that stability of the 
solution y**(t) does not imply its boundedness, and the boundedness does not imply 
the stability. For example, solutions near resonance can be unbounded, yet stable. 

On the other hand, chaotic orbits are characterized by the fact that when they 
start from any close initial conditions they move away from each other exponentially 
(they are unstable) but they stay bounded. Contradicting the definition (10.1) in the 
sense of logic, we obtain the following definition. 


Definition 10.2. A solution y* = y(t) is called unstable in Lyapunov’s sense, if 
for some ¢ > 0, fo, and any 6 > 0 there exist at least one solution y;(t) and the 
instant ¢; = ¢,(6) > to such that 


lys(to) — ye (to)| <6 and |ys(t) — y*(t)| = &. (10.4) 


This situation is presented in Fig. 10.2. 
Definition 10.3. A solution y* = y*(t) is called asymptotically stable as t > 
+o0, if it is stable and the following condition is satisfied 


Jim |ys) — ys()| = 0. (10.5) 


Definition 10.4. If a solution y*(t) is asymptotically stable as tf — +00 for the 
whole considered region of initial conditions, then the solution y; (¢) is called global 
asymptotically stable. 


This means that a region of attraction of y(t) is the whole considered space. 
One can show that it is sufficient to examine stability of a solution for any chosen 
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Fig. 10.2 Illustration of an unstable solution in Lyapunov’s sense 


instant of time fo. If the examined solution is stable or unstable for t = fo, then it is 
also stable or unstable respectively for each instant of time in the considered interval 
of variation of ¢ [77]. Examination of stability by constantly acting perturbations is 
a very important problem, as will be clear hereafter. 


Definition 10.5. A solution y; = y(t) of the system (10.1) is said to be orbital 
stable, if the solution trajectory y,(t) located sufficiently close to the solution y* (t) 
at instant fo stays at distance, no greater than any arbitrarily small number ¢ > 0, 
from this solution. Or equivalently, for each ¢ > 0 there exists such 6(¢, fo), that if 


lys(to) — ¥F(to)| < 8, (10.6) 


then 


P(ys(t), ys 0) <8, (10.7) 


for t > ft and p is a distance between ys(fo) and y;* (to). 


Definition 10.6. A solution y*(t) which is orbitally stable (or stable in Poincaré 
sense) is called asymptotically orbital stable, if there exists such 6 > 0, that for all 
solutions satisfying the condition 


lys(to) — yF(to)| < 8, (10.8) 


the following condition is satisfied 


p(ys(t), ys (t)) > 0, (10.9) 
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*X, 


initial_ conditions 


asymptotical stability 


stability 


instability 
equilibrium position 


Fig. 10.3. Scheme of stability and instability of a solution represented by the origin of the 
coordinate system (equilibrium position) 


as t — oo. This means that the trajectory y,(¢) coincides with the trajectory y;(¢) 
as t > 00. 

It is worth emphasizing that a stable solution (asymptotically stable) in Lyapu- 
nov’s sense will be orbitally stable (asymptotically orbital stable). While orbital 
stability does not imply Lyapunov stability. 

If we consider only perturbations of the unperturbed solution x(t), then we can 
introduce the following definitions of stability. An unperturbed solution is stable if 
for any real value of ¢ > 0 there exists real value of 5 such that if ||x(¢o)|| < 6, then 
\|x(t)|| < ¢ for all t > f. A norm is defined by the formula 


|x|] = Vx x. (10.10) 


An unperturbed solution is asymptotically stable, if lim ||x(¢)|| = 0. Stability 
too 


and instability of unperturbed solutions of equilibrium position on the basis of the 
analysis of perturbations are depicted in Fig. 10.3. 

In the case of analysis of the unperturbed solution y*(t) the scheme of evolution 
of a perturbed and unperturbed trajectory is depicted in Fig. 10.4. 

The above figure differs from Fig. 10.3 by that the origin is time-independent in 
the latter, while in Fig. 10.4 the unperturbed trajectory changes in time. A notion of 
stability in Poisson sense is rarely used. A phase trajectory is called stable in Poisson 
sense, when it is bounded and V;,,+9 and 6 > 0 there exist (sufficiently large) values 
of time ¢;, 0,1,2,..., for which the following inequality ||x(¢;) — x(to)|| < 6, is 
satisfied, where 6 is the neighbourhood of the mentioned singular point. 
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time 


perturbed trajectories (stable solution) 


x asymptotically stable solution 
1 


Fig. 10.4 Stable time-dependent solution 


Definition 10.7 (Lagrange Stability). The system (10.1) is stable in Lagrange 
sense, if each of its solutions exists in time interval f € (¢),00) and its norm is 
bounded in this interval. 


It is worth emphasizing that Lagrange stability concerns stability of a system, 
thus stability of its all solutions (they are stable if they are bounded). As distinct 
from this case, the notion of stability in Lyapunov’s sense concerns single phase 
trajectories and their stability is not connected with the notion of boundedness. Now, 
we give definitions of exponential stability. 


Definition 10.8 (Exponential Stability). A trivial solution of the system (10.1) 
will be called exponentially stable as tf — oo, if for any solution of this system 
{x(t)} = {t; to{xo}} originating from the region ||(xo)|| < 6 the following inequality 
holds 


Ix@|| < L x(t) eo ™, (10.11) 
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where L and @ are some positive constants, which are independent of the choice of 
the solution {x(t)}. 


Exponential stability of a trivial solution implies asymptotical stability. If we 
consider the exponent function exp(Bt), 6 € IR, then the coefficient 8 characterizes 
a function growth and we will call it a characteristic exponent of the function 
exp(Br). In the case of a complex function 


F(t) = Fr(t) + iFi(t), (10.12) 
of real variable t, then a number (or a symbol +00) defined by the formula 


x{F] = lim (1/1) In| FOI, (10.13) 


will be called a characteristic exponent (a notion of a characteristic number 
of a function F(t) has been introduced by Lyapunov), the number taken with 
the opposite sign is a characteristic exponent. It is worth emphasizing that by 
the inequality (10.11) a trivial solution is exponentially stable, if characteristic 
exponents { y[{x(¢)}]} of the solutions {x (t)} of the system (10.1) close to the trivial 
solution satisfy the inequality 


x[x(t)] < —a@ < 0. (10.14) 


Definition 10.9 (Conditional Stability). A solution x*(t) of the system (10.1) is 
called conditionally stable as t — oo, if there exists such k-dimensional manifold 
(in the n-dimensional space) S; (k < n) that, for each solution satisfying the 
condition 


(fo) € Sk. []x(to) — x* (to) || < 8(e), (10.15) 
the following inequality holds 
Ix(Q)—x* || <e for t>bt. (10.16) 


The above definition can be easily generalized on a case of conditional asympto- 
tical stability. 

A solution x*(t) will be called conditional asymptotically stable, if besides the 
mentioned conditions in the Definition 10.9, the following property holds 


Jim ||x(2) — x*(0)|| = 0, (10.17) 


where ||x (to) — x* (to) || < 5, while 5 > 0 is constant. 

The sense of the above definition will be discussed in more detail with the use 
of an example of a system, which can be obtained from (10.1) by Taylor expansion 
and extraction of a linear part 
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dx 

— = Ax+ F(t,x). (10.18) 

dt 
We assume that the constant matrix A possesses k eigenvalues of negative real parts 
and n — k characteristic roots (eigenvalues) of non-negative real parts. Moreover, 
we assume that the function F(t, x) satisfies Lipschitz condition, namely 


| F(t, x*) — F(t, x)|| < L ||x* — xl], (10.19) 


for all f € (—oo,+00), and Lipschitz constant L is sufficiently small. Then, in 
some neighbourhood of the point x = 0 there exist manifolds S Ag and S\_, of 
dimensions k and n —k, and such that for solutions of the system (10.18) the 
following boundary conditions are satisfied: 


lim ||x(¢)|| = 0, if x(0) € SZ, 
i009 - (10.20) 
jim |x (t)|| = 0, if x(0) e Sy ,. 

00 


It is worth emphasizing that the second boundary condition is sometimes used, when 
one seeks position of an unstable equilibrium point or a periodic orbit in the case of 
Poincaré map during numerical calculations. 

The described notions of stability refer only to ideal systems governed by 
ordinary differential equations. In real systems it often happens that the observation 
time of the examined system is finite and sometimes very short. For such examples, 
it is impossible to examine asymptotical stability as tf — +00. Consequently, 
there exists a need for introduction a less rigorous definition of practical stability 
(technical stability). 


Definition 10.10. Consider a system of equations of the form 
x= F(t,x) + R(t,x), (10.21) 


while x(t9) = a. The function R(t, x) is a perturbation constantly influencing the 
system, which is defined as sufficiently small, i.e. || R(t,x)|| < r?, where r is a 
sufficiently small number. 

If all the solutions of the system (10.21) which satisfy the initial condition, i.e. 
they are imposed with inaccuracies determined by the inequality 


lla— bl] = \°G@ - bi)? < &? (10.22) 


i=l 
and with constantly acting limited perturbations R satisfy the condition 


n 


Ale - Ol = obi — 27 OP <2’, (10.23) 


i=1 
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then the solution x*(t) will be called technically stable with respect to limitations 
6”, e* and r?. A region determined by the number 26 will be called a region of initial 
conditions w, while a region determined by the number 2¢ will be called a region of 
admissible solutions Q. 


We will point the differences between the above definition (referring to sys- 
tems with constantly acting perturbations) and a definition in Lyapunov’s sense. 
According to the definition in Lyapunov’s sense, for each region of admissible 
solutions Q there exists a region of initial conditions w (can be selected), so that 
solutions starting from this region stay in the region Q all the time. In the case 
of requirements determined by the definition of technical stability, notions of both 
regions are independent. They can be a result of requirements concerning the quality 
of technological, material conditions, etc. 

In order to make a thorough study of this issue we will consider dynamics of a 
system governed by the first-order differential equation: 


—=y (a? _ y’) , a>d. (10.24) 


A singular solution (equilibrium positions) is obtained by equating the right-hand 
side of (10.24) to zero. The solutions are: 


yr =0, yy=a, y3 =a. (10.25) 


A general solution of the above equation has the form: 


ayoe” M0) 


) an (10.26) 


Ve? — ya) + yperreay 
where y(to) = yO 
lim = y(t) = +a. 
too 


For a = 1, a solution for four different initial conditions is shown in Fig. 10.5. 

Some singular points are stable when they attract solutions, which are within 
their neighbourhoods. And conversely, unstable singular points (or solutions) repel 
solutions, which are within their neighbourhoods. The former will be called 
attractors and the latter repellers [184]. 

With regard to detection of chaotic responses of simple dynamical system, but 
governed by at least a system of three second-order differential equations, it is not 
easy to define an attractor and repeller precisely and there exist several equivalent 
definitions. 

Going back to our dynamical system (10.1) we can observe that its right-hand 
side generates a vector field, while the solution x(t) = ®(f, fo, xo) will be called a 
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Fig. 10.5 Solution to Eq. (10.26) 


vector state. The solution x(t) is a vector, which has its origin in a point x9 = x(0) 
and whose end moves at velocity f(x), which depends on the position. 

Systems governed by differential equations belong to the class of dynamical 
systems with continuous time. If for every initial condition the Cauchy problem 
possesses one solution, then a dynamical system is unique. 

As one can see by the last example, only a small class of differential equations po- 
ssesses analytical solutions and most differential equations are solved numerically. 
With regard to applying of various numerical methods, it is necessary to introduce 
discrete time. Then, one introduces a notion of a dynamical system with discrete 
time (a cascade). A dynamical system (R”, f) can present a cascade (discrete time) 
or flow (continuous time). 

In the case of a cascade, a sequence of successive values of {®"(x)}, n = 
0,1,2,... will be called a trajectory of the point x. If there exists a natural number 
k > 2 and a point xo satisfying the relationship x) = ok (xo), and x9 # @! (x0) 
for 0 <1 < k, then xo will be called a periodic point of period k. A trajectory 
(periodic sequence) is connected with such a periodic point, whose k-element set 
{xo, B(x), ®?(x)... £!(x)?} will be called a periodic orbit associated with a 
point (xo). Each point of this orbit is a periodic point of period k. 

A point x* will be called an w-limit point of the trajectory {®” (x)} if there exists 
a sequence such that lim "" (x) = x*. The set of all w-limit points will be called 


n* 00 
the Q-limit of the trajectory {®” (x)}. 
The compact subset X* of the space R” will be called an invariant set of a 
cascade (R”, ®) if B(x*) = x*. 
The mentioned fixed points, periodic points and sets (2-limit are examples of 
invariant sets. Moreover we add quasi-periodic sets, which are one of {2-limit sets. 
They can occur in a system of at least third order. The simplest case, which is 
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often encountered in technical problems is a harmonically driven linear oscillator. 
Frequencies of free oscillations and excitation are not commensurable, e.g.: 1 and 
./2. In this case, the observation and registration of a stationary state of the system 
each period of the driving force allow to observe a course of a quasi-periodic orbit, 
which is a collection of points constituting the closed curve. 

On the basis of the earlier introduced notions we can make a notion of an attractor 
and repeller clear. All of the mentioned sets, namely fixed points, periodic and 
quasiperiodic solutions can be attractors or repellers. 

An attractor of a dynamical system (R", ®) is a bounded and closed invariant 
set A C R" if there exists such its neighbourhood O(A), that for any x € O(A) 
the trajectory {®" (x)} stays in O(A) and moreover asymptotically approaches this 
point asn — oo. Moreover, a set of all values of x, for which the sequence {®" (x)} 
tends towards the set A is called its set (basin) of attraction. 

A repeller of a dynamical system (R", ®) is a closed and bounded invariant set 
A C R" if there exists such a neighbourhood O(A) that if x ¢ A and x € O(A), 
then no matter the neighbourhood we choose, the property holds such that for some 
1 we have ®* (x) ¢ O(A) fork > 1. 

Recently, one encounters in the literature many examples of both strange 
attractors and repellers, whose basins of attraction or repulsion can possess very 
complicated character and properties [183-—186, 189]. 

The next step in adaptation of definition for the purposes of real dynamical 
systems is to introduce a notion of technical stability in finite time. This problem 
has been stated and solved by Bogusz [52,53]. 


Definition 10.11. Let a dynamical system be governed by Eq. (10.21) with the 
initial conditions x(t) = x9, x € w. Letw C Q C E,, where Q is a bounded 
and closed set, while each point x € w possesses a compact neighbourhood within 
Q, ie. .F ae K(x, R) C Q, where K(x, R) denotes a ball, described in a set E,,, 


with a centre at the point x and the radius R. 

The dynamical system (10.21) will be called technically stable with respect to 
(@, 2) in the finite time 7 > 0, if each trajectory starting at instant fo from the point 
Xo € @ will not leave the set Q within the time shorter that fo + T, v x(t) €Q 

xEwW 


for tf < t < to+7, and this illustrates Fig. 10.6. 


Theorem 10.1. Let a positive definite function V(x) of class C! on Ey be given. If 
the following conditions are satisfied: 


(a) avy) <0, 
forall x(t) € Q/w and0 <t —t <T; 


(b) V(x1,t1) < V(x2, 2), 
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Fig. 10.6 Graphical 
interpretation of 
Definition 10.11 


x(t), t>t,+T 


forall x, € @, X2 € E/Qand0 < ty—t < T, then the system (10.1) is technically 
stable in the time T. 


Proof. Let us denote by fo, t1, t2 and f3 the time of start of a trajectory from the point 
Xo, the time of leave of the set w and set Q, and the end of the observation when the 
trajectory is outside Q (see 10.6). According to the theorem assumptions we have 
0<t—t < T and V(x,t) < V(%2,t). When a trajectory resides in the sets w 
and Q, the energy decreases along the trajectory as time increases, and this means 
that 


Vih)-V() = [ aC) <0, (10.27) 


t1 ot 


and V(t2) <  V(t,), which is in contradiction with the condition (b) of 
Theorem 10.1. a 


Theorem 10.2. Let a positive definite function V(x) be given of class C' onto En. 
If the following conditions are satisfied: 


(a) Vv V(x1,t1) < Co, 0< t} —to < T; 
x1Eo 


(b) V (%2,t)>Ci, O<t,—to < T, where Co < C;; 
dV(x(t)) | C\-C 
(c) dt = “F : 
for x(t) € Q/w and 0 < tp — t) < T, then the system (10.21) is technically stable 
at the time T. 


More examples concerning this problem can be found in the mentioned papers 
of Bogusz as well as in [9]. A definition of stability in technical sense assumes 
that a region of admissible solutions Q, with respect to technological processes, 
requirements, etc. includes a region of initial conditions w. It often happens that 
a trajectory leaves the region of initial conditions @ C Q, which come into the 
region (set) Q and stay there. This means that one can assume that behaviour of 
the system is stable, when the system is in one of the equilibrium positions, from 
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whose neighbourhood trajectories pass to a neighbourhood of another equilibrium 
position. The stability understood in that way comes forward the effective needs of 
technical stability investigations, which extend the range of Bogusz stability. 


Definition 10.12. Consider the system (10.21) with initial conditions x(0) = xo, 
while a function R is constantly acting perturbation, and || R(t, x)|| <r, where r is 
a sufficiently small number. Let m C E, and Q C E,, be two bounded and closed 
regions (Fig. 10.7), while @ ¢ Q. The system (10.21) is called technically stable 
with respect to (w, 2) at the time ¢ > T, if each trajectory starting at the instant 
t = Oat the point x(0) € @ will not leave the region (2 within the time ¢ > T, ive. 
x(0)Eo> AO EQ. 


The above definition has been stated by Szpunar [225]. When one examines 
stability with the use of Szpunar’s method, one can make use of the following 
theorem. 


Theorem 10.3. Assume that there exists a positive definite function H(t — T, x) 
of class C! onto E". If the following conditions are satisfied: H(0,x) = A(x), 
H(t — T,x) — —oo as |x| > © in the interval 0 < t < T, derivative of the 
function H along the solutions of the system (10.21) satisfies 


aH < MC" fort > 0, x ¢ Q* = {x, A(x) $C} (10.28) 


where: M = max H[-T,x(0)], and the following inequality holds for C* 


x(0)Ewo 


M—m<C*<M andC* <C (10.29) 


ooee wwe 
- 
- 
- 


A(x)=C 


A(x)=C* 


Fig. 10.7 Scheme of stability in Szpunar’s sense with marked quantities occurring in The- 
orem 10.3 
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where: m* = ie H|-T, x(0)] and the inequality H(t; —T,x\) < H(t. —T, x2) 
x(O)E@ 


fort) > to, is satisfied x; € Q*, x2 € Q then the system (10.21) is technically stable 
in Szpunar’s sense. 


Radziszewski [203-206] and Stawinski [209-211] contributed to a discipline 
connected with stability of dynamical systems. These works are connected with 
so-called second Lyapunov’s method and the choice of Lyapunov’s function. Many 
recent results point that this method requires the least amount of assumptions, which 
weaken generality of considerations concerning a given system and that Lyapunov’s 
function gives the best estimation of stability. 

Consider the following nonlinear system [210] 


x= f(t» (10.30) 


where f : I x Q > R", I = (t, 00), t > —oo and Q is a subset of R” containing 
the point (0,0). We will assume that f(t,0) = 0 for all t € J. On the basis of the 
mentioned works we will show how one can estimate exponential stability, a set of 
attraction and the so-called exponential index of convergence for the equilibrium 
positions (0, 0). 

An exponential set of stability is defined by the relation: 


= 7 —oa(t—to) 
Qe(to) = 0 EQ: (v,) (,) (y,) |x (t, to, Xo) || < 7 ||xol] e : 


(10.31) 
where || - || denotes a norm of a vector @ € R”. The exponential index of stability is 
a limiting value of the derivative of Lyapunov’s function. 

Vyssh, (10.32) 


where x : R > R", S € M*(R), and M;*(R) is a set of symmetric positive 
definite n x n real matrices. Derivative of the function V(x) reads 


: x, Sf(t, x 
V(it,x) = OATES). (10.33) 
IIxlls 
Before we go further, let us consider a simple particular case 
x = Ax, (10.34) 
where A C M,,(R). For this case, Eq. (10.33) takes the form: 
. ,SA 
io. 2 (10.35) 


Ilxlls 
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According to Lyapunov’s definition the system (10.34) is exponentially stable if and 
only if there exists such y that the following inequality holds 


V(x) < yV(x), (10.36) 


for all x € R”. Assume that we choose y in the following way 


(10.37) 


V (x) (x, SAx) 
', = su = su . 
ee) SH 


The system (10.34) will be called exponentially stable if there exists a positive 
definite symmetric matrix S, such that y < 0. It is worth emphasizing that for the 
system (10.34) and matrices S the values of y; can be non-negative, in that case it is 
interesting to make such a choice of a matrix S that the value of y, is minimal, i.e. 
solve the equation 


foe nf (x, SAx) 


a (10.38) 
SEM," (R) (x, Sx) 


A matrix So satisfying (10.38) will be called a best matrix for the linear sys- 
tem (10.34). In general case, such a matrix may not exist. If the matrix A has a 
complex structure, then the matrix So can be singular and Sy ¢ M,*(R). One can 
prove that 


y = max Red ; (A), (10.39) 
j 


where A ; (A) is an eigenvalue of the matrix. The condition y < 0 is a necessary and 
sufficient condition of exponential stability of a system. In the case of the considered 
linear system, a choice of the best matrix S is given by the following lemma 


Lemma 10.1. A best matrix So for the linear system (10.34) is a matrix determined 
by the equations Sy = X* X, where X is a matrix of eigenvalues, which correspond 


to the eigenvalues of the analysed system, and X* = x. 


In what follows we consider a system described by differential equations of the 


form 
x] _ 0 1 xX] 
el=[22]L2) (040 


where a € R is some parameter. A determinant of the matrix occurring in (10.40) 
has the form 


| =0, (10.41) 
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and this leads to the characteristic equation 
A? -—2aA+1=0 (10.42) 
Roots of the above equation are 
Min =at Va2-1, (10.43) 
and the following equality holds A,;A2 = 1. 


According to the lemma, let us look for a matrix of eigenvalues corresponding 
the eigenvalues A; and 2 which can take two forms. The former has the form 


Ip O 1] _ JA: 0 1 p 
Palbea alee (10.44) 


and this leads to the following equations 


p= —,,1+2pa= dp, 
q= —Ad, 1+ 2qa= Arq. 


Consequently, the sought values p = —A,, g = —Az and the above two equations 


(see the characteristic equation) are identically satisfied. A sought matrix X has the 
form 


eae 
Xa = E ma (10.45) 


The following matrix equation presents another form of a matrix composed of 


eigenvectors 
1 p 0 1 A, 0 1 p 
= 10.4 
Pile kale oe 


and this leads to the following system of algebraic equations 


p=-, 1+2pa= dp, 
g= l/r. =, g4+2a= dd. 


Finally, the sought matrix has the form 


is oh 
Ka=|_), a (10.47) 
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According to the lemma for |a| > 1 we have 7 = a + Va? —1 and the sought 
matrix So has the following forms: 


so} io} 1-A|_, 1 — Gata) 
a —A, —Az 1 —A, 7 — ath) a) 


and 


52 = 1 —A; 1 -A; =% ma Ai 
0 1; 1 —), 1 =e 14d; |’ 


and taking into account the dependence A; .2(a) we have: 
(10.48) 


where k? = ad. Substituting the obtained values of the matrix into (10.38) we get 
y=. 
Consider a limiting value of a derivative of Lyapunov’s function of the form 


S(t, 
Ys(P) = sup sup S72) (10.49) 
rel xeBs (x, Sx) 
where BS = {x € R": ||x||s < p}. 
According to Krasowski theorem concerning the exponential stability (see 
[138]), if there exists S € M;*(R) and p > 0 such that 


ys(p) < 0, (10.50) 


then the trivial solution (10.34) is exponentially stable and B ; € Q.(to) for each 
to € I. If there exists S € M,*(R) and p > 0 such that 


Y(e) = lim (p) <0; (10.51) 


then a trivial solution of the system (10.34) is exponentially stable. In [210], the 
time duration of the transient process is given. The time needed to reaching the 
neighbourhood of the equilibrium position for any two sets Q; = {x : ||x|ls = pi} 
i = 1,2,... such that p2 < p; < op. If the condition (10.50) is satisfied, then 
time duration of a transient process can be estimated directly with the use of the 
introduced notion of a limiting value of derivative of Lyapunov’s function in the 
following way: 
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1 
Ts( fis p2) = — = a (10.52) 


ys(p) pi 


The time needed to overcome the distance between x € B® and the equilibrium 


position decreases k-times in the sense of a norm || - || if 
p22 (10.53) 
“e ~  ys(p) 


The value of the exponential index of convergence depends on the matrix S if for 
ys(p) < 0. The less value ys(p), the better estimation is of Q.(to) and ‘ea p We 
demand the following minimal value of an exponential index of convergence with 
respect to the matrix S € M;*(R) 


7,= inf ys(p). (10.54) 
SEM," 


An analytical solution of such a stated problem can exist only for some systems of 
several degrees-of-freedom. In the case of nonlinear system the problem reduces to 
numerical determination of extremal values of the function 


_ SFE) 
q(t, x) = “say (10.55) 


A dimension of such a stated problem of optimization (10.54) is (n? + 3n)/2, where 
n is a dimension of the considered phase space. If the matrix S is known, then the 
dimension of the problem is n + | and it is a linear function with respect ton. So in 
order to decrease the dimension of the optimization problem we assume the matrix 
So (which is a linear part of the analysed system) as the best one of the matrices S 
occurring in (10.55). We will estimate the set of attraction and the exponential index 
of convergence for an equilibrium position after the linearization of the system 


f(t, x) = Ax + h(t, x), (10.56) 


where: A € M,,(R) andh : I x R, — R, is a continuous function at the point (f, 0) 
and lim ae = 0 with respect to the time ft, where || - || is an arbitrarily chosen 
x—> 


norm. Taking into account (10.49) and (10.50) we obtain 
(x, SAx) + (x, SA(t,x)) _ 


1 
Ys = lim sup sup = max Re); [543 + 4s)| : 
p> rel yes (x, Sx) i gs 


(10.57) 
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where As = S!/?AS~'/?, If § = Sy = X*X and X satisfies the equation 
XA = AX, then 


Ys) = max Red; (A) < 0. (10.58) 


The exponential index of convergence ys, is a non-decreasing function of p. 
Taking into account the condition (10.50) and performed calculations one can state 
the following theorem: 


Theorem 10.4. /f max ReA;(A) < 0 and lim ee = 0 with respect to t, then a 


trivial solution of such system (10.32) is exponentially stable and BS € Qe(to), 
where Sy = X*X and 


po = sup{p : ys(p) < Of. (10.59) 


The above theorem is a good tool to estimate an exponential index of convergence 
and a set of attraction of the trivial solution. As can be seen by the mentioned 
definitions of stability, very serious difficulties arise by precise determination of 
many factors connected with real objects. Glendinning [99] states that there are 
about 60 different definitions of stability. 

Despite the fact that discussion of these definitions is not a goal of this 
chapter, we will describe one more definition, which is one of the classical ones 
(besides Lyapunov [159], Poincaré [201, 202]). The definition has been given by 
Zhukovskiy [253]. Lyapunov’s definition refers to analysis of a trajectory from 
neighbourhood of the examined one, whereas the Poincaré definition concerns 
a distance between neighbouring trajectories and the examined trajectory in the 
phase space. The Zhukovskiy definition seems to gather advantages of both of the 
mentioned definitions. In the case of the stability analysis of equilibrium positions 
all three definitions are equivalent. 

With regard to detection of chaotic orbits, it turns out that applying two first 
definitions to evaluate the stability of chaotic orbits is not satisfactory. The main 
idea of Zhukovskiy’s method is to estimate the distance between neighbouring 
trajectories on a piece of a surface, which is perpendicular to one of the trajectories 
[154], and this allows to introduce a completely new conception of linearization. 
In order to introduce a notion of Zhukovskiy stability we introduce the following 
class of a homeomorphic mapping. Let us recall a notion of homeomorphism: if 
X and Y are topological spaces, then a homeomorphism is called a continuous, 
bijective mapping between two spaces X and Y, and the inverse mapping is 
continuous as well. Two topological spaces will be called homeomorphic if there 
exists homeomorphism, which maps one space into another one. 


I = {t|t : [(0, +00) > (0, +00), r(0) = O}}, (10.60) 


while the function I’ will play a role of a parameterizing factor of the trajectory x(t). 
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Definition 10.13 (Zhukovskiy’s Stability). A solution x(t) = x(t, xo) will be 
called stable in Zhukovskiy sense if V he ; for any yo € Bs(xo) (Bs(x) is an 
e>0 0(€)> 


open ball of a radius 6 and its centre x) one can find two parameterizing factors 
T1, T € I such that for all ¢ > 0 the following inequality holds: 


|x (t1 (0), X0) — x(t), Yo) || < e. (10.61) 


Next definitions concern asymptotical stability and non-stability in Zhukovskiy 
sense. 


Definition 10.14. A solution x(t) = x(t, xo) is asymptotically stable in Zhukovski 
sense if one can find such 69 > 0, that for all yo € Bs,(xo) there exist two 
parameterizing functions T, f2 € I’, that the following condition is satisfied: 


am \|x (1 (2), Xo) — x (t2(t), Yo) || — 0. (10.62) 


Definition 10.15. A solution x = x(t, xo) is called unstable in Zhukovskiy sense as 
t — +00, if there exists such e > 0, that for any 6 > 0 one can select yo € K5(x0) 
in the way that for any two parameterizing function t;,t2 € M and for the first 
T, = 0 following inequality holds: 


Ix (u(t), Xo) — x(t2(t) yo) || = €. (10.63) 


As was mentioned, in the case of stability analysis of equilibrium position 
Lyapunov’s, Poincaré and Zhukovskiy’s definitions are equivalent. 

Consider a periodic solution x = x(t, x9), ie. an image of this solution in the 
phase-space is a closed curve. 

In this case, one can see the essential differences between definitions in Lyapunov 
and Poincaré sense, as was mentioned earlier. Assume we will consider an autono- 
mous conservative harmonic oscillator. Then the perturbed solution with respect 
to the examined periodic solution will be also periodic. Thus, an arbitrary small 
perturbation makes a solution transfer from one closed curve to another one in the 
phase space and it is stable in Poincaré sense. However, it is not stable in Lyapunov 
sense because the periods of the mentioned orbits are distinct. For the considered 
case, Zhukovskiy’s definition is equivalent to Poincaré but not to Lyapunov’s one. 

Consider a more general situation, when the analysed trajectory is neither 
periodic nor degenerate periodic orbit, i.e. an equilibrium position. In the considered 
case, a phase point belonging to the perturbed solution can leave neighbourhood 
of a segment of the analysed trajectory so as to find itself in ¢ neighbourhood of 
another segment of the trajectory. In this case, a trajectory is unstable in Zhukovskiy 
sense, though distances between phase points belonging to the perturbed and 
unperturbed orbit remain arbitrarily small. Thus, the solution is stable in Poincaré 
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sense. Many other examples, which point out usefulness of applications of the 
Zhukovskiy definition (in particular, to analysis of stability of quasi-periodic or 
chaotic trajectories) have been discussed in [154]. 


10.2 Lyapunov’s Functions and Second Lyapunov’s Method 


If 
xs(t) + ys(t) = ys(t), (10.64) 


then substituting (10.64) into Eq. (10.1) we get 


Ge = Xs(t,X1,...%n), S = 1.0.50, (10.65) 


where 
Xs(t,X1,.--,Xn) = Fs(t,x1 + yp,---,Xn tH IVn) — Fs(t, ys... Ye): 


The quantities x(t) are understood as perturbations of the analysed (unperturbed) 
solution y¢(t). It is noteworthy that the solutions x5 = 0 of Eq. (10.64) (which are 
called equations of perturbations hereafter) correspond to the solution y¢(¢). Thus, 
stability analysis of the solution y§(t) reduces to the analysis of a trivial solution 
(equilibrium position) of equations of motion of a perturbed system which are also 
called reduced equations. 

Now, we will introduce some notions and definitions, which are necessary for 
further considerations. 


Definition 10.16. A scalar, real and continuous function V(t, x ,...,X,) is cal- 
led a weak definite (positive or negative) function, if V(¢,x),...,%,) = 0 or 
V(t, X1,...,Xn) < 0, respectively. 
Definition 10.17. A function V(t, x),...,x,) is called positive definite if there 
exists a scalar function W(x,,..., X,) such that 
V(t, X1,---,Xn) = W(X,..-, Xn) > 0, (10.66) 
V(t,0...,0) = W(0,...,0). (10.67) 


Similarly, we define a negative definite function V. 
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W(x ;,X2)=C 


Cc | 4 | 
ba . [ V(t,x4,X)=C 


<< Xs Xs 
’ 


Fig. 10.8 Illustration of a positive definite function for a two-dimensional system 


Definition 10.18. If there exists W(x,,...,x,) such that: 


V(t, X1,---,Xn) < W(x1,...,X%n) < 0, (10.68) 
V(t,0...,0) = W(0,...,0) = 0, (10.69) 
then the function V(t, x|,...,X,) is called negative definite. 


A positive or negative definite function is called sign definite. One can show that 
if V(t, x1,...,X2) = V(x1,...,X,) is a sign definite function, then there exists such 
a number H > 0, for which all the surfaces V(x,,...x,) = C are closed around 
the point (0,...,0) for |C| < H. If there is time in the function V, then though 


the surfaces V(t, x1,...,Xn) change as time flows, after a suitable selection of 
C the surfaceV(t, x1,..., X;,) stays within the region surrounded by a closed surface 
W(x1,...,%,). For a system of two variables one can give a graphical illustration 


(see Fig. 10.8). 

When one examines stability by means of Lyapunov’s method one needs to relate 
a function V(t, x;,...,X,) to the reduced system (10.65). If a variable (x|,..., Xn) 
of this system is the same variable occurring in the function V(t, x;...,x,), then 
the function 


n 


: aV aV 
V(t, precy Ay) = ZS —X; t, Toeee5XnJs 10.70 
(0.15. 5%n) an + 2 aay (t,.Xj,-+5%n) (10.70) 
is called an exact derivative of the function V(t, x;,...,X,) with respect to time f, 


associated with the reduced system. 


Theorem 10.5 (First Lyapunov’s Theorem). /f for the reduced system (10.64) 
there exists a scalar function V(t, X,,...,Xn), defined up to a sign which possesses 
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a time derivative V(t, X1,...,Xy) and is associated with the system (10.64), and is 
a function of a constant sign, which is opposite to the sign of V or is identically 
zero, then a trivial solution (x,,...,Xn) = (0,...,0) of this system is stable in 
Lyapunov’s sense as t > +o. 


Theorem 10.6 (Second Lyapunov’s Theorem). Let for the reduced system (10.64) 


exist a function V(t,X1,...,Xn), defined up to a sign which possesses a time 
derivative V(t,x1,...,Xn), defined up to a sign, which is opposite to the sign of 
V, then a trivial solution (x1,...,Xn) = (0,...,0) of this system is asymptotically 


stable in Lyapunov’s sense as t > +00. 


Theorem 10.7 (The First Theorem on Instability). Let for the reduced 
system (10.64) exist a function V(t,x,,...,%,) such that its derivative 
V(t, x1, ...,X,) with respect to t, associated with this system, is definite and 
can attain, in the neighbourhood of zero, values of the same sign as the function 
V(t, X1,...,Xn) does, then a trivial solution (unperturbed solution) is unstable. 


Theorem 10.8 (The Second Theorem on Instability). [f for the reduced 
system (10.64) one can find a bounded function V(t, X1,...,Xn), whose derivative 
can be transformed into the form 


V=AV4+W, (10.71) 


where A is a particular constant positive number, W = 0 or is a particular weak 
definite function and if the function V(t, X1,..., Xn) is not weak definite of opposite 
sign to the function W, then a trivial solution is unstable. 


Two first Lyapunov’s theorems and the first theorem on instability allow for a gra- 


phical illustration. If the function V(t, x;,...,X,) and its derivative V(x, ig Ha) 
are definite and of opposite signs functions, then a phase point moving along the 
phase trajectory intersects each surface V(x, ...,X,) = C from outside, since the 


function V values should decrease. In this case, phase trajectories should approach 
the origin of the coordinate system (Fig. 10.9a). 

Finally, in the case of fulfilment of conditions concerning the first theorem on 
instability, a phase point moving outward the curve (Fig. 10.9c) intersects the surface 
V(t, X1,...,Xn) = C. The case from Fig. 10.9b is particular, since V =0. 

As can be noted, one assumed that the derivative V(t, X1,...,X,), associated 
with the system, whose stability we want to determine, is weak definite at some 
neighbourhood of the origin. In order to show that a dynamical system is unstable 
it is sufficient to show that there exists at least one trajectory, which has its origin in 
the neighbourhood of an equilibrium position and the trajectory moves away from 
this point. It is not necessary to take into account the whole neighbourhood of the 
equilibrium position. 


Theorem 10.9 (Chetayev Theorem). Let for the reduced system (10.65) exist a 
function V(t,x1,...,Xn), which possesses continuous partial derivatives of first 
order and whose projection of its cross-section on the plane (0,X1,...,Xn) is not 
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a a b - 
x. V>0 X> V>0 
(X+0sX20) i V<0 /=0 
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Fig. 10.9 Graphical illustration corresponding theorems on stability and instability 


an empty and closed set, and its boundary includes the origin of the coordinate 
system and moreover on the boundary V(t,x\,...,Xn) = 0. If the function 
V(t, x1,...,Xn) is bounded in a region of projection and has a derivative in this 
region Vit, X1,...,Xn,) associated with the system (10.65), provided that in each 
subregion of this region for which V(t,x,,...,Xn) = @ > O the inequality 
V(t,x1,...,Xn) => B > O holds, where B = B(q) is a certain positive number, 
which depends on a positive number a, then a trivial solution of the system (10.65) 
is unstable in Lyapunov’s sense as t — +00. 


Projection of the cross-section of function V(t,x,,...,X,) on the plane 
(0,x1,...,Xn) is depicted in Fig. 10.10. The origin belongs to the boundary 
of this projection. If there exists an internal point (ovas” seek x) such that 
0 < |[{x] < 5, and V(to, x0, eae x) =a > 0, V(t, x(t), ...,Xn(t)) > 0, 
then the projection of the trajectory, which has its origin in the cross-hatched region 
will leave this region. 

Consider the reduced system (10.64) again. If a trivial solution of this system 
is global asymptotically stable, then it is asymptotically stable in Lyapunov’s sense 
and its region of attraction is the whole space. 

A function V(t, x),...,X,) will be called infinitely large, if for an arbitrary 
positive number a there exist a positive number R such that the inequality 
V(x1,.--,Xn) > @ holds for all x;,..., xX, lying inside a ball of radius R. 


Theorem 10.10 (Barbashin—Krasovskiy Theorem). /f there exists a positive de- 
finite, infinite function V(x,,...,Xn) and such that its derivative associated with 
the system (10.65) is a negative definite function (while dV/dt = 0 holds for 
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Fig. 10.10 Graphical , 
illustration of Chetayev’s 
theorem 


V>0 


x; 


V=0, 


(X1,---,Xn) = (0,...,0)), then a trivial solution of the system (10.65) is global 
asymptotically stable. 


The above theorem concerns necessary and sufficient conditions of a system 
stability in Lagrange sense. 


Theorem 10.11. /¢ is sufficient and necessary for the system (10.1) to be stable 
in Lagrange sense if there exists a function V(t, y1,..., Yn), which satisfies the 
following conditions: 


(4) V(t. Yis--+,YnJZWO1,--- Yn), and W(y1,-.-,Yn)J—>00 for (N1,---. Yn) 
|| 00, 

(b) for any expansion ys(t;to, Y10,---,¥n0), S = 1,...,n a function V(t, ys) is 
non-increasing with respect to t. 


This last condition is equivalent to the condition V(t, Vi,-++;¥n) < 0, where V 
is a derivative of a function associated with the analysed system. 
Consider a very general nonlinear oscillator described by the following equation 


¥+ pits + q(t) f(x) =0, (10.72) 


with the following initial conditions: p(t), g(t) and f(x) : 0 < g(t) < M, p(t) = 
—q/2q and [> f(x)dx = +00. 

One can show that solutions and their derivatives of this equation are bounded 
for t € [to, oo]. Let us transform the system (10.72) into two first-order equations of 
the form 


ee (10.73) 
a7’ ; 
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d 
_ = —pt)y —q@) fa). (10.74) 


We assume the following form of the function V: 


Vit.x@), 9) = [~ fot + 3 a (10.75) 
and since q(t) < M, then we assume 
x 2 
wor= f soae+ 2. (10.76) 


where: V(t, x, y) > W(x,y) and W(x, y) > +00, when x? + y? > oo. 
Next, we calculate the derivative associated with the system (10.72) 


dV(t,x,y) y?q 
3, ley ay |= os (10.77) 
dt 2q 
and after transformations we obtain the inequality 
ae q 
f= >=(po- aq) (10.78) 


According to the inequality p(t) = —q/2q, taking into account the assumption that 
q > 0, we obtain Vit, x(t), y(t)] < 0, and this proves boundedness of x(t) and x(t) 
in the interval (0, 00). 

Now, we give a few theorems concerning characteristic exponents. Proofs of the 
theorems can be found in the monograph [77]. 


Theorem 10.12. A characteristic exponent of finite sum of functions fin(t) (m = 
1,...,M) is not greater than the greatest one of the characteristic exponents of 
each of the sum components. 


Theorem 10.13. A characteristic exponent of product of the finite number of 
functions fn(t)(m = 1,...,M) is not greater than the sum of characteristic 
exponents of these functions. 


A characteristic exponent of a matrix [Fj (t)] is said to be a number or symbol 
(oo) defined by the formula 


XIF] = mae MF i KO). (10.79) 


Theorem 10.14. A characteristic exponent of the sum of finite number of matrices 
does not exceed the largest one from among characteristic exponents of these 
matrices. 
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Theorem 10.15. A characteristic exponent of the product of finite number of 
matrices is not greater than the sum of characteristic exponents of these matrices. 


A solution {y(t)}, which is not a trivial solution of the system (10.65) is 
exponentially stable, if the solution and close solution x(t) for t = {9 satisfy the 
inequality 


IIx(@) — yO] < L xo) — y(t) eo P™, (10.80) 


for t > to and for particular positive constants L and f. 

For a homogeneous linear system of constant coefficients, the asymptotical 
stability of its trivial solution implies the exponential stability. In general it is not 
true, when the coefficients are variable. 


Theorem 10.16. [f there exists a positive definite quadratic form 


V(xX1,.--,Xn) = (Ax, x), (10.81) 
whose derivative V (x1, ...,Xy) associated with the reduced system (10.65) satisfies 
the inequality 

V (x1,---5Xn) < W(x1,...,%n)s (10.82) 
while 
W(x1,.--,Xn) = —(Bx, x), (10.83) 


is a negative definite quadratic form, and matrices A and B are constant and 
symmetric, then a trivial solution of the system (10.65) is exponentially stable as 
t > 00. 


Now, we will examine the stability with the use of Lyapunov’s function. 


Example 10.1. Examine the stability of equilibrium positions of a pendulum 
governed by the equation 


o+a’ sing = 0. 


The above equation is transformed into a system of two first-order differential 
equations 


do _ 
ag" 


dv 
dt 


=-a’ sing. 
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First, we will consider a more general problem, namely a dynamical system of the 
form 


GO ess 
dt — 
dv 


a = FO): 


(*) 


We will show that if F(@) is a function satisfying two conditions 
F(0) =0, 


oF (¢) > 0 for ¢ £0 


then the equilibrium position ¢ = v = 0 is stable. One can observe that the system 
(*) possesses a first integral of the form 


v2 ¢ 
_ +f F(O)do=C. 
2 Jo 
Differentiating th above relation yields we get 
vdv + F(¢)d¢ = 0, 


and this follows from Eq. (*). In the interval (0, ¢) the function F(¢) > 0, and this 
means that 


g 
i, F(é)dg>0 
for @ 4 0. Hence, a function 
2 g 
vier =—+ f Fe@ds (x) 


is positive definite. Its derivative reads 


dV ow 
dt d¢ 


ov 
v- F F(@). 
v 
Therefore, we get 


dV 


Ty = F(b)y — VF (O). 
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According to the first Lyapunov theorem (Theorem 10.1) the equilibrium position 
¢ = v = Ois stable, since the function V is identically zero. 

Now, let us go back to our studied system. The system possesses infinitely many 
equilibrium positions of the form (¢, v) = (kz,0) fork = 0,1,2,.... With regard 
to periodicity of a function sin @, it is sufficient to examine only one top and bottom 
position of the pendulum, i.e. (0,0) and (z, 0). Let (go, vo) be a particular solution 
we want to examine. Then, we obtain 


d 
core) =vo+ v, 
fore) = —a"(sin go cos p + Cos Po sin), 


since for small @ we have sing ~ ¢ and cos@ ~& 1. 
After linearization we have 


dp _ 
“a 
dv 7 
a —a~ cos do. 
Solutions of the latter equations are sought in the form ¢ = Ae*’, v = Be*’. We 
obtain the following characteristic equation 


rv —1 
=M+a = 0, 
a? cosdo A | aries en 
For the top position, ie. (7,0) we have A = +a and since a > 0, then 


the equilibrium position is unstable. For the bottom position, i.e. (0,0) we have 
A = tia and stability of the equilibrium position can be examined by means of 
Lyapunov’s function. According to (**) we have 


- o — 
V(¢,v) = of +f aw sincds = z +a°(1—cos¢). 
0 


A function V(@, v) is positive definite. Let us examine its derivative 
dV(p,v) _ 


cP = —va’ sing + singa’v = 0. 


Thus, according to Theorem 10.1 the equilibrium position ¢ = v = 0 is stable. 


Example 10.2. Examine stability of a solution (0, 0) for a dynamical system 
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d 
_ =ax? + by, 
d 
_ =cx + dy’, 


provided that a < Oandd < 0. 


By the linearized equation we have 


dx 
— = by, 
dt e 
dy 
— =cx, 
dt 
hence we get the characteristic equation 
Ab 
=)?-—bc =0. 
cr | 7 
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(*) 


If bc > 0, then the examined equilibrium position is unstable. If bc < 0, then by 
Eq. (*) we get purely imaginary complex conjugate roots Aj. = +i Vbc, and this 
corresponds to the critical case. Examination of stability of an equilibrium position 


should be performed with the use of Lapunv’s function. 
We seek Lyapunov’s function of the form 


V(x, y) = A(x) + Ar(y), 


where A;(0) = A2(0) = 0. Derivative of this function reads 
dA 
——(ax? + by) + ace eres dy’). 
x dy 


We want function ay to have the following form 


dA, dA, 
ae + dy = 0. 


By the latter equation we get 


by cx 1 
dA, Ay” 
dy dx 2 


where one assumed that the ratios should equal 1/2. By Eq. (+) we obtain 


(*) 
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dA» 
a = 2by, 
ea = —2cx 
dx , 
and integrating we obtain 
Ay = by’, 
A, = -cx 


If these expressions are taken into account in V(x, y), then we get the sought 
function 


V(x, y) = by? — ex’. 


Its derivative is 


a“ = 2bdy* —2acx®. 

If the parameters b and c are of distinct signs, then V(x, y) is a function determined 
up to a sign, since it is everywhere positive or negative except at the pointx = y = 
0. The function V has zeros different from x = y = 0, when the conditions are 
satisfied bdy* = acx®. Ifa <0,d < Oand be < 0, then the trivial solution (0, 0) 
is asymptotically stable. 


oO 


10.3. Classical Theories of Stability and Chaotic Dynamics 


A natural question arises whether introduced classical theories of stability and 
instability can be applied to analysis of perturbed chaotic orbits? This problem was 
investigated by Leonov [154]. Firstly, let us introduce a definition of invariance of a 
set K. 


Definition 10.19. We say that a set K is invariant, if x(t, K) = K for any t, while 
x(t, K) = {x(t, Xo) lex} 


An invariant set is generated by already described continuous systems (of continu- 
ous independent variable) 
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Tay, we R (10.84) 
| oa 


or discrete ones (cascades with the independent variable t = 0,1,2,...), 
x(t +1) = F(x(t)), (10.85) 


where: x € R” and F(x) is a vector function. 


In mathematical sense, if for any xo a trajectory x(f,xo) for tf € (0,+00) is 
uniquely determined, then we say that Eqs. (10.84) and (10.85) govern a dynamical 
system. 

Now, on the basis of Leonov’s work [154], we extend classical theory of stability, 
referred not to single trajectories but to invariant sets. 


Definition 10.20. We say that the invariant set K is locally attracting (attractor), if 


for some neighbourhood of e this set K(e), the following condition is satisfied 


lim p(K,x(t,xo)) =0, V € K(e), (10.86) 
t—>+00 x0 


where @ is a distance between a point x and the set K. The distance is defined by 
the formula 


K,x) = inf ||z- 
p(K, x) = inf ||z— x], 
where ||-|| is an Euclidean norm in R”, and K(e) is a set of points x, for which 


p(K,x) <e. 


Definition 10.21. We say that the invariant set K is a globally attracting set if 


lim p(K,x(t,xo)) =0,V eR". 
—>+00 x0 


t 


Definition 10.22. We say that an invariant set K is locally uniform attracting, if for 
any number 6 > 0 and a bounded set B C R” there exists such a number ¢(6, B), 
that the following relation holds 


x(t, B) C K(6), Vt = t(6, B). 
A graphical interpretation of Definition 10.22 is illustrated in Fig. 10.11. 


Note that if the neighbourhood K(¢) grows and covers R”, then BM R” = B. 


Definition 10.23. We say that the invariant set K is global uniformly attracting, 
if for any number 6 > O and bounded set B C R” there exists such a number 
t(6, B) > 0, that the following relation holds 
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—— 


K(6) x(t,x,) 


t=t(5,B) 


Fig. 10.11 A set K being local uniformly attracting 


Fig. 10.12 A set K being 
global uniformly attracting 


x(t,B) C K(6), Vt >t(6, B). 


The above definition implies that a trajectory starting from any point of the set B 
will reach the set K(6) and stay there (see Fig. 10.12). 


Definition 10.24. We say that an invariant set K is stable in Lyapunov’s sense if for 
any number ¢ > 0 one can find such a number 6 > 0, that the following relation 


holds 
x(t, K(5)) Cc K(e), Vt => 0. 


An illustration of this theorem is depicted in Fig. 10.13. 
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Fig. 10.13 A set K being 
stable in Lyapunov’s sense 


Referring to the earlier introduced notions of stability one can come to the 
following conclusions (proved in the monograph of Leonov [154]): 


(i) For continuous dynamical systems, Lyapunov stability implies Zhukovskiy 

stability, and Zhukovskiy stability implies Poincaré stability. 

(ii) For discrete dynamical systems, Lyapunov stability implies Poincaré stability. 

(iii) In the case of equilibrium positions, all the introduced notions of stability are 
equivalent. 

(iv) In the case of periodic orbits of discrete systems, the notions of Lyapunov and 
Poincaré stability are equivalent. 

(v) In the case of periodic orbits of continuous systems, the notions of Poincaré 
and Zhukovskiy stability are equivalent. 


It follows from the analysis of chaotic orbits that perturbed orbits are sensitive 
on perturbations and characterize of rapid mutual repelling. The considerations 
performed in monograph [154] imply that periodic orbits, in the case of continuous 
dynamical systems, can be stable in Poincaré and Zhukovskiy sense but unstable 
in Lyapunov’s sense. On the other hand, orbits repelling each other (chaos) can be 
stable in Poincare sense. Moreover, Leonov comes to conclusion, on the basis of 
examples, that from among classical notions of instability the ones in Zhukovskiy 
and Lyapunov senses are the best choices for analysis of strange chaotic attractors, 
respectively for continuous and discrete systems. 


Chapter 11 
Modelling via Perturbation Methods 


11.1 Introduction 


Asymptotical methods, including perturbative ones, belong to the methods com- 
monly applied in physics, applied mathematics and engineering sciences. 

In this chapter, we will limit ourselves to analysis of only a few simple examples 
on the basis of modelling with the use of classical perturbative methods. Many 
monographs and thousands of scientific articles are devoted to this problem (see, 
for example, [7,24]). 

Before we start considering particular examples of modelling, we will briefly 
mention the advantages and disadvantages of asymptotic modelling. 

The advantages include the following features of asymptotic methods: 


(i) asymptotic methods are closely related to the examined physical process; 
(ii) they enable to obtain solutions in analytic forms; 
(iii) they enable to determine many important features of the sought solution; 
(iv) they enable the unique mathematical approach to many various physical 
problems; 
(v) they allow for initial estimation of possible solutions, which can be more 
thoroughly analysed via numerical methods; 
(vi) they enable to construct solutions by means of combined methods, i.e. 
asymptotical and numerical ones. 


The disadvantages include: 


(i) it is difficult to estimate an error connected with a construction of an approxi- 
mated solution; 
(ii) the proof that an asymptotic series is convergent to a real solution is very 
laborious; 
(iii) there are no general rules concerning the choice of perturbative parameters, so 
it depends on intuition and experience of a researcher. 
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It is worth emphasizing that a small perturbation parameter, which plays a 
key role by evaluation of asymptotical convergence of series, can have a physical 
interpretation or can be introduced artificially. 

The ideal for application of the asymptotic method is to introduce an artificial or 
small physical parameter ¢, so that the problem can be reduced to the analytically 
solvable problem for ¢ = 0. 

In spite of the standard classical approaches, there exists also a few new methods 
allowing to eliminate a small perturbation parameter, and hence to extend a validity 
of the obtained results. The mentioned approaches include the multiple scale 
methods [180] and its further modifications [134], max—min approach [118] and 
improved amplitude-formulation [117], homotopy perturbation method [116] and 
parameter-expanding method [119]. 


11.2 Selected Classical Perturbative Methods 
11.2.1 Autonomous Systems 
11.2.1.1 The Krylov Method 
Consider a system governed by the equation 
§ + oy = €Q(). (11.1) 
For the sake of simplicity, we assume that O(0) = 0, and this means that y = Ois 


an equilibrium position. The function Q(y) can be expanded around the equilibrium 
position, while (dQ /dy),=0 = 0. A solution of Eq. (11.1) is sought in the form 


K 
y = yolt) + de yx(t). (11.2) 
k=1 


Additionally, in order to eliminate so-called secular terms (unbounded growth in 
time) one introduces the series 


K 
a =a5 +> ckay. (11.3) 
k=1 


Taking into account (11.2) and (11.3) in (11.1), we get 


K K K K 
yoet de + (0? Yost) ret =20 (Soon). (11.4) 
k=0 k=1 k=0 k=0 
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Next, we expand the right-hand side of (11.4) in a power series around ¢ = 0 and 
we get 


nels sohbet 


e=0 


k=1 k=1 


a 
2 


e=0 


K K 
-) ke typ So kel 'y, +e Q’ &, ") ue 2 1 


k=1 k=1 k=2 


= Ove +20’ + 
(11.5) 


d2O 


where: g’'=# i ae 
Taking into os (11.5) in (11.4) and equating terms standing by ¢ of the same 
powers in (11.4) we obtain: 


sls Jo ta? yo = 0, 
els Ji +a? y) = ayo + Q(yo), (11.6) 


£7: Jo +07 y2 = ayo + a y1 + yi O'(yo), 


A solution of the first recurrent equation of a sequence of equations is a function 
yo = agcos Vy, (11.7) 
where 
ph =at +O. (11.8) 
Taking into account (11.7) in the second equation (11.6) we have 
J, +a? y1) = oan cos vy + O(a cos w). (11.9) 


The function Q(agcos y) is even and periodic of period 27, thus one can be 
expanded in Fourier series 


1 [oe 
O(apcosw) = 570 + yobs cosny, (11.10) 


n=1 


where 


by = -[ O(a cosy) cosnw dw. (11.11) 
0 
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Taking into account (11.10) in (11.9) we get 


1 [oe 
ji +a’y, = 550 + (ado + by (ao)) cos + = b, cosny. (11.12) 


n=2 


In order to obtain a periodic solution we need to eliminate a secular term in the 
solution y;(t), i.e. we assume that 


a9 + by (ao) = 0. (11.13) 
By the above equation we determine aj = — G0) so the first unknown 
component of the series (11.3). A solution of (11.12), including (11.13), is 


b bn 
= aj,cos (at + ©;) + + 
yi = a1 Cos ( ) a2 La =i? 


cosny. (11.14) 


Constants ap and po are determined by the initial conditions, so we assume that 
a, = ©, = 0. This leads to determining ap and @o from Eq. (11.2), which can be 
troublesome in practice. That is why the constants do and @po are often determined 
in a way that the solution yo satisfies the initial conditions. 

In further considerations we assume a; = ©, = 0 and by (11.14) we get 


CO 


vit) = +) Ba aay Zoe (11.15) 


Knowing y, we see that the right-hand side of the third equation of the 
system (11.6) is determined. By the condition of vanishing of the secular term in the 
solution y2(t) we get the coefficients 2, and the solution y2 is another component 
of the series (11.2). Confining ourselves to the first approximation O(¢7) we obtain: 


y = agcos (at + Oo) te] = [3 eo ye 


n=2 


a= a5 + ea (do) = [og — ee) (11.17) 


A period of the sought solution reads 


5 COSN (at + roo). (11.16) 


where 


20 
T = —_., (11.18) 
a2 — 9 ao) 
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Fig. 11.1 Oscillator of a 
mass m and stiffness k(y) 


k(y)=k,+Aky” 


and depends on the vibration amplitude. 


Example 11.1. Determine equations of motion and period of free vibrations of a 
system depicted in Fig. 11.1. Assume that stiffness k = ko + Aky?. 


The equation of motion has the form 
Ftapy = ey’, 


where 


> ky __ Ak 
—, ¢=—. 
m m 


The recurrent sequence of Eq. (11.6) takes the form 
jo +a’ yo = 0, 
J +a7y1 = ayo — Vos 
Po +a? yo = Oro — O11 — BYE). 
A solution of the first equation of the recurrent sequence is a function 
yo =ajgcoswW, W=at+Op. 


Taking into account the second equation of the recurrent sequence and the 
following identity 


3 1 
cos? y = —cosw + —cos3y, 
4 4 
we obtain 


. 2 3 5 I , 
yi tary; =a (« - 7a) cosy — 440 cos 3y. 
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The condition of vanishing of a secular term gives 


3 
a= qa: 
Assuming a; = ©; = 0 we get 
3 
44 
yy 302 cos 3p 


Therefore, we have 


5 


a 
1282 


5 
a 

jy +a? y2 = aay cos w+ cos 3w — 3 o 

32a 


Since 
> 1 
cos’ yw cos3y = Fi (cos 5y + 2cos3y + cosy), 


we get 


5 


3a? 3 
Jo +0? yo = (2220 - a] cos YW — sata 008 3y — 


3a 
28a? 128a2 


Avoiding secularity yields 


3a4 
a ’ 
> 12802 
and for a2 = Qo = 0 we have 
y= Tr OD 3y + cosSy). 


Finally a solution (ignoring terms O(¢7)) has the form 


3 


y=agcosyw + Oe) 


cos 3y + &* (3.cos3y + cos5w), 


Toe 7 


where 


4 
a 


3 3 
2 2 
= ; => t Oo. 
a Joreiare a Ww =at+ Oo 


cos 3 cos” w. 


cos Sy. 


(*) 
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The amplitude of oscillations, understood as the biggest displacement of the 
system from the equilibrium position, we obtain when 


W =at+0o =n, 


hence 


and we get from (*) 


ay 2 4% 
A= ; 
40+ 3592 © 25608 
The period of oscillations is 
20 


4 
2: 3 9) 23 do 
03 +005 +8 — 


128 ate 3 a5 


T= 


11.2.1.2 Krylov-Bogolubov—Mitropolskiy (KBM) Method 


The Krylov method was developed and improved first by Bogolubov, and then by 
Mitropolskiy. It can be applied to second-order differential equations, which govern 
dynamics of mechanical systems. Its essential elements will be exposed here during 
the analysis of an autonomous system of a single degree-of-freedom of the form 


J+apy =e Q(y,)). (11.19) 


Assume that y = y = 0 is an equilibrium position and a function O(y, y) is 
analytic with respect to its variables. The main element which makes a difference 
between this method and the previous one is the assumption that the amplitude a(t) 
and the phase y(t) are functions of time. A solution of Eq. (11.19) is sought in the 
form 


K 
y(t) =acosy + >) ey [a(t), WO). (11.20) 
k=1 


In conservative systems, the amplitude a is constant so its derivative with respect 
to time reads 


da _ (11.21) 
dt , 
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Derivative y with respect to time is also constant for conservative systems. The 
derivative reads 


K 
b =a =a9+ > cox (a). (11.22) 
k=1 


When we deal with nonconservative systems, we should complete the relation- 
ships (11.21) and (11.22) with time-dependent series, which are taken in the form 


K 
a= eA [a(t)], (11.23) 
k=1 
K 
w =a + >> eB, [a(n]. (11.24) 
k=1 


In order to take into account (11.20) in (11.19) we calculate the first and second 
derivative of y(t) with respect to time (the functions y, are composed functions of 
two variables a and y) and we get 


K 
. ah et k OV 
y =acosy oD (Fa a+ ay (11.25) 


j =dcosy —aypsiny — ap sinw — ay sin — aw’ cosy 


K 
ye.» , Yes. | We, Pm. | OM dYK 
k men . oe 
oe (5 Vana" ga | auea eae mt) 


(11.26) 


Taking into account (11.20) and (11.26) on the left-hand side (L) of Eq. (11.19) 
we obtain 


L= [a = (Wr? — a) a| cos vy — (2ay + ay) sin y 


K 
0° Ve ? YE Mh 
+ oct (Phas ey + 24 abso + a+ PE + ody). 


(11.27) 
According to (11.23) and (11.24), we have 
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K 
i > ek 4 Ap (a)= Dy gk dak a= » ek dae & a) =e7A; “4 + 0 (ce), 
k k=1 
i. 


2 
Wy? —a2 =o02 + (= a) + 2a X ek Be — a 
= er + £7200 By + &° B? Ee 0 (e), 


; K 
aw => &Ag- (« + > B:) = eaA) + €2a0A2 + €7A| B, + O(e*), 
k=1 k=1 


. & K K 
w= do keg = Yk Gt ck Ay = oP GLA + O (6°), 
k=1 k=1 k=1 
ze 2 
a= (2 a) = «Ai + O(e°), 
k=1 
; K 
a (« +¥° +B.) = af + €2a9B, + €?2a9 Bz + &?B? + O(e°), 


k=l 
(11.28) 
and ordering expressions standing by the same powers of ¢, Eq. (11.27) takes the 
form 


02 
L=e E (4 + ») — 2a9B,acos wy — 2a)A1 sin v| 


0° ry ay 
+e2 & (3 + 2) + 2a By ae + 2a A; ad 
(11.29) 


A 
+ (42 _ (2a B> + B?) a) cos w 
a 


dB 
= (24042 SD As Bi a: cea) siny | + O(e’). 


dQ dy 
9  oOyde |. 


The right-hand side P of Eq. (11.19) is expanded in the power series with respect 
to ¢ in the neighbourhood of ¢ = 0. We obtain 
+ 0 (é? 
dyde é= ) ( 
dQ 


dQ0 
P=eQ(y,y)= | Q (y. leo + ( el 
= ¢ O (acos, —aay sin y) + & E (a cos YW, —aay sin) y1 


+2 (acos ¥, —aq sin vy) + (4 cos wy —aB, siny + a 7) +0 («’) 
(11.30) 


Equating the expressions standing by ¢ with the same powers on the left-hand 
side of (11.29) and the right-hand side of (11.30) we obtain a sequence of differential 
equations 
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0? 1 
a ey = 5 (fo + 2Aiq sin y + 2Byaoa cos ), (11.31) 
ow ao 
a7 y2 1 : 
ar: + y2 = = (fi + 2ArQ09 sin w + 2Boaga cos W) ; 
oy a (11.32) 
where 
fo = Q (acos y, —aay sin) , (11.33) 
ay, ayy dA, 
=-2B —2Aja1 =) Ap = 57 
fi 1a ie 100 5 Ow ( Ta fa) cosy 
dB a 
4. (24:81 4+aA, =) siny + 2 (a cos ¥, —aay sin W) 1 (11.34) 
a y 


22 (a cos W, —aq@p sin y) (4 cosy —aB, sinw + a >) F 
ay ay 


A function fo determined by (11.33) is a periodic function of period 27 with 
respect to w, so it can be expanded into the Fourier series 


1 lo ) 
fo(a,v) = 7 00(4) + > (Don (a) cosnwW + Con(a) sinnwy) , (11.35) 
n=1 
where 
2n 
bon (a) = - O (acos , —aao sin) cosnydy, (11.36) 
0 


1 2n 
Con(a) = S O (acosw, —adp sinw)sinnydy, n=0,1,2,... 
0 


(11.37) 
Taking into account (11.35) in (11.31) and excluding from the series (11.35) 
those terms, which give in the solution of (11.31) secular terms, we have 


Py 


Oy? +yu=>a oe 2 asi + 2Aiq) siny Ta 3 Oo + 2B,aoa) cos w 


(11.38) 
Pag too Ly (bon cosnw + Con sinny). 
0 


oy A 
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Two first components on the right-hand side of (11.38) give secular terms in the 
solution y,. Their appearance in the solution is contradictory with the assumptions 
of asymptotic methods. Hence, the coefficients standing by sin w and cos y need 
to be equated to zero. This gives us relationships to determine unknown functions 
A, (a) and B,(a) 


Ai(a) = oo (11.39) 
Bij (11.40) 
2ana 


Taking into account (11.39) and (11.40) in (11.38), a general solution of 
Eq. (11.38) is 


b Lae: A 
y, = a,cos(w + ©;) + “ te > 5 (Don cosny + Con sinny) , 
2a 9 n=2 1-n 


(11.41) 
because by integration of Eqs. (11.23) and (11.24) two any constants appear. The 
constants can satisfy any initial conditions, imposed on Eq. (11.19) (we assume in 
further considerations a; = 0 and ©, = 0). Equation (11.41) takes the form 


bo 1 
=—+— bon cosnw + Con sinnw). 11.42 
V1 a2 ag 2, 0 v + co Vv) ( ) 


Note that the function f; determined by Eq. (11.34) and occurring in (11.32) is 
completely determined by the relationships (11.39), (11.41) and (11.42). Itis easy to 
see that this function is periodic of period 27 with respect to y. It can be expanded 
into the Fourier series of the form 


1 le. ) 
fi(awv) = 7 10(4) + >. [bin(a) cosnW + Ci,(a) sinnw] , (11.43) 
n=1 
where 
1 20 
bin (a) = - fi(a,v)cosnydy, (11.44) 
0 
1 Qn 
Cin(a) = - fiG@w)sinnydy, n=0,1,2,... (11.45) 
0 


Doing analogously as with Eq. (11.31) we obtain the successive functions A2(a) 
and B(a) of the series (11.23) and (11.24) in the form 
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Ax(a) = -.——., (11.46) 
2a 

Bo(a) = - (11.47) 
oa 


and the function y2 of the series (11.20) 


bi . ee 1 
= + bi, cosnwW + ci, sinnw) . 11.48 
Y= aaa t oa d a (bin cosmyy + cin sinny) (11.48) 


The unknown functions of time a(t) and y(t) occurring in the series (11.20) 
we will determine by solving the differential equations (11.23) and (11.24). These 
equations are easy to solve by means of separating of variables. Separating the 
variables in Eq. (11.23) we get 


d 
io (11.49) 
> ef Ax (a) 
k=1 


Integrating (11.49) we have a function a(t) in the implicit form 


da 
> & Ax (a) 


k=1 


where dp is a constant dependent on initial conditions. 

Even in the case, when the integral (11.49) can be expressed by elementary 
functions, one cannot obtain the explicit form of a = a(t), which is necessary 
to solve Eq. (11.24). In the case when from (11.49) one can obtain an explicit form 
of a(t) after separation of the variables, then from Eq. (11.24) we have 


‘ = | (w+ Des [a(t)]) dt +p. (11.51) 


Taking into account (11.42), (11.48), (11.50) and (11.51) in the series (11.15) we 
obtain a general solution of Eq. (11.20) with the constants ap and ©  , dependent on 
the initial conditions. 


Example 11.2. Determine oscillations of a system governed by the Rayleigh 
equation 


Ftapy = (2h—- gy") >. 
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In order to make some transformations we introduce a parameter ¢ into the 
equation. It is seen that 


O (y, y) = (2h- gy’) y. 
We seek a solution in the form 
y(t) =acosw + ey, (a,W), 


where 
a= eA\(a), 


Ww =ao + €B,(a). 


According to (11.31) we have 
1 : 
aaa P= (fo + 2Aia0 sin W + 2Byaoa cos w), 
a) 
where 
‘ 3 a . lL 44. 
fo = QO (acos y, —aado sin vy) = aa 784 ay — 2h } siny — 784 a sin 3y. 


Taking two recently obtained formulas we get 


1 3 
ay? +yM= A [24ie + ado (Feared a 21) sin y 
(«) 


1 
+ 2Byaga cos py — {8am sin auf ‘ 


By the condition of vanishing of secular terms we determine unknown coeffi- 
cients A, and B,, which read 


1 3 
Ay = 54 (2" _ od) : 


B, =0. 


A solution of the equation (*), after taking into account the obtained A; and B,, 
takes the form 


1 
y= 37 84% sin 3y. 
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We have 
a = eah(1— K’a’), (+k) 
where 
K?= 3 8a 
8 A 


If K* > 0, then after separation of variables, we obtain from (**) 


da 


PrCemy eee a eal 


Decomposing the left-hand side of the later equation into partial fractions we 


obtain 
[o+5/ da ->/ da aie 
a 2 (1 — Ka) 2, (1+ Ka) 


where L is an integration constant. After integration we have 


L 
In = cht, 


V1 — K2a? 
and hence 


ages 


/1 4 aj, Kh 


where dy = L~! is a constant, which does not depend on the initial conditions. 
Below, we give a solution of Eq. (11.24), which takes the form 


az 


wv = aot + Oo. 


Taking into account the obtained functions and assuming ¢ = | we find a general 
solution of the Rayleigh equation. 

The constants dp and @o need to be determined so that the initial conditions must 
be satisfied. 


oO 


11.2.1.3 Equivalent Linearization 
Leaving only the first term in the solution (11.20) of Eq. (11.19) we have 


y(t) =acosy, (11.52) 
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while in the series (11.23) and (11.24) we leave the following terms 


a = &A,(a), (11.53) 


b = ao + €Bi(a). (11.54) 

The solution (11.52) will be the first simplified approximation of a solution of 

Eq. (11.19). Below, we point out that the solution (11.52) of Eq. (11.19) satisfies, up 
to e, the equation 


§ + 2h-(a)y + a (ayy = O(e). (11.55) 
The above equation is called an equivalent linear equation of the nonlinear 


equation (11.19). The parameters, the equivalent damping coefficient h, and the 
equivalent eigenfrequency a, occurring in this equation are determined below 


2n 

h.(a) = QO (acos , —aado sin W) sin wdw, (11.56) 
2maoa Jo 
2n 

Ae (a) = A — QO (acos W, —aa sin vw) cos dy. (11.57) 

2maoda Jo 

By Eq. (11.52) we have 

jy =dcosy —awsiny. (11.58) 


Taking into account (11.37) and (11.40) in (11.39), and including (11.56), 
Eq. (11.53) takes the form 


a = —ah,(a). (11.59) 


Taking into account (11.36) and (11.41) in (11.40), and including (11.58), 
Eq. (11.54) takes the form 


Ww = a(a). (11.60) 
Applying (11.59) to (11.60) in (11.58) we have 
y = —ah, cosw — aa, sin w. (11.61) 
Differentiating (11.61) we get 


is : dh, . _ ae 
y = Gh, cosy — ae cosw + ah. sinw — da. sin w— 
7 (11.62) 


doe. . 
—a—asiny —aa.w cosy. 
da 
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Making use of (11.59) and (11.60) we have 


dh. 
} = ah? cos + 2h,aa, sin — aa? cos vy + avhe cos ¥ 
a 


11.63 
ie i ( ) 
* da 


sin y — 2h2a cos — 2h-a, sinw + aa cos W 
Introducing (11.59), (11.61) and (11.53) into (11.55) we get 


due . 
sin W. (11.64) 
da 


dh, 
J+ 2h.y+oa2y =—ah? cosy + avhe—— cos w + a*he 
a 


The right-hand side of (11.64) is of order of magnitude 7, since according 
to (11.56) and (11.57) the expressions h., dh./da, da./da are of order of 
magnitude ¢. 

So, using Eqs.(11.56) and (11.57), we transform a nonlinear equation of 
type (11.19) into Eq. (11.55). Equation (11.55) will posses a periodic solution, if 
h.(a) = 0, and roots of this nonlinear equation are amplitudes of approximated 
periodic solutions, determined by the equation 


Yo = dao cos [a (ao) t]. (11.65) 
While in the case, when A, (a) = 0, then a solution is the function 
y = Acos (a (ao)t + ©), (11.66) 


where A and © are constants, which depend on the initial conditions. 


Example 11.3. With the help of the equivalent linearization, determine the ampli- 
tude of vibrations of a system governed by the Rayleigh equation (see previous 
example). 


According to the formulas (11.56) and (11.57), the equivalent damping coeffi- 
cient and equivalent frequency read, respectively 


2n 


i [21 (—aag sin Y) —g (—aqao sin v)| sin ydy=—h+ = gael, 


0 


h-(a) = 


27 aoa 
1 2n 
Qe(a) = a — ——— 7 [21 (—aao sin W) — g (—aq sin v| cos wdw = a. 
2 aoa 
0 
The equivalent equation takes the form 


: a : 
p+ (-" + 58003) ytagy =0, 
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and the amplitude of periodic vibrations reads 
1 /8h 
ap = — ,/=—- 
, a V 3g 


11.2.2 Nonautonomous Systems 


11.2.2.1 Introduction 


Now, we make use of the methods introduced in the preceding chapter for analysis 
of nonautonomous nonlinear systems governed by the equation 


Jtagy =e¢ (y,y, ot). (11.67) 


Assume that a driving force is periodic, i.e. (wt + 27) = $(wt), and expand 
this function in a Fourier series 


M 
$ (y, 3,00) = Q(y. 3) + D> {Oim(y. ¥) cosmot + Qom(y, §) sinmat}. 


m=1 
(11.68) 

We will assume that the functions Qj9, Qj, and Q2», are analytic in their 
variables, so we can expand them in a neighbourhood of the equilibrium position 
(for the sake of simplicity we assumed that y = y = 0). 

It is noteworthy to pay attention on variety of resonances occurring in a nonlinear 
system of one degree-of-freedom. In linear systems with periodic excitations, 
resonance could appear for the mth harmonic with the satisfied condition mw = ao, 
while for a nonlinear system the resonance appears for 


MW = nd, (11.69) 


where m,n = 1,2,3,.... In dissipative systems during the resonance, one observes 
growth of the amplitude of vibrations. 
Resonances can be classified as follows: 


. main resonance (m =n = 1); 

. subharmonic resonance (m = 1,n > 1); 

. ultraharmonic resonance (m > 1,n = 1); 

. ultrasubharmonic resonance (m > 1,n > 1). 


BRWN Re 


11.2.2.2 Oscillations Away from Resonance 


Consider a system 


P+agy =e[O (yy) +P (I. (11.70) 
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where ¢ is a small parameter and a driving force P(n) is periodic with respect to 
n = ot of period 27. In order to analyse such a motion we will apply a simplified 
version of the Krylov-Bogolubov—Mitropolskiy method. 

A solution of Eq. (11.70) is sought in the form 


y =acosy + ey (4,¥,n), (11.71) 

where 
a =eA,(a), (11.72) 
b =a + Bi (a), (11.73) 


while the terms of powers greater by one by e have been ignored for the sake of 
simplicity. It also concerns further transformations. From Eq. (11.71) we get 


; 0 : 
§- peed he | (11.74) 
da ow an 
0 oy. 2 a Yi 
y =dacosp — 2ap sin vy —aw sin — ay? cosy + & 
Oa2 da ay" 
a Ji 7 ae a? eal ayy : oy, “. ayy 2 
2 
tara 4? + ag 8t aya¥ t2agaq¥? t ay t a2? 
(11.75) 
Taking into account (11.72) and (11.73) in (11.74),(11.75) we get 
a 
y = —aaosinw +é (4 cosW —aB, sinw + Pay -f je). (11.76) 
y= —aag cos 
02 02 2 
+8(- —2A;ao sin Ww — 2Byaoa cos w + na a + 2 an° +4 i we 
(11.77) 
Since 
d >, aA; 
a Fra )=e Bi 
d ,. 7 dB, (11.78) 
=> —— = aay) | 
a=? aa 


Ww = ort + 2eaoBy, + eB, 


the left-hand side L of Eq. (11.70) takes the form 
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” ? oe 
L=s (24100 sin YW — 2Byaga cosy + an a +2 a Aow + = v*) 
uf] 


tae (11.79) 


Expanding the right-hand side of Eq. (11.70) into a power series with respect to 
€ we have 


P=[Q(y.y)+ P(y)] 


1[dQdy dQdy a 
1! Loy de dy dé JI, 


=e [O (acos yw, —aq sinw) + P (n)] + O (€?) : 


=e1[0 (yy) +P (Mlleao t+ 


(11.80) 

The function O(w) = O(wW + 27), and P(wt) = P(w(t + T)), where T = 

21/w. The right-hand side of Eq. (11.80) we expand into the Fourier series of the 
form 


P=¢ Exo + > (b,(a) cosnw + c,(a) sin Ww) + 5Po 


n=1 


(11.81) 
[o.e) 
+ > (Pm cosmn + Gin sn : 
m=1 
where 
1 20 
b, = — / O (acos f, —aap sin y) cosnwdy, 
ue 
0 
1 20 
Ch = — / O (acos fy, —aag sin) sinnydy, 
Tv 
(11.82) 


ee 
3 
Pe 7 f P (acosmndn, 
0 


II 


T 
2 
dm =f P (n) sinmndn, 
0 


where m,n = 0,1,2,.... 
Equating expressions occurring at the same powers e in Eqs. (11.79) and (11.80) 
we get 


382 11 Modelling via Perturbation Methods 


yy i oO ay @ ayy 
aw? ay WAN ~— a: ON? 


1 : 
+y= a2 {[2Aia + c1(a)] sin 
0 


+ [2Biaoa + bi (a)| cos vw + sbo(a) + > (b, (a) cosnw + cy (a) sin y) 


n=2 


1 loo} 
+5 Po + (Pm cosmn + Gm sinmn)} . 


m=1 
(11.83) 
The two first components on the right-hand side of Eq. (11.83) give secular terms. 
Equating them to zero we obtain 


Aj = 2a) | O (acos W, —aq sin W) sin wdy, (11.84) 
2a ~ Ina 
B= bi(a) _ j 
l=- = QO (acos , —aao sin y) cos wdw. (11.85) 
2aoa 7 


Hence and by (11.83) we find 


sbo(a) + 3 (b, (a) cosnw 


n=2 


yy oy wy, 
+2 5 y= 
aw? ao OWAN a On? 


1 [o,) 

+c, (a) sin yw) + 5 Po + > (Pm cosmn + Gm sn 
m=1 

(11.86) 

We will require a solution of the above equation not to possess the first harmonic 


of free vibrations and thus 


ve 5 (Soc ha) 


n=2 


(11.87) 
oy — Pr cos mn + 2" — sinmn 


2 
m=1 (ea) 1- (4m) 


Taking into account (11.87) in (11.71) we obtain a complete solution, exact to 
O(«). Next, according to (11.72), (11.73) and (11.84),(11.85), we obtain 
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j O (acos W, —aao sin y) sin wdy, (11.88) 


a 


Ww =a — 


=| QO (acos W, —aao sin w) cos dy. (11.89) 


27 ado 


These equations describe a transient state of the vibrating system. In the case of 
analysis of the steady state the problem is reduced to the analysis of the equation 


: QO (acos YW, —ad sin) sinwdw = 0, (11.90) 
0 


by which we determine a. There may be several solutions since this equation is a 
nonlinear algebraic equation. We obtain corresponding phases from Eq. (11.79) 


v=/ ay — on < | 210s pom snp sony dt+ Qo. 


(11.91) 
The obtained solution y consists of two parts. The first part contains the harmonic 
phases y and presents driven vibrations of the system, the second one (containing 
the harmonic phases of the driven force 7) presents driven vibrations of the system. 
This is a result of the assumptions, made at the beginning. In a general case, it is 
not possible to separate free vibrations from driven ones. The obtained solution is 
undetermined for w@ = ma, i.e. for the frequency w, at which resonance appears. 
The problem of determination of a solution in the vicinity of resonance will be 
analysed in the next section. 


Example 11.4. Analyse the motion of a system, governed by the following diffe- 
rential equation 


J+apy =e [(2h—-gy’)} + pcosat] 
far from the resonance. 


Taking into account the studied equation, and aceonnine to eu 82) we obtain: 
Pm = 0 (m # 1), Pi = DP, dm = 0, bn = 0, co = 0, €3 — $gaog and c, = 0 for 
n > 3 and the solution 


i P 
y=acosyw+e}]— 5 COSwt |. 
-—o 


35 84 Ao sin3w + A 
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The functions a(t) are y(t) solutions of Eqs. (11.88) and (11.89), which take the 
form in this case 


20 


a= -=— / [2h — g (—aay sin v’)| (—aag sin y) sin dy = ah(1 — Ka’), 
a 
Ww = ao, 
where 
2 
ga 
K? = =7*. 
h 


For K? > 0, solutions of the first-order ODEs are, respectively 


age®" 
a= ——__., 
/1 = ag Kh 
w=aot+ 0, 


where do and © are constants, which are depend on the initial conditions. Finally, 
we get 


ages" 


LS 
Vl +.) Ken 


3 


cos (Apt + ©) 


£ age®" 
+5 Sao 


32 al ate aj, K2eht 


In the steady state t — oo and finally we get 


sin (3af + 30) + —? cosawt. 
as — w 


1 
lim y = —cos (af + 0)+ — wht 


im 7 ec sin (3a@f + 30) as 


Bd 
5 cos at. 


In the end, let us remind that according to the assumption, the obtained solution 
is valid for a small amplitude of the driving force and sufficiently far from 
resonance. Oo 
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11.2.2.3 Oscillations Near Resonance 


Consider the system (11.70), but now we apply the method of equivalent lineari- 
zation, discussed in Sect. 1 1.2.1.3, to solve the problem. We seek a solution in the 
form 


K 
y =acosp +> oe yy (a,Wn), (11.92) 
k=1 


It turns out that derivatives of the amplitudes and the angle y are functions of the 
phase angle of the form 


K 
a=) eA @,d), (11.93) 
k=1 
K 
Ww =a + >> eB, (a, 0). (11.94) 
k=1 


In general v(t) is related to the other phases by the equation 
no(t) =nyp(t) —mn(t), (11.95) 


which allows to eliminate the variable y and obtain the equations 


K 
m k 
y = acos (Gr ye (a, BL 0), (11.96) 
K 
a= So ek Ag (a,9), (11.97) 
k=1 
. m K = 
b=a-—o+ > eB (a0). (11.98) 
n 
k=1 


Further considerations will be carried out in a close neighbourhood of ultrasu- 
bharmonic resonance, which is exhibited by the equation 


ai -("w) =6A. (11.99) 
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Taking into account (11.99) in (11.70) we get 


2 
5+ (=o) y=212 0.9) + PO)-AyI. (11.100) 


By Eq. (11.99) we also obtain 
2 A 
oy = (=o) tehxz nw (11.101) 
n n 


Tre 
2" 


From Egs. (11.96)-(11.98) we obtain (assuming that O(e7)) 


y =acos (=n+0)+ey (a, 9,n), (11.102) 
n 
4=cA@,9), (11.103) 
; : A 
dae [a (a. 9)+ se = £B,(a,9). (11.104) 
—W 


Differentiating (11.102) and taking into account (11.103) and (11.104) we obtain 


y= —a—o sin (“7 + ’) +e [4: cos (Fn + ») = 


—aB, sin (“a + ») + ne| , eae 
y=-a (m0) cos (Fn + ») +e [-24T 0B, cos (=n + ») - 
nh _ ey, (11.106) 
—2--wAl sin (—n + ») + ane” : 


Taking into account the two last equations in (11.100) we obtain 
m \2 m m \2 m 
—a (=n) cos (=n + ») +a (—o) cos (<n + ») 
n n n n 
m m m _ 7m 0 > 
+e |—2a—wo B, cos (=n + ’) — 2—wa A; sin (=n + ») + —~ow 
n n n n an 
2 
+ (=o) | =€ {0 [@ cos (=n + ») ao sin (=n + »)| 
n n n n 
+ P(n) — Aacos (=n + »)} . 
n 


(11.107) 
After equating the terms standing by ¢ we have obtained 
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yy m\2 m 1 gm 
oe t GG) =A eg Arann te) 


n 
1 A 
+ (20m By - +) 60s (9 +8) 
no a) n 


1/4 & ,c¢m 
+S Fao + Yo bur(a)cosn! (n+ 9) 


n/=1 


m 1 = 
+Cy1 (a) sin n’ (“a =f ») + 5 Po + > Pm cosm’n + mt sy] : 


m’/=1 
(11.108) 
where 
1 20 
by = -| O (a cos ~anwsin v) cosn'wdy, 
n 
0 
1 2n 
Cy = — / O (a cos ~aw sin v) sinn’wdy, 
1 n 
7 (11.109) 


T 
2 
Pm’! = 7/P (n) cosm'ndn, 
0 


T 
2 
Qn’! = =| (n)sinm'ndn, m’',n' =0, 1, 2,... 
0 


Further analysis will be carried out for the case n = 1, what follows from the fact 
that the influence of the phase angle 3 is exposed then. By Eq. (11.108) we obtain 


ayy 5 1 1 . 1 . 
aa tm yi = 2m—A, + aah sin (mn + 0) + Sdn Sin mn 
on o o o 


1 A 1 1 
+ (20m B,- is +4 301} cos (mn + 3) + — pm cosmn 
o o o o 


2 2 


l1d1 ese (11.110) 
caer Eo + >> by cosn’ (mn + 3) + cy sinn’ (mn + 0) 
wo | 2 


n’=2 


(oe) 


1 ; 


m’=1,m’#m 
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Assume in the terms, giving the secular terms 


1 1 1 
2m—A, + 61 =a, > Im = B, 
= - al (411) 
1 Aa 1 1 
2am— B, — + b=y, —=Pm = 64, 
1) wo @? w? 


then the terms can be transformed into the form 


asin (mn+ 0) + Bsinmn+ ycos (mn + 0) + dcosmn 
= (acosd + B —ysinv) sinmn + (asind + y cos? + 6)cosmn. 
(11.112) 
They will equal zero, when 


acos? +B—ysind =0, 


11.11 
asind+é6+ycost =0. ( 3) 


Multiplying the first of Eq. (11.113) by cos #, and the second one by sind and 
adding them we get 


Pn sind = 0. 
(11.114) 
Multiplying the first of Eq. (11.113) by sin#, and the second one by -cos # and 
adding them we get 


1 1 1 
a+ Bcost? + ésinv = 2m—A, + yO + 54m COS V+ 
a) ra) 0) 


1 1 
Bsind — cos} —y = 54m sind — 5 Pm cos ¥— (11.115) 
1 A b 
~2am—B, + — 5 = 0, 
ro) a) ro) 


By the above equations we find 


Ay =-— ss cos} — im sin U, 
2mo 2mw (11.116) 
A by dm F Pm , 
Bi=- _ — — cost. 
; 2mo 2maw " 2maw ome 2maw apse 
Taking into account (11.116) in (11.103) and (11.104) we find 
a =e (- Bo pg ee sin’), (11.117) 
2mwo 2mwo 2mo 


q b m * m 
meme te | so 4 gaa ed le. ag) 
2maw 2maw 2maw 


11.2 Selected Classical Perturbative Methods 389 


In order to simplify the transformations, further considerations will be carried 
out form = 1, namely we will seek a solution of the form 


y =acos (at +7). (11.119) 
By Eq. (11.101) we obtain 
EA = 20 (a —@). (11.120) 


while by Eqs. (11.117) and (11.118) we obtain 


x Qn ‘ (11.121) 
=— QO (acos w, —aw sin yw) sin wdy — oP sin v, 
21w 2@ 


20 


QO (acos f, —aw sin) cos wdw — aE eos 0. 
2aw 


(11.122) 
where p = P 
In an analogous manner as in formulas (11.56) and (11.57) we introduce the 
following designations 


he(a) = 


2n 
O (acos W, —aao sin y) sin wdy, (11.123) 
0 


27 Aya 


20 


Ae (a) = A — O (acos Wy, —aay sin y) cos wdw. (11.124) 


27aoa Jo 


Now, we will show that the solution (11.119) satisfies, exact to ¢ the equivalent 
linear equation corresponding to the primary nonlinear equation of the form 


j + 2h. (a)y +02(a)y = € pcosat. (11.125) 


Let us transform Eq. (11.121) in the following way 
2n 
. € : , Ep . 
a = —ah, + ah, — —— | Q (acosyw, —aow sin) sin wdw — — sind 
21w 2 
0 


2n 
= —ah, + | QO (acos W, —aago sin y) sin wdw 
27 Ao 
0 


€ 
21w 


2n 

QO (acos W, —aay sin y) sin yd — 5" sind. (11.126) 
o 

0 
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We eliminate a, in the above equation, on the basis of the relationship (11.120), 
and we get 


20 


a = —ah, + —————~ acos ,—a | w+ — }sinw | sin 
2n (w + $4) y 2w 
20 
sie / QO (acos W, —aw sin wy) sin wdw — oP sin v. 
21w 2 
0 


(11.127) 
After expansion of the second term of the right-hand side of Eq. (11.127) into a 
power series with respect to ¢ and ignoring terms with e we obtain 


20 
a =-—ah, + = / QO (acos f, —aw sin) sin wdy 
2 
0 


20 
| QO (acos w, —aw sin) sin wdy — es sind = —ah, — ae sin v. 
2mw 20 20 
0 
(11.128) 
Similarly, we obtain 
| a ee ee Sear 9 (11.129) 
2aw 
By Eq. (11.119) we obtain 
¥ = acos (ot +9)-a(o+d) sin (wt +09), (11.130) 
¥ = dcos(wt + BV) — 2d(w + B) sin(wt + v)-— ad sin(wt + v) 
(11.131) 


—a(@ + by cos(wt + ?). 


Taking into account the relationships (11.128) and (11.129) in the two first 
equations we have (exact to O(«7)) 


y = —ah, cos (wt + 0) + = sinwt —aa, sin(wt +7), (11.132) 
o 


j} = 2ah.a, sin (wt + 0) + € pcoswt — aa? cos (wt + 3). (11.133) 


The left-hand side of (11.126), including (11.119), (11.130) and (11.131), is 
expressed in the form 
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L = epcoswt — 2ah? cos (wt + 0) + ie sinwt & epcosat. (11.134) 
o 


Taking into account Eq. (11.134) and the right-hand side of (11.125) we see 
that the solution (11.119) satisfies, exact to e, Eq. (11.125). Thus, the method of 
equivalent linearization allows to replace the nonlinear equation (11.70) with the 
equivalent linear equation (11.125) for vibrations near resonance. One needs to keep 
in mind that the unit equivalent damping coefficient /,(a) and the equivalent eigen- 
frequency a, (a) are functions of the amplitude of steady vibrations a. According to 
the theory of linear vibrations the amplitude of vibrations reads 

‘= af (11.135) 
V(e2(@) = 0) + 483 (ao? 


which allows to determine the frequency as a function of the amplitude 


o= ez) 2120 + \[4i8(@ [h2(a) — a2(a)| + aad (11.136) 


It turns out that one, two or no value of the circular frequency w can exist 
satisfying Eq. (11.136). According to the theory of linear vibrations we obtain 


—2h,(a)w 


d = arctan ————.. 
a> (a) — w? 


(11.137) 


Thus, for every assumed amplitude a and value w determined by Eq. (11.136) 
one can determine the corresponding phase angles ?. 

It turns out that not every arcs (segments) of a resonance curve are stable, i.e. 
realizable physically. Moreover, there exist frequency intervals, whom correspond 
three or even five values of distinct amplitudes and phase angles. Now, we perform 
more thorough analysis of stability of steady vibrations, corresponding to particular 
segments of the resonance curve. Consider the equation of steady vibrations 


y =aocos (wt + Io), (11.138) 
where do and Vp satisfy Eqs. (11.128) and (11.129). Hence, we have 


—adohe (ao) — 52 sino = 0, 


Ge (ao) — w — x4, cos Vo = 0. 


(11.139) 


In order to examine the stability of the solution of (11.138) one needs to analyse 
a solution, which is close to the solution 


y =acos (at + B), (11.140) 
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where a(t) and (t) are solutions of Eqs. (11.128) and (11.129). Hence 


a = —ah, (a) — 2 sind = ¢€ A[a(t), 0(t),o] , 
B=a igoe= EE cae = =eBla(t), 0(t),a]. 


2aw 


(11.141) 


As was already mentioned, we will consider a solution, which is near the steady 
one, i.e. 


a(t) = ao + da(t), 


b= tpt BO. (11.142) 


where 6(f) is sufficiently small. Taking into account (11.142) in (11.141) we get 


84 = € A [(ao + ba(t)) (80 + 69(¢)) ,@] , 


(11.143) 
59 = € B[(ao + b(t), (Bo + 690) .] , 


and next, the right-hand sides of (11.143) are expanded in power series with respect 
to 5, and dy around a point of the coordinates (ao, %), which yields (only the first 
powers of expansion have been included) 


E 0A 0A 
ba = €A| (0, Yo, @) + — (ao, Yo) ba + — (ao, Vo) 59 | , 
da ov. 


(11.144) 
: dB 0B 
59 = € B| (ao, Yo, @) + — (do, Vo) ba + = (Ao, Vo) 55 | . 
da av 
According to (11.139) we have 
ec a (11.145) 


B (do, Yo, @) = 0. 
We seek the following forms of the linear differential equations (11.144) 
bq = Dae", (11.146) 
593 = Dye”. 


Taking into account (11.146) in (11.144) by assumption of nonzero D, and Dy» 
we obtain the following characteristic equation 


7 0A 0B 
r’-—er Te (do, Vo) + a0 (do, 
(11.147) 
+é aE (ao, 0) 98 + (ao, Bo) — = (a 9) 2 = (ao, 0)] =o. 
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The analysed steady solution will be stable, if the increments 5, (t) and 59 (¢) tend 
to zero, as tf —> oo. It will take place when real parts of the roots of (11.147) are less 
than zero. According to the Viéta’s equations, it takes place when 


= + FP 6 (11.148) 
0 od 
dAOB 0dAO0B 


These conditions will be transformed into the form which enables the evaluation 
of stability of the solutions on the basis of the resonance curve. According 
to (11.141) we have 


0A dhe 0A Ep 

— =—h,. — dy — , = = —x— COS Vo, 

da OW) Gos AGU 5g 5 nO nae 
LE “ €p Ft dB gp nd ey 
ja a 2a; CO8M0, a9 2anw ic 


On the basis of the above relationships, the condition of stability (11.148) takes 
the form 


ohe ; 
hi ae) = tip Gs) 2 =" H0, (11.151) 
da 2apw 
making use of the first equation of (11.139) we obtain 
dhe 
— 2h. (40) — ao (@o) <0. (11.152) 
This condition is written in the form 
d 
—[aphe (ao)] > 0, for ao >0. (11.153) 
dao 
According to (11.139) we have 
A [do(@), Yo(w), w] = 0, (11.154) 
B [ao(), ¥o(w), @] = 0. 
Differentiating Eq. (11.154) with respect to w, we obtain 
0A dag 0A dv = dA 
da dw 00 dw dw (11.155) 
OB day _ OBdvy _ dB 
dado ddo dw 
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Multiplying the first equations of the system (11.155) by 0B/dv, and the second 
one by —0A/017, next adding them up, we get 


dAdB dAdB__ (day\"'(0AdB_ OBdA (11.156) 
dado = adda \daw 3 dw d0da) . 
Since 
A 
“A a sin Uo, 
= (11.157) 
ae ——— P cos J 
Jo 2ayw2 " 


day\ [ep €p ep 
—{— — cos Jy | —1 + —— cos in? J | > 0, 
(=) E ae ( 2 2aow? ney ae 4agw? ne 
(11.158) 
and taking only the terms standing by the first power of ¢ leads to the condition 


Ep 
55 COS Vo 


(11.159) 


dao 
da 


Since, the nominator of the inequality (11.159), according to the second equ- 
ation (11.141), reads 


EP  caawe = ae [A (ao) — @], (11.160) 
2o 
for do > 0 we have 
Oe (ao) 
ai > 0. (11.161) 
dw 


It follows from the above inequality that the analysed steady solution is stable, if 


she >0O and a.(a)>@ or a <O and a (dao) <o. (11.162) 


The performed analysis allows for complete determination of stability of the 
solutions on the basis of a resonance curve. 


Chapter 12 
Continualization and Discretization 


12.1 Introduction 


So far we considered oscillations of a single oscillator, or in a language of 
mechanics, a system of one degree-of-freedom. If there is a lot of oscillators, 
connected along a certain axis, then a problem of modelling can be reduced to 
continualization, i.e. there is a possibility of transition from many second-order 
ordinary differential equations to a single partial differential equation. 

Usually, during the analysis of plates and shells governed by partial differential 
equations, the problem is reduced to a finite (large) number of second-order 
differential and algebraic equations by means of application of Bubnov—Galerkin 
method of higher order or the finite difference method [25]. However, in some cases 
a reversed process is required (see [169] and references therein). 

Due to the modelling by means of continualization one can obtain relations 
characterizing micro and macro-properties of an analysed system. 


12.2 One-Dimensional Chain of Coupled Oscillators 


Consider vibrations of a single point mass (Fig. 12.1a) and two connected masses 
(Fig. 12.1b). 
The equation of motion of a single oscillator has the form 


my, + 2ky,; = 0, (12.1) 

or 
jy =-207y1, (12.2) 
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a : b . 
, me ad vr —-> 
k k k k . 
m m m 
Fig. 12.1 System of one and two degrees of freedom (motion is horizontal and stiffness of the 
springs is the same everywhere) 


J AWUOli- OM 2-AIt- IE 
eT : | 


Fig. 12.2 Chain of point masses connected by springs of the same stiffness 


where a* = k/m. Note that the solution can be expressed by the function 


yi = sin 5 (Acosq@ t + Bsina)t), (12.3) 


where @, = J 2a. 
The equation of motion of two coupled oscillators has the form 


my, = —ky;—k 1 — y2), 
. 12.4 
m2y2 = —ky2—k (v2 —-y1), eo) 


or after transformation 


oe 2 a 
vr A (v2 — 2y1), (12.5) 
Jo = a (—2y2 + y1). 


Consider vibrations of a longitudinal chain of point masses (Fig. 12.2) 

Let L be the number of masses (maximal number of frequencies) and 7 be 
the number of successive masses, whereas / denotes the number of successive 
oscillation modes. 

In the case of a sequence of masses, we postulate the following form of the 
solution 


yi = X;-T; (0), (12.6) 
gene (12.7) 
a1 = sit ea): : 


where: X; = sin sy. T;(t) = A; cosa;t + B; sinayt. 
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Note that in the case from Fig. 12.1a we have L = / =i = 1, and by Eqs. (12.6), 


(12.7) we obtain: @ =2a sin = J2a, yi=sin 5 (A; cos @;t+ B sina)f). 


In the case of two oscillators and the first mode (J = 1) we obtain 
_ 0 : 
yy = sin 3 (Acosq@ ,t + Bsina)f), 
_ 20 
y2 = sin = (C cosa t + D sina t). (12.8) 
Substituting (12.8) into Eq. (12.5) we get terms standing by cos at and sin at) 
_ 1 4» >... 20 ,.. 0 
—Asin —a; = Ca* sin — — 2Aq* sin —, 
3 3 3 
_ 20 _ ot _ 2a 
—C sin = eI = Aa? sin a 2Ca’ sin ae 
4 >. 20 2.0 
—B sin —a; = Da* sin — — 2Ba’ sin —, 
3 3 3 
_ 20 » >... 0 >... 20 
—D sin aol = Ba’ sin =< 2Da* sin cs (12.9) 


Making use of the formula sin2a@ = 2sina@cosa@ we obtain the characteristic 
equation 


a* = dat — 4o?w? + of. (12.10) 


By the frequency formula we have m, = 2a sin = = q, and after the substitution 
@, = a@ into (12.10) we obtain an identity, which shows validity of (12.7). In the 


case of the second vibration mode / = 2 we have 


_ 21 . 
y, = sin a (A cos @ ot + B sina) , 


II 


y2 = sin = (C cos@ot + D sinayt). (12.11) 
Similarly, one can show that the formula (12.2) is valid. In Fig. 12.3 X; are 
depicted for the case of single and two coupled oscillators. 
Going back to the chain of masses connected by springs of the same stiffness k, 
provided that the distances between the springs equal d, the motion of any oscillator 
i in the chain has the following form 


d’y; 
dt? 


= 07 (yi41 —2y; + yi-1), (12.12) 


where a? = k/m. It is easy to see that fori = 1, L = 1 we obtain (12.2), and for 
i=1,L =2,i =2, L =2 we get Eq. (12.5). 
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Fig. 12.3. Values of the functions X; for the case of one (a) and two degrees-of-freedom for the 
first (b) and second (c) oscillation modes 


Classical mathematical procedure of continualization relies on replacing the 
discrete displacement y;(t) with the continuous variable u(y, t) of the form 


yi (1) = u(y, t), (12.13) 
ae di ol +1 
pA oeT= > Ey ee (7) , (12.14) 
= jt dy! dy 


where we assumed that the operator d au is far less than 1, and this ensures 
convergence of the series. The obtained partial differential equation describes a 
wave of length significantly higher than d. 
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Substituting (12.13) and (12.14) into Eq. (12.12) we get 


2d 


#u (y,t) 9? 3 di du(y,t) =( (cae (12.15) 


(2j)!  dyd dy 


J=0 
where the natural frequency of the chain masses a? = k/m and 2J denotes the 
number of terms in the series. 


With regard to the assumed approximation of J we obtain different partial 
differential equations. For J =1 by (12.15) we get 


Puly.t) 5, u(y,t) 3 (au\? 
a 0d pao ee d (+) (12.16) 


The obtained wave partial differential equation describes a propagation of waves 


of lengths, which are so large that one can neglect the structural non-homogenity of 
the chain. Taking into account the next term of the series we get 


CEO ge (ao ce m0) =0 (« (=) , 217 


or? dy? 12 oy* dy 


The obtained partial differential equation describes propagation of waves of 
higher frequencies, including the internal microscale d. 

Let us spend a while on physical interpretation of the obtained Eq. (12.17). 
Consider a harmonic wave of the form 


u(y,t) = Uexp(i (ot —ky)), (12.18) 
where U is a complex amplitude of the wave, i? = —1, w is the frequency and k is 
the number of the wave. Substituting (12.18) into (12.17) we obtain 


a 
wo = +kda 4/1 —- Dp (12.19) 


It follows from Eq. (12.19) that waves satisfying the inequality k> > 12/d? 


f : ‘ [2K2 : 
possess imaginary part of the form @ = +tikla ,/55- — 1, which means that they 


grow exponentially to infinity, and it does not possess a physical interpretation (there 
is no extra source of energy in the system). 

In [169] the appropriate procedure leading to verification of Eq. (12.17) has been 
proposed. The procedure allows to model a process of waves propagation. 
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12.3. Planar Hexagonal Net of Coupled Oscillators 


Let us consider a modelling procedure of a plane hexagonal net of coupled 
oscillators shown in Fig. 12.4. 

Equations of motion of the net will be derived on the basis of Lagrange equations 
of the second kind 


d (0T;,; OV; 
—|]+—— =0, 12.20 
dt (Gi) 04i.j 
where 7;,; and V;,; are kinetic and potential energy of the mass (7, /). 
Consider the variation of length As“ of the springs of stiffness k labeled by 
numbers 1,..., 6 (Fig. 12.4). In each step of derivation of the equations we assume 
that the hexagonal cells remain unchanged after the strain, namely they remain 


hexagonal. 
For the spring | we have 


(xi 27 4 Axit2d) — (xh + Ax!) = 5x, 
xit27 — yi = gy, 


hence we get 


As = sy —s = Axit?4 — Axi, (12.21) 
i-l i+] 
pi) ee j+l 
@----------------- ~ : 
“ ; oe 
; : 3 S 3 
: i KS | ‘ (38/2 
f | Kez x 1 
4 k i+2 
x ‘ _ V f A _ y NAP > 
ik 1 
- e | } (38/2 
: k : / 
i-l} 6 Vit] 
j-1; 7 iJ-1 
a ee . 
s/2 | s2 s/2 s/2 


Fig. 12.4 Planar hexagonal net of oscillators 


12.3 Planar Hexagonal Net of Coupled Oscillators 
For the spring 2 we have 
Genet? zs Ages) = (x?! mie Ax'/) =e 
2 ’ 


: ; 22 Ss 
xithi+l —xiJ = 52 - a 


(tr ih Ay tet) = (yi 4 Ay) = See, 
yithitl _ yi = ae 


and hence we obtain 
Axithstl = Axi = ae —s) |. 1 
2 2’ 


Bae cycle se 3 
Ay SL AD A a a8) |- care 


and finally 


As® = (Axithit! ~ Ax") 4 (Ayit hit! = Ayi/)., 


1 V3 
2 2 
For the spring 3 we have 


= ne: Age) _ (xi ab Ax'/) _ sos 


go ag te 
i-1j+l i-Lj+l ii ie 3 
aly i-l,j+l Seis 
yu ry rae 
hence 
ij i-1,j+1 _1 1 
Ax!'/ — Ax LI+T = 3 (sy —5) | 1 
ae pt V3 J3 
—Ayhi + Ay MITT = XS (sn — 5) | SE, 
and finally 
1 aa, : ; 3 aa ; : 
As®) = 5 fae = Agr) 4 = (—Ay'¥ as AyilW+) ; 


401 


(12.22) 


(12.23) 
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For the spring 4 we have 
—(x97F $ AXIS) + (x + Ax!) = Se, 


xd — xi 2 = 5, 


hence 


As = Ax'd — Axi, (12.24) 


For the spring 5 we have 


(x! + Axl) = (x! TNTE 4 AX) = sie 
1 


xhd —xiTl-l =—s, 


(yi! + Ay'4) = (y' TE 4 Ay NT) = 7 Sx, 


y! 2 eee y! a 
hence 
‘ag? 3 1 1 
Reet Sh 5 (sx — 8) |- oY 
ay as 3 3 
A iJ _A i-1lj-1] _ YY cos nes 
y y 7 Se 8) | 
and finally 
1 ae pia 3 as are 
As® = 5 (Ax! — Axi Th!) + 42 (Ay! — Ay hd71), (12.25) 


For the spring 6 we have 
(xP FEIT AX TTI) — (xh 4 Axi) = 3 


ee 4d 
xi ths Lyi = _s, 
2 


V3 


(yid + Ay'!) — (thd ab Ayo) oa Sx, 


yid — yitli-l — 3, 
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hence 
Axitli-l _ Axi = 4 (s,—5) | 4, 
ij i+1j-1_ 3 v3 
Ayhl = Ay THI = 3 (x = 5) |S, 
and finally 
1 : ; a 3 es ; F 
As = > (AxttNl xh) 4 a (Ayid — Ayithuly (12.26) 


(12.27) 


and to the Lagrange equations (12.20) we need 


=i} — (Axit/ Axi) 


Vig (Sas tee dAs® 
TtAal)~ d(Ax'J) 


V3 


= i (Ax TNT Axi) +E (Ay —Ay') 
+; (Axi — Axi-ls+1) 


(Ay! WH Ayll) + (Ax ax) 4 (Axl ax) 


3 
4 
8 (Ay —Ayili-!) + (Axithi-l_a xi) me fayti—ayity 


ay Axil —Axithi Axi id a githitt ty init 7 1 jibe 
2. 2 2 


a _Ax ayitenty 3 agit 2G ayitivts (12.28) 


Nl 


i+1j-1_ V3 
2 
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6 


@ dAs” 
ie (oa aay) 


i=l 


V3 1 i,j i-1,j+1 
+- ae 2 (Ax — Ax ) = 


E (Balt = AS) ct 


E (Axithi- = Axid) + 


3 ei x! 1, i,j v3 i-1,j+1 i,j 
me [plat a) (ares ay) 
V3 
2 


(Ayn = ay] 


(Ay! — ayn | 


(Ayi = ayn | 


=k 


V3 yy fthstt 


4 4 4 
V3 


+ Axi + 


v2fS.. Br 3 3 
tay (F435 +5+3) 


V3 
“40 


4'°4'4 


Seg (2- V3 v3 | 


4 


ea oa Axinhinl 


pene 8 i+l,j+l SK i-Ljt+l_o =A i-lLj-l_=Aa i+1,j-1 
Vee ee ogee 4° Ree 


k ahah of Ns ee 
= Fee S3AxtLIAN 4/3 Ay 
—VJS3Axi I 
+12Ay'4 = SAy it! . 3Ayi tl = 3Ay! 1j-l — Ay’ Fj ') 
= Bic -axithie ie Axithi-l ais Axithi tl _ Axi 1,j-1 
+4 V/3Ays 
Eee A 3Ayithitt — WS SAy BIT h V3Ayi—)i-1 
—V/3Ayithi-1) 
= ri {12Axi —4Axi thi —AAxi Th _ Axitistl 


12.3 Planar Hexagonal Net of Coupled Oscillators 405 


—Axit itl Ayichi-l 
t—Axithirty V3Ayi thir y V3Ayi lit! 
= V/3Ayi tht Vay i-th : (12.29) 


Finally, the equation of motion takes the form 


mA = “ (12Ax!4 — 4Ax! TI — 4AxiT — Axi tlt) — Agim tl — AyiThirl 


de Ane DIST oe VBAyit hint 4 V3Ayi bith V3Ayithitl — V3ayiW") ; 


jj 3 fons ests eer re y 
mAy'! = ae (Ax! F1,j-+1 + Axit lj by Axi Lj+1 _- Axi Lj 14 a /3Ayi 
$= V3Ay TAT V3ayi NT Bayi Bayi!) | 


(12.30) 


Assuming that discrete displacements of mass (i, /) equal to the values of 
continuous displacements, i.e. Ax’ = u, Ay'/ = uv, the positions of masses surro- 
unding the masses (i, 7) are determined by means of expansion. For displacements 
in the x direction, we have 


ere. 1 3 
Ax@tlitD = y & +=s,Ay+ 2.) 


2 2 


nA 


1\ 2 3\ a 
= u(Ax, Ay) + (+55) man (A 4y) if (a2 = (Ax, Ay) 


2 
1(/.1\? ou 1 V3 Pu 
+ Ax, A + Ax, A 
2 ( ) a(Axye val 2.) eer 


1 V3 07u 3 
+ (+59) (= 5 ‘) I(Ana(Ay) tO): 


du 1 5 
a(Ax) 12! *) a(Axye 


Ax@*!)=u (Ax +s, Ay) =u (Ax, Ay) + (4s) 


For displacements in the y direction we obtain 
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1 3 
Day (as +-=s,Ay+ 3.) 


Qa. 


Ayes 2 2 


1 dv V3 dv ee 
= y (Ax, Ay) + (+55) waa (: 5 :) d(Ay) + 2 (5) a (Ax) 


1 J3 : au 1 V3 au 4 
si (: 5 :) say t (43) (= ; :) d(Ana(Ay) 1 OW): 


(12.32) 
G+) dv 
Ay!**'s) = v (Ax +5, Ay) =v (Ax, Ay) + (4s) —— 
d(Ay) 
1 a 
+= (+5)? 4, 40(s%). 
2! (Ay) 
Substituting (12.31), (12.32) into (12.30) we get 
7 d7u = 3ks* [. O°u m Ou ie Ou (12.33) 
Pade 8 «dL ax? Oy? “Axdy |’ 
aa Pee ne (12.34) 
Par 8 |" dx2 dy2 | “axdy |’ 
where Fsp = mand E = ksF™!. 
Similarly we get 
Oe ge gt (12.35) 
Pade 8 | dx2 dy2 “dxdy |’ 


More details on modelling by means of continualization, its defects, virtues and 
reliability can be found in [169, 170,223]. 


12.4 Discretization 


Models of mechanical systems such as rods, beam, plates or shells are made on 
the basis of partial differential equations and various types of theories (e.g. von 
Karman, Donnell, Kirchhoff, Love or Mindlin theory, etc.). These problems are 
widely discussed in the literature. The mentioned elements of construction play an 
important role in civil engineering, aircraft and car industry, etc. On the other hand, 
it is known that during the modelling procedure one needs to introduce a number of 
simplifications but in such a way that preserves basic features of the analysed object. 
Basing oneself only on the analysis of shell constructions, one needs to emphasize 
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that the constructions can be various, e.g. single and multi-layers, reinforced with 
ribs, of composite type or made of isotropic or anisotropic materials. Moreover, they 
can work not only in regions of Hooke’s law validity but also in regions of plastic 
strains. 

It is easy to come to conclusions that, as a result of modelling, one can obtain very 
complicated systems of equations, which are extremely difficult or even impossible 
to solve. 

The goal of this section is to show how in the discretization procedure, under- 
stood as transition from partial differential equations, which describe nonlinear 
vibrations of cylindrical shells, to ordinary differential equations, the obtained 
model of the latter is not standard and fundamental questions arise concerning the 
way of its solution. 

We analyse vibrations of a nonlinear shell with imperfections, governed by the 
so-called Donnell equations of the form 


D 10°® ew, 
—Viw, = L b) + ——— — p—_— 12. 
RY (w1 + wo, ®) + Raw? a2” (12.36) 
1 1 1 wy 
—V'b =—-=-L 2wo, Wi) — = 12.37 
E 5 (wi + 2wo, 1) R ax ( ) 
7A VB 2A 0B aA 0B Eh? 
L(A, B) = a-A 0 4: f) 7 a . = h . 
dx? dy2 dy? dx? dxdy Oxdy 12(1 — v?) 


where E is the Young’s modulus; v is the Poisson coefficient; p is the density 
of shell; R,/ are radius and thickness of the shell, respectively; x and y are 
longitudinal and circular coordinates; w; is a dynamic deflection; © is the Airy 
function; wo(x, y) are initial imperfections. 

In 1974 Evensen [86] proposed the following solution 


wi = fit) cossy sinrx + fp(t)sinsy sinrx + f(t) sin? rx, (12.38) 


where: s = n/R;r = ma/I1;n is the number of waves in the circular direction, 
and m denotes the number of halfwaves in longitudinal direction; / is length of the 
shell; fi(t), fo(t), fa(t) are generalized coordinates. 

Evensen assumed that the length of the central surface of the shell is constant 
during the vibrations, i.e. 


aAnk -R) dy ow OR (dw\* 
d -| - a+ ( ) dy = 0, 12.39 
/ eee 0 E R 2 \dy - ( 
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which leads to the relationship 


2 OND. 
Cir in (12.40) 


f= 4R 


The imperfections have the following form 
= fiocossy sinrx + foo sinsy sinrx, (12.41) 


where fio, foo are constants. 
First, we substitute the expressions (12.38) and (12.41) into (12.36). One can 
show that a solution of Eq. (12.36) has the form 


® = Pocos2rx + PD; cossy sinrx + Pz sin sy sinrx + ®3cos2sy 


(12.42) 
+, sin2sy + ®5 cos sy sin3rx + 6 sin sy sin 3rx, 
where: 
Po = a — (f2 + ee 
E - ren 
® — | ———_, _ — + 
1=5 [—. (fi - fo) — Fay ap re} 
E r2 s2ren2 
da, = — | ——— = ee ae 
i [es OO Ge apr re) 
Er? ¢ 49 2 2 2 
®3 = a(t —fi + fio— fro), P= ie ee hh). 
32s 16s 
Es*r*n? 5 4 Es?r?n? 
oe + , @ ee) + 
Recoil fy) oS AR (s2 Ty gp 2 fr FH): 
(12.43) 


Below, we give ordinary differential equations obtained from Eq. (12.36) after 
application of the Galerkin method (c.f. [25]): 


Atopfityatun(e+fht+ + hh)tnn(+A7) 
+sh(fPt B) tafiht af? +f? = oF fro, 
Atobh+yfit2h( f+ hh+R+ ph) +nh (tf) 


ref (ie + ey + pit? + Bo fy + iBfih= of 20; 
(12.44) 
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where: 


Er* 1| D 2 Ef 
2_ 2, FP 72 _ 72 ear Wanker 6 2 oe 
a =m + 75 (fio 30) + % aa We) : 
1| Er* = D?r*n* Er‘s* 
16 AR? (524 2)? | 


3En?r*s® 1 ~ 1 
g= ; 
lop | (s2 4.72)? (52 + 972)? 


Er'‘s* foo 3Er's* fio Er'*s* fio 
ee aR 0 =~ —_—_ 5 OG a eg, oat 
2p(s? +9r*) 4p (s? +r?) 4p (s*-- Tr) 
Er's4 fag 3Er's* foo Er‘s* fio 
Bo = p3 = 


2p(s? +r?) 
(12.45) 
By (12.44) it is easy to see that a system of ordinary differential equations cannot 
be transformed into the standard form. Even its numerical attempt to solve it raises 
difficulties. A detailed description of derivation of the equations is given in [141]. 
By estimating the order of magnitude of some physical parameters and after 


introduction the small parameter ¢ <_ 1 and the following non-dimensional 
quantities 


4p (82 + 72) Ap (s? + 72)" 


1 


’ 


te = Oot, Xe = fir, ye = fo, wr = @1', W; = O20) 
ey* = yoo”, X= xh’, yf = yeh’, g* = gao*h*, eat = aah, 
£0} = 07M)", easy =a30)°, fio= fiok', fy = faoh™', EBS = Biay*h, 
eB} = Brwyh, eB} = Bayh, 

(12.46) 


Equation (12.44) can be cast in the form (“*” over the non-dimensional symbols are 
ignored) 


x + wx + e’yy + 2yx (2 ar ey + y¥) + yx (ae + y’) 
+ gx (x7 + ey + eaxy + €0x? + ea3y? = fio, 
Ft oxy + eryx + 2yxy (HW + VK +H? + xk) + nye? +’) 
+ gy (x? + yy” + eB, x? + eBoy? + eBsxy = foo. (12.47) 


Introducing a small parameter opens a way to applications of perturbative 
methods in solving Eq. (12.47). 
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12.5 Modelling of Two-Dimensional Anisotropic Structures 


In this section, we will show how a single amplitude equation can explain many non- 
linear phenomena, experimentally observed in various branches of science [194]. 
In the case of so-called Reyleigh—Bernard fluid convection one experimentally 
observed the occurrence of both isotropic and anisotropic quasi-two-dimensional 
structures as well as so-called perpendicular and skew waves. In the case of 
examining some crystalline liquids one observed that convective instability leads 
to appearing normal, rectangular and chaotic vortices. These phenomena can be 
explained by a single amplitude equation. 

Besides the mentioned examples, the equation under consideration can model a 
phenomenon of deflection of anisotropic, susceptible plate immersed in nonlinear 
medium of Duffing stiffness (see [69, 74, 121, 158, 194]). 

If we consider transversal vibrations of the mentioned plate in the coordinate 
system x,y, then its equation of motion takes the form 


miithitye = — [ara + Azd4 + 2430282 + 182 + pod? + | u, (12.48) 
where: A1,A2,A3 are parameters (if Ay = Az = Az, the problem is isotropic, if 
A, = Ao # A; then the system is symmetric); j11, {42 characterize the plate load; 
and y i x are stiffness coefficients of the medium; h is a viscous damping coefficient 


of the medium, and m is a mass of the plate. Let us rescale the above equation by 
introducing new variables 


[2a J2yuah 
ee ee yp (12.49) 
eal Mi 


Simple transformations lead to the relationships 


2 
1 99 2 Hy a2 
e=2 #2, = dy, 
m 2h, J 2A1p2 - 
(12.50) 
4 Ly a4 at ss a4 
Oy = Sa ’ = ’ 
Saget SY aaa 


and substituting (12.49) into (12.48) we get 
4A 4dih 4d 
si _ : at - en 
My My My 


=-[%+ 


Aaly 


ae ae 
dips 7 


a Ad 
31 92 a 4.292, + 202 + | u. (12.51) 
Ai fAy By 


Introducing the operator V7 = 0% + 0}, we have 
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(ia) S14 4g aos 92 8? ae 


and the right-hand side P of Eq. (12.48), taking into account (12.50), takes the form 


i 2A 4d 
P=—|(1+ V2) — 1-0) - 20433 + 2H 9 a a2 Ht 
dips Ai My ic 


and after transformation 


Arp Az 4hix 
pan 1+ vy—( 1-1) at -2( 1) aah (1- fw 
0+ 9%) 2 (Sn) ais (1- 


Ave 


Introducing the following parameters we have 


AoMy A3My 411 x 
c= x71, n= -1l, r=l1-—- me 
Ai M5 Ai by My 
hence 
41 Ad th 4d 
ut gt a = [= (1+ V2)’ — 08} - 2903 5) +r] u 
by My we 


The next step is to rescale the time f and the variable u according to the formulas 


The analysed equation takes the form 


4n X 
fo) Seen Beene 


Transforming the above equation we get 


ee tutv= = |- (1+ V7) =cd — 20%, 0; trby 


where one assumed 4A x77 = 1. 


For large value of the coefficient h, the inertial term can be neglected and finally 


the equation takes the form 


v= {- (1+?) *— cd} — 2023; + rh vv". (12.52) 


For the sake of simplicity we go back to the variables x and y. Let us rescale the 


variables 
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ely, T =e, (12.53) 


where ¢ is a perturbation (small) parameter, and make the following substitution 


1 
ox > ox + 502 x, 

; (12.54) 
dy > dy + set ay. 


By Eq. (12.54) we obtain 


1 1 
> 2 +620, + yey. 8 > 8, + £2 dydy + rae 
1 
Ad, > 8d, + €49:d;0x + 70d; A; + eddy a + eds dy 
1 3 1 1 1 
+ 76200 ay + 760,37 + yo dx Oxy + 78° a, 


3 1 1 
a, > a + Sd} + [perdy + yet dydy + 5648, dy, 


7 
i 
| 


1 
= 148248, > (148249) + E (a.dx-+0,r)+ ra (03-+33) | 


+ 
> 
] 


2 
(1 + 0.4 a) +2 (1 + 0+ a) E (00x + dydy) 
1 ] 1 
+ 8 (0) + )| + E (0,dx + d,dy) + ze (4% + #)| 
2, 
= (142402) +203 (1+ 8% +8) (dx + dav) 


+x (1 + a+ a) (3 + }) +e (80x + 8d)” 


NI NIe 


1 
+56? (Acdx + ddr) (8% + 8) + ee? (Ok + ae). (12.55) 


Solutions of Eq. (12.52) are sought in the form of the following series 


v= (vo + e701 + ev2 +--+). (12.56) 
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Substituting oe 53)-(12.56) into (12.52) and equating terms occurring by the 
powers e2, eie? we get a sequence of the following equations 
g2 : O= Lovo, 
(oar 0= Lov; + Li v0, 


et? Grip = Lows Livy 4 Lavo, (12.57) 


where 


= 
I 


= (1 + Vir = cay _ 2nd, +r, 
eS, [a (14-92) dy +9) dy +(1 + c)83 dy +(1 + ) (80x +9x9y) 3.9, | 
3 1, 3 1 
es 5 20% + 5d + 51 + )02 0} + 53} 
1 
+5(1 +7) (0% +28 + 49x 0y xy ) =e “| (12.58) 


Let us go back to Eq. (12.52) and consider only its stationary solution v9 = 0. 
Let us check how the perturbation Av behaves around the equilibrium position. By 
Eq. (12.52) after linearization we obtain 


apAv= \- (1 + V2)’ — 8? — 29828 + r} Av. (12.59) 


Its solutions are sought in the form 


Av = eo! eilaxtpy) (12.60) 
We obtain 
; a j 
dp Av=ce! ef arty), V?(Av)=—~ Av+— Av= _ (q?+p7)e7! ef TP»), 
ax? dy? 
2 
(1+ V2) =[1-@? + p)] er eh@tm), a“ a Saye eee, 
x 
2. 4 
d° (Av) = — pe eilart py) g’(Av) = pre? eiaxtpy) 
dy? dy* 


(12.61) 
and substituting (12.60) and (12.61) into (12.59) we have 


—[1-(@ + p’)]—ep* — 20g? p? +r. (12.62) 
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The loss of stability will be related to the algebraic conditiona = o(r; p,q) = 0. 
As was shown in [194] the critical values r,, Dc, dc, in this case, read 


=i, 7a. Bev (12.63) 

a a a a (12.64) 

de =" Pe Tae’ oO Ee’ , 
ne ah OE ee ee 
© ¢-2n-7?’ ee -—2n—? © e—2n— 7?’ ; 

(12.65) 


The critical values (12.63) and (12.64) define periodic normal structures in 
directions x and y, respectively. The values determined by the relationships (12.65) 
are responsible for occurrence of mixed structures (skew), where g- #~ 0 and 
Pe # 0. As a small parameter ¢ one can assume ¢ = r — Le. 

Solutions of a recurrent sequence of Eq. (12.57) are sought for the following 
generating solution (for 7 > 0) 


Vo = Agel + Ave (12.66) 
V3 
where Ao is complex conjugate of Ao. We find 
dv6 = iApe’ —iApe* — Uo = —Ape’* — Ape7** 
ms a - ve (12.67) 


O79 _ —i Ape!* + i Age '* d* v9 Aoe'* + Ape '* 


ax3 x/3 7 ax4t a/3 


Third of Eq. (12.57) generates a so-called amplitude equation of the form 


dA 1 

— = 30) + <nd} + 1—|Aol?p A 12.68 
aT Xx + 511 ¥ op | ol 0 ( ) 
for n > 0. In the case of 7 < 0 a generating solution is sought in the form 


A(X, Y, T Je! Gex+Pey) ne Ao(X, Y, Te i (dex4 ey) 
vo = ’ 
J3 


which leads to the following amplitude equation 


(12.69) 


dA 


i \(aedx + pedy) + cp? + 2ngepedxdy +1 |Ao/"t Ao. (12.70) 
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During derivation of Eq. (12.68) (and similarly (12.70)) one made use of the 
transformation 


= (Ape 2iX 4 2 AA + Ate ce) (Ao e’* + Aye"*) 
= Ale 3ix + 2A% Aoe!* + Ar Age * + A} Age!* + 2A Ase —ix 4. Ap Ave ** 
= 3ApApe’* + 3A0 Ae. 


In further considerations, we will confine ourselves to the case 7 > 0. We seek a 
periodic solution in the form 


A= Fel(QX+PY) (12.71) 


Substituting (12.71) into (12.68) we find the value 


F = ,1-0?- sn. (12.72) 


Let us examine the stability of the obtained solution [194]. Substituting 
= (F + fyeierxrPny, (12.73) 


into (12.68) (where f is a complex perturbation) and performing the linearization 
procedure we obtain 


of 


aa =[% += si + 2iQd, + inPdy —|F| a) f-Fs. (12.74) 


A solution of the above equation is sought in the form 
f = [fete ob pee ert (12.75) 
where: 


o? + 2[F? + K? + 5nL?]o + D =0, 

D =2(F?—20?) K? +. (F? —nP2) L?—4nQPKL + (K? + 4nL?)’. 
(12.76) 

The instability (0 > 0) appears when D < 0. 


Chapter 13 
Bifurcations 


13.1 Introduction 


We consider the following system of ordinary differential equations 


Sah 13.1 

A ee: (13.1) 
where: x € IR", A € R*, F : R" x R" > R". The evolutionary system (13.1) can 
be represented by the vector field x,. A solution of the system (13.1) is defined by 
the phase flow ®, : R* x R" — R", where ©,(x,t) = x,(t) with the attached 
initial conditions x = x, (0). 

One can use a terminology introduced by Arnold [11]. An object depending on 
parameters is said to be a family. A small change of parameters leads to the object 
deformations. It appears that very often an analysis of all potential deformations is 
reduced to analysis of a representative one, further referred as a versal deformation. 
The latter can be found using a procedure of reducing a linear problem to that with 
a Jordan form matrix. 

Each set of parameters A is related to a special configuration of the phase space 
of the considered dynamical system. It can happen that for different values of 
A € R*, the system behaves qualitatively different. The hyperplanes separating 
different subspaces of the investigated phase space correspond to the bifurcation sets 
of parameters. It may happen also that these separating hyperplanes can possess a 
very complicated structure. 

We have already considered a matrix with multiple eigenvalues and we have 
shown, how to reduce it to a Jordan canonical form. As it has been pointed by Arnold 
[11], in many engineering oriented sciences, when a matrix is approximately known 
the obtained results may be qualitatively different from expectations. It is caused by 
a fact that even a slight perturbation can easily destroy a Jordan canonical form. 
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Fig. 13.1 Saddle-node bifurcation. The points O; and O2 approach each other (a), overlap (b) and 
vanish (c) 


However, in the case of parameterized families of matrices their perturbation 
does not change the multiple eigenvalue matrix form from the family. The pro- 
blem defined by Arnold [11] is focused on a construction of the simplest form and 
to determine the minimum number of parameters to which a considered family can 
be reduced. A versal deformation is called universal if the change of the introduced 
transformation is determined uniquely. A versal deformation is miniversal one if 
the dimension of the parameter space is the smallest required to realize a versal 
deformation. The questions concerned a construction of miniversal deformations 
(normal forms) of matrices with multiple eigenvalues and the minimal number of 
parameters are also addressed in the monograph [243]. 

The main results are summed up in the following theorem. 


Theorem 13.1. Every matrix A possesses a miniversal deformation and the number 
of its parameters is equal to the codimension of the orbit of A. 


The smallest number of parameters of a versal deformation of the matrix A can 
be formally found following the steps given by Gantmacher [97] and Arnold [11]. 

To introduce a background of dynamical system bifurcations we briefly follow 
Neimark [181], who analysed some properties of two- and three-dimensional phase 
space bifurcations. In Fig. 13.1 three steps of the phase plain (portrait) changes are 
shown which refer to the saddle-node bifurcations. In Fig. 13.2 a situation when 
a stable focus changes lead to an occurrence of a periodic orbit is shown. In Fig. 13.3 
three successive steps leading to occurrence of a stable and an unstable periodic 
orbits are shown. Note that doubled limit cycle creates the so-called critical orbit. 
In Fig. 13.4 the successive steps of an occurrence of a stable periodic orbit associated 
with a stable type separatrice is shown. In Fig. 13.5 three successive steps of a 
bifurcation changing the separatrices associated with two saddles are shown. 
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Fig. 13.2 Focus—periodic orbit bifurcation. A stable focus (a) becomes unstable and a stable 
periodic orbit is born (b) 


21@ © 


Fig. 13.3 Bifurcation leading to occurrence of two periodic orbits. A stable focus (a) becomes 
unstable and a stable periodic orbit is born (b), which eventually becomes also unstable and a 
second (stable) periodic orbit appears (c) 


a b c 


KS) ks 


Fig. 13.4 Stable and unstable manifolds of a saddle (a) become closed (b) eventually leading to 
occurrence of a stable periodic orbit without a saddle point (c) 


The dashed area corresponds to significant changes of the phase flow. Generally, 
bifurcations can be separated into two classes: static and dynamical bifurcations. 
Static bifurcations are related to equilibrium, whereas dynamic bifurcations are 
related to other objects of a phase space. 

Recall that 4 € IR* and assume that the eigenvalues oj, related to a being 
investigated locally equilibrium (singular point) depend on k — 1 passive parameters 
(scalars) and one active parameter A*. It is clear that for fixed passive parameters 
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Fig. 13.5 Bifurcation changing separatrices of two saddles ((a) a trajectory before (b) in a critical 
state (c) and after bifurcation) 


, 
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Fig. 13.6 Global bifurcation diagram 


and for quasi-static changes of an active parameter one gets curves in the space 
(Reo;,Imo;, A*), further called trajectories corresponding to the eigenvalues o;. 

Suppose that increasing A* one of the eigenvalues crosses origin (an investigated 
equilibrium) and other eigenvalues remain either in left-hand side plane (LHP) or 
right-hand side plane (RHP). A small change of +AA close to A* results in A*+ AA. 
Two situations are possible. If a being investigated equilibrium changes its stability 
when A* changes from A* — AA to A* + AA and the leading eigenvalue remains 
always real then this bifurcation is called divergence. 

The Hopf (or flatter) bifurcation occurs when a pair of complex conjugate 
eigenvalues crosses (with nonzero velocity) the imaginary axis of the plane 
(Reo,Imoa). The previously stable equilibrium becomes unstable and a new 
periodic orbit is born. A divergence belongs to one-dimensional bifurcation whereas 
Hopf bifurcation is two-dimensional one. 

Note that although Hopf [124] stated the theorem valid for n-dimensional vector 
field, the sources related to this problem can be found in the work of Poincaré [202], 
and the first study of two-dimensional vector fields including a theorem formulation 
belongs to Andronov [8]. Hence some authors (see [243] for example) call this 
bifurcation as the Poincaré—Andronov—Hopf one. 

In order to introduce a fundamental background of bifurcations we follow the 
diagram shown in Fig. 13.6 (see also Iooss and Joseph [127]). 
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The global bifurcation diagram includes branches of solutions (small letters) 
and branching points (capital letters). A solution branch corresponds to the uni- 
queness of the dependence x(A). However there may exist points where the 
uniqueness dependence is violated. They are called branching points. One also di- 
stinguishes primary branching points (A—limiting point, B—bifurcation point) and 
secondary bifurcation points (D—tangent point; C—limiting point; E—bifurcation 
point; F—multiple bifurcation point). 

Consider two solutions x (Ao) and x (Ao) + € of Eq. (13.1). Both of them satisfy 
the equations 


dx(A ~ 
C0) = F(A, Qo), 
d(x(ho) + 8) (13.2) 
ACP Pee) 
dt 
Hence in order to analyse equilibria states we obtain 
F(A,e) = 0, (13.3) 


where F(A, €) = F (Ao, x(Ao) + €) — F(A, x(Ao)). 
The isolated solutions of Eq.(13.3) can be classified in the following 
way [127]: 


1. Regular point. In this point derivative F, 4 0 or F, # 0 and from the implicit 
function theorem one can find either a curve A(e) or e(A). 

2. Regular limiting point. In this point A,(¢) changes its sign and Fy (A, ¢) 4 0. 

3. Singular point. In this point F, = F, = 0 

4. Double bifurcation point. In this point two curves with different tangents intersect 

each other. 

. Bifurcation-limiting point. In this double point the derivative 1, changes its sign. 

. Tangent point. This is a common point of two curves with the same tangent. 

7. Higher order singular point. In this point first- and second-order derivatives are 
equal to zero. 


nN 


13.2 Singular Points in 1D and 2D Vector Fields 


13.2.1 1D Vector Fields 


Our attention is focused on a first-order ordinary differential equation with one 
parameter A of the form (13.1). For real values of both x and A values the singular 
points (equilibria) are defined by the algebraic equation (13.3). 

We are going to analyse an existence and uniqueness of singular points qualita- 
tively including a construction of bifurcating solutions together with their stability 
estimation. Note that (in general) considering an implicit function (13.3) one can 
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get either the function x(A) or A(x), or isolated points, or it cannot be explicitly 
described. Here, following the earlier introduced classification given in Sect. 13.1, 
one deals either with regular or singular points. A regular point belongs to only one 
curve, whereas a singular point can be either isolated or it can belong to a few curves 
(branches). An order of singularity defines number of the associated branches. Here 
we would like briefly to explain a word “singular”. It appears first as the name 
of equilibria of the dynamical systems. However, it appears second time when a 
nonlinear algebraic equation is considered and it concerns a classification of the 
roots of the algebraic equation. 
The classification of equilibria results from the implicit function theorem. 


Theorem 13.2. Given the function f(x,y) with continuous partial derivatives in 
the neighbourhood of (Xo, yo), where f(xXo, yo) = 0. If either f. (x0, vo) # 0 or 
Sy (%0, Yo) F 9, then: 


(i) There exists such a and B that for x» —a <x <x9 +a, (orfor yo—B<y< 
yo + B) we have a unique solution y = y(x) (or x = x(y)); 
(ii) The function y = y(x) (or x = x(y)) is differentiable in the neighbourhood 
|x —xo| < @ (or |y—yol < f), and 2(x) = cers (or (y) = 
_ fy@Q).y) ). 
fc @Q),Y) 
Now we can define the singular points more precisely. A point (Ao, Xo) is said to 
be regular, if both partial derivatives of the function F(A, x) are not simultaneously 
equal to zero, i.e. 


Fi (Ao, X0) + F2 (Ao, x0) # 0 (13.4) 


A regular point for which F\.(Ao, x0) = 0 is called the extremal point (it can be 
either minimum or maximum). A point for which (13.4) does not hold is said to be 
singular. A point (Ao, Xo) is said to be singular of nth order, if the associated with 
this point derivatives up to the order n — 1 are equal to zero and at least one of the 
nth order derivatives is different from zero. 

The solution branches are defined by the Taylor series. Introducing the new 


function v = * and w = 3-2 and dividing the Taylor series representation of 
0 0 


F(x,A) = 0 by Gay" and by Gr toy | we obtain the following nth order algebraic 
equations, 


Agu" + Ayu"! + +++ + An-1v + An + O(A — Ao) = 0, 


(13.5) 
Ag + Aiw+-+++ Ap—iw" | + Anw" + O(x — x0) = 0, 
where: A; = ster (Ao. Xo), i — a ee 2 


In a limit case (A, x) — (Ao, Xo) the algebraic equations with O (A —Ao) = 
O (x — xo) = 0 serve to find a tangent of a slope to a solution branch to the axis 
x or A, respectively. An existence of n solutions to Eq. (13.5) yields n different 
branches (some of them, however, can be degenerated). Real distinct solutions 
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correspond to distinct intersecting branches, whereas multiple solutions correspond 
to same tangent values of different solutions in the point (Ao, x9) or overlapping 
of multiple branches. Complex solutions correspond to the so-called degenerated 
branches (points) [144]. 

A point (Ao, Xo) is called degenerated if it belongs simultaneously to degenerated 
branches (solutions). 

An order of degeneracy of a singular point (Ao, Xo) is defined by a number of 
complex roots of Eq. (13.5). In words, degeneracy order corresponds to a number of 
degenerated branches. Following the approach given in monograph [144] consider 
the first equation of the system (13.5), further referred as H(v,¢) = 0, where 
€ = A — Xo. Let vo; be solutions to the first equation of (13.5). A unique solution 
with the tangent vo; is obtained when H,(vo;,0) 4 0. This holds when vo; is a 
simple root of H(vo;, €) = 0. Note that in order to distinguish different tangent and 
identical branches passing through the point (Ao, xo) one needs to calculate higher 
order derivatives, which for instance define curvatures of the branches. 

If Ag, Ai,..., An—1 are equal to zero, then the first equation of (13.5) has n — k 
roots, whereas the second possesses k roots equal to zero. Geometrically, it means 
that k branches have a tangent parallel to the axis 4 in the point (Ao, x9). Now we 
briefly outline a construction of a solution branch in vicinity of the singular point 
(Ao, Xo), for which 


F(Ao, Xo) = 0. (13.6) 


Let us approximate function F by its double Taylor series of the form (we follow 
here the approach given in monograph [144]): 


F(A, x) = a@(A) + a(a)(x — x0) + sblanx — xo)? + en —x) +: 
= ay + a (A — Ao) + 520 —Ao)? + 530 —Ap) +e 
+ [ay + ay (2 — Ap) + 5yaa(A— Aa)? + spas( — Ao)? ++ JA Ao) 
+ 5ylbo + B11 Aa) + 57b0(A— Ao)? 


1 1 1 
+5)b3—Ao)'+ . JAAo)’ +s leo+e1A—Ao) + O20 = Ay 


1 
+ BoA —Ap) +:+-JA-Ap) +e, (13.7) 
ai i+ i+ 
where: aj = TF (Ao, Xo), aq = rE (Ao, X0)s b = aE (Ao, x0); Gq = 


oF (Ao, Xo), and so on. Note that aw = 0. If F(A, xo) = 0 (independently of A) 
then x = Xp is a solution. In addition, if (Ao, xo) is a regular point then x = Xo is 
only one solution. However, if (Ao, xo) is a singular point then in spite of x = xo 
there may exist also additional branches of solutions. If x — x9 = ¢, then a solution 


can be parameterized by 
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A — Ao = v(e), (13.8) 
where ¢(€) can be approximated by the series 


p(e) = fo + mie + pe? + (13.9) 


It can be easily shown that Aj = O. Substituting (13.8) and (13.9) into (13.7), 
and comparing terms standing by the same powers of ¢ the following equations are 
obtained 


€: A141 + ao = 0, 


2 1 2 1 
es yeh + aypy + 50 + ay plz = 0, 


; 1 i i a7 1 
€ 1 Aop3 + 2b ta + PAclasl + ajp2+ a2 + reat + 6° = 0, 


(13.10) 


which define j11, 42, (43,... Hence a solution in the neighbourhood of (Ao, xo) has 
the following parameterized form 


X—Xo = &, 
(13.11) 
A Ao = Aye + Ane? + O(e?). 


Note that if w, = Fy(Ao, xo) = 0, then one should use another parametrization, 
ie.x—XxX9 = (Ee), A—Ap = e. Note also that if (Ao, xo) is singular then a, = do = 0 
and we get 


Mt + 2aip1 + 2b = 0. (13.12) 


Therefore, if 


(i) at > 2boa2, then we have two distinct roots for 1; 
(ii) at = 2bod2, then we have double real solution (two branches of solution are 
tangent); 
(iii) ay < 2b, then the roots are complex (the point (Ao, xo) is singular). 


If bo = ay = a = O, then (Ag, Xo) is the triple point and first non-trivial 
algebraic equation is defined by the terms standing by e*. Many other examples are 
given in the mentioned monograph [144]. 

When various branches of solutions are found, the next step is focused on 
analysis of their stability. Consider one-dimensional problem governed by the 
equations 


x = F(A, x), 


a (13.13) 
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where the second equation governs behaviour of perturbations related to a being 
investigated singular points (equilibria). The discussed earlier Lyapunov’s theorems 
can be used to estimate stability. Since we deal with one-dimensional case, then 
F(A, x) defines the characteristic exponent of (13.13). Ifo = F(A, x) is negative, 
then a constant solution x of the original nonlinear differential equation is stable. 

Observe that during stability investigation in the neighbourhood of the point 
(Ao, Xo) we deal with the functions: 


(i) o = o(A) = F(A, x(A)) if'a being investigated branch has the form x = x(A); 
(ii) o = o(e) = F,(A(e), x(e)) if a being investigated branch is parameterized by 
the equations x — xp = €,A — Ao = G(e). 


We give two examples studied in monograph [144]. 


Example 13.1. Consider the first-order differential equation with the right-hand 
side F(A, x) = —1—2A+2Ax +A? +3x?—2x3. Display existence and classification 
of singular points and build the corresponding bifurcation diagram. 


Following the steps described earlier we obtain 


F, = 2A + 6x — 6x’, 
Fy =—2+244 2x. 


Solving two equations F,, = 0 and F, = 0, we obtain (0,1) as the singular point, 
which is doubled (F\.(0, 1) = 0, Fy(0, 1) 4 0). Introducing the parametrization 


e=x-l, 


A = mie + pre? + O(e°), 


we obtain: 

ge: bi t+ 241-3 =0 

es p2+Mip.—-1=0. 

Solving above algebraic equations we get: 14, = 1, fiz = —3, fat = 0,5, 
[422 = —0,5. Hence, the following branches of solutions are found: 
x=6, 

Aq(e) = 2e — e? + O(¢°). 

and 


X=€6, 


Ao(e) = —e + O(e’). 
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X=6 
A=A,(€) 
nr 
_ XSE SS 
A=1,(e) 


Fig. 13.7 Stable (solid line) and unstable (dashed line) branches of solutions in a vicinity of (0,0) 


Stability of the obtained branches are defined by the exponents 


o\(e) = F,[Ai(e), €] = —6e + O(e), 
o2(e) = Fy[A2(e), €] = —3e + O(e?). 


The corresponding bifurcation diagram is reported in Fig. 13.7. For e > 0 (e < 0) 
we have stable (unstable) branches. 
oO 


Example 13.2. Consider a vertical slim rod of length / and a buckling caused by its 
gravity. 
The equilibrium conditions of the rod element are: 

(i) pAwdx = dN sina + dT cosa (transversal motion); 


(ii) dN cosa = qdx + dT sina (longitudinal static condition); 
(iii) G4 = T (static condition), 


where: p is the material density; A is the area of rod cross section; N is the normal 
force; T is the transversal force; M is the bending moment; a defines buckling angle 
and (-) = d/dt. 


From (iii), taking into account (i) and (ii), we get: 


Ad?iv _ 0°M 
dt? ax? 


_ Ow dw, _ 1 
tana = >, ye = aa 


p + qtana, 


where 
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The bending moment and a rod curvature are linked via relation 


33 
mu =-e1(1+ 2) in 
dx 


where F'J denotes the rod stiffness. Since we are going to consider rather large rod 
deflections then we include two nonlinear terms of the Taylor series of M(w), and 


hence 
a?w 3 (dw\> 8 (aw\4 
M=-ElI 1- : 
=| 5 (¥) +2 (¥) 
In addition, we approximate (cosa)! by 


1 _ 41a 
cosa 2\ax} ° 
Taking into account the above relations we obtain the partial differential equation 
governing slim vertical rod dynamics 


d*w _ dw ETI | dtw i aw \? i 9 (dw \* Phdid ow 0°w 
dt * ax pA | ax4 ax 8 \ ax dx dx? Ax3 
ow dw \? d2w dw dw \? ( w 
sg dts 18 pe | een es | ee | 
7 ax? . (*) ax? dx3 7 () (=) 


The boundary conditions for w(x, t) include: 


(a) geometrical 
d 
w(0,t)=0, (0,1) =0; 
dx 


(b) approximate mechanical 


d*w d>w 
Faz Ft) = 0, Tal) = 0. 


In order to obtain an ordinary differential equation we separate the variables 
w(x,t) = u(t)A(x). 


Taking h(x) as the fourth-order polynomial, and after orthogonalization procedure, 
we get 
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ae ae: Cc, D, 
u= 1 24 Eng Uu, 


where A, B,C, D are passive parameters, and A = / is the active parameter. Note 
that although we have second-order differential equation, we are going to investigate 
equilibria which are governed by 


A B C D 
FQ,u)= (5 - a+ qo — Te =0 


in a way similar to that of first-order differential equation. The trivial solution u = 0 
corresponds to a straight form of the rod. The singular points are defined by 


Ae Be BCs - Deg 


F,(A,u) = ieee Can qo! — ZRH = 0, 
A 4B 2C 4D 
AQw = (S45 )u- are tay = 0 


For u = 0 from F, = 0 we get Ayn = (2)), The point (Ao, up) = (Ao, 0) 
is the singular point. Because Fy, (Ao,0) # 0 than this is second-order singular 
point. The horizontal line uv = 0 is one of the solutions crossing by this singular 
point. The second branch can be parameterized in the following way 


u=é, 
A Ao = pie + pre? + ze? + pge* + Ol€?). 


The being sought numbers j11, {42, {43 and jz4 are found from the equations: 
1 
E: ayy t+ 50 = 0; 
(where a) = Fy,(Ao, 0) = 4 > 0, bo = Fyy(Ao, 0) = 0 and hence jz; = 0) 
0 


5 1 
&: aia + co = 9; 


(where Cg = Fry (Ao,0) = &C > 0, and hence A, = 


ag 
checked that also 13 = 0) 


Cc 2G 
3ank < 0; it can be easy 


7 boy ag 
E dba + Fa2iy + Eciba + Zi Co = E 
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(where an = Fiau(Ao, 0) = —18a < 0, qj = Fru (Ao, 0) = ety > 0, oO = 
0 
Fuunu(A0,0) = 2 < 0.) In result, we have found the following parameterized 


branches of non-trivial solution 
u=€é 
A-—Ao = [2€° + jge* + O(e°), 


where Ay < 0 and A, > 0. Now let us investigate stability. In a case of the trivial 


solution 
A(. B&B 


Hence 0, > 0, (o; < 0) when A > Ag (A < Ag). In the case of the second branch 
we have 


A B 3C 5D , 


02(é) = F, (A(e), €) = Xe) = M(e) = te” + A8(e)- , 


and consequently 


do 6C 
12 (0) = -— <0. 


d 
02(0)=0; (0) =0, 
dé 
The exponent 02 can be approximated by 


3C 
on(e) = —Fee + Ole’). 


1 
In the extremum of this branch, which is equal to ¢,, = + (2) , a change of 


stability occurs. 
The results are shown in Fig. 13.8, where the hysteresis loop F1, 2, E3, E4 is 


remarkable. oO 


13.2.2. Two-Dimensional Vector Fields 


Consider how two nonlinear algebraic equations with one parameter A of the form 
F, (%1,%2,A)=0, i=1,2 (13.14) 


and x19, X29, Ao is a solution of (13.14). 
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é E, 
E; 
. 
\ 
‘\ 
‘ 
‘\ 
| E, \ E; 
0 Xe, 


Fig. 13.8 Bifurcation diagram of a slim rod buckling 


Theorem 13.3 (Implicit Function Theorem). /f the Jacobian associated 
with (13.14) oF (X10,X20,A0) 4 O then there is a neighbourhood of the point 
(X10, X20, Ao), where the curve defined by (13.14), is unique, i.e. there exist such 
functions x; (A) that 


F; [x1 (A), x0(A), A] = 0,7 = 1,2. (13.15) 


In words, if the associated Jacobian with the investigated point differs from zero 
then there are no other solutions in a neighbourhood of the point (x10, X29, Ao). 
A necessary condition for bifurcation is defined by he (X10, X29, Ao) = 0, i = 1,2. 

Now we are going to describe briefly a construction of a bifurcation solution of 
the system (13.14). We consider a trivial case, i.e. we assume that x19 = x29 = Ois 
the solution of Eq. (13.14), and A = 0 corresponds to a critical state of the system. 

Since 


F,(0,0,A)=0, i =1,2, (13.16) 
hence 
Fy (x1, X2,A) = a (A) x1 +b (A) x2 + (A) ae + 2B) (A) x1 x2 
+7 (a)x} +0 (Ix), 
Fy (x1,X2,A) = c (A) xy +d (A) x2 + a (A) x? + 2B (A) x1 x2 


+ (A)x3 + O(IIxIP), (13.17) 
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where a,b,c,d,a;, B; and y; (i=1, 2) depend on the parameter A and ||-|| denotes a 
norm in two-dimensional Euclidian space. The associated variational (perturbatio- 
nal) equations have the form 


x1 ao bo a; by 2) \ | x1 
— A+ O0(A : 13.18 
i] (ee i ve ) | aii 
A bifurcation condition leads to the equation 


ag bo 


det [Ao] = beds 


=0. (13.19) 


It is clear that det [Ao] = 0, if at least one of the eigenvalues of the matrix Ao 
is equal to zero. Knowing that (0,0, 0) is the bifurcation point one needs to find a 
number of bifurcating solutions (from this point) occurring in a small vicinity of 
A = 0. Taking into account the small increments of the variables and functions 
in (13.16) and dividing the obtained linear equations by dA one obtains 


dF, dx si dx 

= do 0 
dx di dx (13.20) 
dF dx, dx» 


=C +d : 
dx dh oda 
This linear approximation cannot be used to find uniquely higher order deriva- 
tives. One should include the nonlinear terms. For the case, when only quadratic 
terms are taken into account, we get 


dx dx,\? dx, dx dx» 
2 =0 
TA + by 2 + a(S) + + 2B a Aa + Yio ony ; 
dx dx dx; \* dx, dx dx \° 
+d —]| 42 —*) =0 
aa Ge tan (SZ) + Po dat \ aa 
A number of bifurcating solutions is defined by a number of intersection points 
of two conical curves represented by Eq. (13.21). One can have 1, 2 or 3 solutions, 
in spite of the trivial one. 


In general we have three different cases to be considered in two-dimensional 
vector fields: 


ago 
(13.21) 


(i) one eigenvalue is equal to zero; 
(ii) two eigenvalues are zero with degeneracy order 1; 
(iii) two eigenvalues are zero with a degeneracy order 2. 


We consider only the case (i) and we follow the steps studied in the mono- 
graph [144]. 
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Let us introduce the following parameterization 

xX) = 6X. =ey(e),A=enul(e), (13.22) 
or 

xX, = ex (€),x%2 =e, A= eEp(e). (13.23) 


The functions x (e) , y (e) and A (e) are polynomials and can be found in a way 
described earlier. Using parameterization (13.22) the being analysed Eq. (13.14) can 
be presented in the form 


egi [u(e), y(e),e] =0, 1 = 1,2, (13.24) 
where 


£1 =a) tae + (bo + Dieu) y + ae + 2Biey + yey? + O (e°), nas 
& =cot cen + (do t+ dep) y + ane + 2Brey + rey? + O (e7) : , 


In fact, we are going to find the functions y (e) and jz (e) which satisfy the 
equations 


ay + boy +e [(ai + diy) w+ a + 2Biy + yiy?] + O (e”) = 0, (13.26) 
co+ doy + e[(c1 + diy) w+ a2 + 2Boy + yry?] + O (e’) =0. | 


For ¢ = 0 we obtain two dependent equations and hence yop = y (0) = —22 = 


bo 
= for bo # 0 or do £ 0. 
In the case by = do = 0 one needs to apply the following parametrization x; = 


ex (€),X2 = €,A = ep (e). Ina similar way, one obtains x9 = x (0) = =i = =e 

for either ao # 0 or co # O. Let 
y (€) = yo + ey (€) (13.27) 

Substituting (13.27) into (13.26) we get 
eh; (A, y,e)=0, i = 1,2, (13.28) 
where 
hy =bo¥ +a t+hiy) +a + 2Biyo + vig + O (8), 

(13.29) 


hp = do¥ + w(er + diy) + @2 + 2Bryo + yaye + O(€). 
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Since for € = 0 we have h; = 0, hence we get two linear equations of the form 


bo¥o + Ho (a1 + bi yo) + a10 + 2Bi0¥0 + Yioyo = 0, 
- ‘ (13.30) 
doVo + Mo (C1 + diyo) + &20 + 2B20¥0 + Y20¥9 = 9, 


which serve to find (yo; 40). The first (linear) approximation to the being sought 
bifurcated solutions has the form 


X1 = &,X2 = eyo, A = Elo. (13.31) 


/ 2 
Note that the solution (Yo, {4o) is the only one, and é = xi + ( 2) measures a 
distance between the bifurcational and trivial solutions. One can include more terms 
in order to get nonlinear functions ¢ (A) and ju (e). The associated linear variational 
equation defines a local phase flow in a vicinity of a being investigated non-trivial 
solution. Introducing the local variables vj = uw, — ¢ and vz = uz — Eyo one obtains 


ia a be + € (Apa, + 2019 + 2819) bo + € (Aobi + 2819 + a bal 
V2 co + € (Age + 2029 + 2820) do + € Aod: + 2820 + 2y20) | L v2 
(13.32) 


The bifurcating solution (13.31) is unstable in Lyapunov sense if at least one 
eigenvalue o; (€),i = 1,2 has a positive real part. For a case aj = bo = co = O 
and dp < 0 from (13.32) one gets 


v1 CIE Oe Vv} 
= ; 13.33 
| eel : 


where c; are real values. The associated eigenvalues are easily found 


dot (Citerye 


012 (€) = 5 


1 
5 (a + 2dy (c4 — 1) €, (13.34) 
and for enough small ¢ they can be represented by their linear part only 

01 (€) = c1€, 02 (€) = do + cage. (13.35) 


The corresponding bifurcational diagram is shown in Fig. 13.9. Unstable 
solutions are marked by a dashed line. 
Example 13.3. Display a bifurcation diagram and investigate stability of all bran- 
ches of solutions occurred in the system 
X1 = px; — pX2—x? +x5+x3, 


X= pxX2 + xX1xX2 + Oe 
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Fig. 13.9 Bifurcational diagram corresponding to simple zero eigenvalue (/ primary (trivial) 
solution; 2 secondary (bifurcated) solution) 


First we observe that a matrix associated with the origin does not have the terms 
independent on p, hence Ap = 0. We have double zero eigenvalue for p = 0, with 
the Riesz index v = 1 and degeneracy order 2. The eigenvalues of the matrix A 
are 01.2 = Pp. 

We introduce the following parametrization 


X1 = &, 
x2 = eyo + e*y, + O (Ee), 
Pp = Elo + & + O(e°), 


and we substitute the above equations to the analysed differential equations. 
The following algebraic equations are obtained 


2. Ho— Moyo -1+y5 =0, 


toma 
(Ho + 1) yo = 0; 
(*) 
3. Mi (1— yo) + ¥1 2y — Ho) = 1, 
iyo + yi (1 + fo) = —2. 


Their solutions are 


3 
yi) => 0, ye? aa 1, yf ) = —2, 
1 3 
is ) 1, 2) 1, A 1. 


Since for each of three above pairs (yo, Zo) the main determinant of (*) is not 


equal to zero, there are three pairs of solutions ( i” , pee ) corresponding to three 


pairs (9? Bo) fork = 1,2,3: 
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Fig. 13.10 Four branches of solutions (dashed curves correspond to unstable ones) 


Therefore we have the following three branches of bifurcating solutions (see 
Fig. 13.10) 


QQ) _ (2) (3) 


x, =6&, XxX; = 68, xy =6, 
1 =-240(0), Pe }e +0(2), 2 = 20-4? 4 0(2), 
pYse-—&+O0(e), pO =-e- 26’, p®? =-e+e 4+ O(e). 


A stability of each bifurcated solutions depends on the eigenvalues of the matrix 
calculated in the point x; = €, x2. = eyo, p = EMo 


i Ho — 2 2y0 — pb 
_ x1 0x2 | _ 92 0 —~ KO] _ 
so-(Be|-4| Yo 707 Bo = enBb, 


Ox, Ox2 


Now, taking three pairs (yo, /4o) we obtain 


and the corresponding eigenvalues read 


Q) _ GQ) _ 2) _ 341 f7 ,~B) __34 1/93 
001 =-l, 902 —a ie O12 = z+ a 21, O12 =—5= 3 33. 


All of the so far presented examples are taken from the monograph [144]. 
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Fig. 13.11 Saddle-node bifurcation 


13.2.3, Local Bifurcation of Hyperbolic Fixed Points 


In the previous sections we have shown a general approach to analyse bifurca- 
tion appeared in one- and two-dimensional vector fields. Here we present local 
bifurcations of hyperbolic fixed points. A reader can easily apply the described 
earlier method to construct the corresponding bifurcation diagrams. 


(i) A saddle-node bifurcation 


This bifurcation is governed by the equation 
x=A-x? (13.36) 


with the corresponding bifurcation diagram shown in Fig. 13.11. 
Gi) A transcritical bifurcation. 


This bifurcation is characterized by vector field 
xX =Ax—x? (13.37) 


and its associated bifurcation diagram is shown in Fig. 13.12. 
(iii) A pitchfork bifurcation. 


This bifurcation occurs in the one-dimensional system with a cubic type non- 
liberality and is governed by the vector field 


xX =Ax—x?, (13.38) 
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le 


Fig. 13.12 A transcritical bifurcation 


+ 


Xx 


Fig. 13.13 A pitchfork bifurcation 


The bifurcation diagram is shown in Fig. 13.13. 

Note that for A < 0 we have one branch of solutions, whereas for A > 0 there 
are three branches of solution (two stable and one unstable). 

There is another important question related to the so-called normal forms of the 
classical local bifurcations. In words, having a Taylor expansion around a trivial 
non-hyperbolic fixed point of a general parameter family of one-dimensional vector 
fields one can characterize the different geometry of the curves passing through 
origin by an appropriate truncation of the series. For example by adding the signs 
“+” instead of the sign before two terms on the right-hand side of (13.36), (13.37) 
and (13.38) we get the normal form of the mentioned local bifurcations. 
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13.2.4 Bifurcation of a Non-hyperbolic Fixed Point 
(Hopf Bifurcation) 


The Hopf bifurcation plays a role of a door between static and dynamics and is 
very important in engineering. In spite of the original work of [124] a problem 
when a previously stable equilibrium becomes unstable and in a critical bifurcation 
point periodic orbit appear has been analysed also by Andronov et al. in the 
thirtieth (see [8,43]). Then in seventieth this central problem for dynamics has been 
reconsidered by many researchers like Chow and Mallet-Paret [64], Crandall and 
Rabinowitz [73], Hale [112], Hale and Oliveria [113], Hassard et al. [115], Holmes 
[123], Marsden and McCracken [164], Golubitsky and Schaeffer [100], Golubistky 
et al. [101], and others [125]. Here we briefly follow the approach described by 
Hassard [115]. 
Consider the following differential equations 


x= F(p,x), x eéR". (13.39) 


We assumed that p is the bifurcation parameter and for p., = O we have 
F (Per,9) = 0. We say that the system (13.39) has a family of periodic solutions 
with the parameter ¢ € (0, €9), and the amplitude of periodic solutions tends to zero 
when the formally introduced parameter ¢ —> 0. 


Theorem 13.4 (Hopf). Given 


(i) F(p,0) = 0 for every p from an open interval including p = 0 and0 € R" is 
the isolated fixed point of (13.39); 
(ii) The function F is analytical with regard to p and x ina certain neighbourhood 
of (0,0) € IR" x R!; 
(tii) The matrix A(p) of the linearized system in a vicinity of zero solution has a 
pair of conjugated eigenvalues o and o, where 


o(p) = E(p) + in(p), (13.40) 
and 
dé 
&(0) = 0, rr #0, n(0) = no > 0; (13.41) 


(iv) Other eigenvalues of the matrix A(0) possess negative real parts. 


Then the system (13.39) has a family of periodic solutions. In addition, there is a 
certain ¢" and an analytical function 


[o,e) 
pu(e)=)>opisi, =O K<e<e"), (13.42) 
i=2 


such that for every € € (0,¢") the system (13.39) for p = p"(e) has a periodic 
solution x,(t). 
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The period of periodic solution x,(t) is the analytical function 
H 2m —or H 
T'() = a+) TE), (0<e<e"). (13.43) 
M0 i=2 


For every L > 21/ po there is a neighbourhood R of the point x = 0 (x € IR") 
and an open interval J including 0, such that for every p € J the periodic solution 
to the system (13.39) which lie in R and have a period smaller then T" are the 
members of the family x,1) for which p™(e) = p,e € (0,e"). The solutions 
which differ by an initial phase and corresponding to the same x,(t) cannot be 
distinguishable. If p"(e) is not identically equal to zero, then a first nonzero 
coefficient p; has an even index. There exists such ¢' € (0, €") that p" (e) is either 
positive or negative for € € (0, €'). Two Floquet exponents of the solution x,(t) tend 
to zero for ¢ —> 0. One of them is identically equal to zero for ¢ € (0, €"), whereas 
second one 


CO 
o(€) = Dave’, O<e<e”. (13.44) 
i=2 


The periodic solution x,(t) is orbitally stable (unstable) with the asymptotic 
phase, ifo(e) <0 (o(e) > 0). 


The proof of the Hopf theorem is here omitted, but it can be found in the work of 
Marsden and McCracken [164]. Although the Hopf theorem in its source version is 
related to the systems with analytical right-hand sides, but the similar like theorems 
have been formulated later for the right-hand sides being differentiable (see [115)]). 
We have used the same reference to formulate the Hopf theorem. The main idea of 
the proof is focused on reduction of initial n-dimensional system to two-dimensional 
Poincaré form with use of the central manifold theory. A construction of a bifurcated 
solution relies on application of the normal Poincaré form. Another alternative 
approach has been presented by Iooss and Joseph [127] (see also Kurnik [145]). 
We present the later one, since it seems to be more economical leading to estimate 
bifurcating solutions and their stability. 

Assume that self-excited oscillations equation of a mechanical system with 
lumped parameters is governed by the equation 


U = F(v,U;Q), (13.45) 


where U € IR" and F : R’ xR” — R’, v is the parameter governing self-excitation 
and further referred as the bifurcation parameter; O is another parameter. 

Assume that F is analytical with regard to U and v in a vicinity of v,,. Let 
U* = U*(v, Q) be a constant solution. Note that for each Q the constant solution 
depends on bifurcation parameter, and hence we have a family of constant solutions. 
On the other hand, for a given v and Q, one may have many solutions U,", U;*,.... 
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Dealing with a Hopf bifurcation we consider one of the U;* solutions. 
The corresponding critical value of v is found investigating stability of the 
being analysed constant solution U*(v, Q). Assuming that A(v, Q) is the matrix 
corresponding to the linearized system, then the characteristic equation is 


det(A — a) = 0, (13.46) 


where / is the identity n x n matrix. 

The critical point v = vVer(Q) is defined by Re{oi(v-,,Q)} = 0, where 
0; > 0;,i1 = 2,...,n. Then the system (13.45) is transformed to its local form 
by introducing the variable u = U — U*(v, Q), and the parameter @ = v — ar. 
Equation (13.45) is recast to the following form 


i= f(o,w), (13.47) 


where: f(o,u) = F(@ + Wer,u + U*;Q) — F(o + @r,U*; 0), Q,0 € 
Rt,u,U* €R’. 

Observe that f(@,0) = 0. The parameter Q will be further omitted to simplify 
our considerations. Therefore the problem is reduced to consideration of the 
following system 


i = A(w)u+ N(w,u), (13.48) 


where A(w, Q) = A(w), Aij = [jE uo. 
Let 0)(@),...,0,(@) be the eigenvalues of A(w). Claiming also that the 
assumptions of Hopf theorem are satisfied in a vicinity of the critical point: 


Reo (0) = &(0) = 0, 
Imo2(0) = n(0) = Qo, (13.49) 
Ge (0) #0, 


where 20 is the positive number and 0), 02 = 0; are simple eigenvalues. 

Let g and q* be the eigenvectors of the matrix A(w) and A*(w) = A’ (a), 
respectively. They are associated with the imaginary eigenvalues in the critical point. 
These are found from the equations 


(A(0) — 01 (0)1)q = 0, 


(AT (0) — G1 (0)1)q* = 0. (13.50) 


The required uniqueness is achieved by introduction of the normalization 
procedure 


(.¢°) =1, (13.51) 
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where (q,q*) = vu, a;b; is the Hermitean scalar product in complex 
n-dimensional Euclidean space and the vectors g and g* are orthogonal, i.e. 


(q.9°) =) aay =0. (13.52) 


i=1 


They are linearly independent and they will play a role of skeleton of being 
sought periodic solutions. The vector q* will be used during implementation of 
the orthogonal condition within the Fredholm alternative. 

The being sought bifurcated solution has the form 


CO 


u(s,é) = > SUM syer, (13.53) 


i=1 


where s = Q2(e)t. We take 


ll 
Q =Q | "Qh, 
(e) o+ > ae 
(13.54) 
al 
w(é) = Wer + ye aie On (Wer = 0), 


i=1 


where Q2 is the frequency of the sought periodic solution; Qo = Imo;(0); a, 
and Q,, are the series terms; u"(s) is the series of 27— periodic continuous and 
differentiable functions; ¢ is the parameter measuring the distance between a trivial, 
and periodic solutions in a sense of the applied norm. 

Note that an existence of bifurcated solutions in the form (13.53) is guaranteed 
by Hopf theorem. Let P2, is the space of complex and 22—periodic functions, 
continuous and differentiable, where the following scalar product is defined 


20 
la(s), b(s)] = =| < a(s), b(s) > ds, (13.55) 
0 


and we take the norm 
llall = /{a. al. (13.56) 


In addition, following Iooss and Joseph ({127]), we introduce the Maclaurin 
series of the function f(u,t;@, p) with regard to u. Since f(0,t;@, p) = 0, hence 


es) 
1 
tt, t,o, P) = > oy fit (O PD, t, O|u|u| tee 


i=1 


u), (13.57) 
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where fiw...u(@, p,t,O|u|u|...|u) is nth-linear operator acting on the vector u in 
neighbourhood of u = 0. 

In general, an nth-linear operator of the vector field f(u,t,@, p) acting on the 
vectors a1, @2,...,d@, in an arbitrary point uo is defined by 


i A” f (up thyayt +++ + Andn. ts, p) 
im 
hy,ha,...,4n 0 dh, dh2 aoe dhy 


Fuu..u(, D.t, ug|ay |a2| tee la, = 
(13.58) 
The right-hand side of (13.47) can be developed into the Maclaurin series 


a | 
flow =>° Fie e(0?, Olu... J). (13.59) 


i=1 


On the other hand, each term of the series (13.59) is developed into the Maclaurin 
series with regard to w: 


1 
f(@,u) = fu, Olu) + fuw (0, O|wa + x Suwo(0, O|u)w? +++: 
1 1 ; 
+ oy Fiu(0, O|ulu) + Fin (0, Olulu)w + Z Sumo (0, Olulu)w epee 


1 1 
+ 3! Fu (0, Olu|ulu)+ fru (0, Oluluelu)eo+ 5 Suuuow (0, Olu|ulu)o?+ seep pee 
(13.60) 


and hence 


fow= > — 


i=1 


Say i! j ! ” feo(0, Olu a; + 5 Sune 0, Olu lu) 


i=l j=1 
Co CO CO 


+ > > a ail it lel ott ee (0, Olu); ax + = fuua 0, Ou |u) ax 


i=l j=lk=1 


OO pitjtk+l 


1 ; ; [o.@} [o.@) [o,@) 
= ODO i 
+55 Foau (0, Ole H+ pe nym t+ 03.6) 
i=] j=1lk=1 l= 
The left-hand side of (13.47) has the form 
es du Ron Aee, ae - 


i= mF 


i=1 i=1 j=1 


(13.62) 
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Comparing the same terms by the same powers of ¢ in (13.61) and (13.62) we get 


du) 
—Q)—_— ae + f,(0,0\u) =0 (e!) 


n! du) 


du‘ 
= (n)) — y = 
Qo —— ” + £O, Olu y= thet ax 


rr fav (0, Olu oj + 
i+j=n 


1 . : n\ 
— x Fal, Olu (0)} — > mare toe for n> 1). 


itj+k= 
(13.63) 
Introducing the operator 
d(:) 
Jo) 5 Se + fu(0,0|()), (13.64) 
Equation (13.63) takes the following form 
(13.65) 


Jou = 0, 
Jou) = gn (s), 


where 
du) 
ds 


Sn(s) = &n(s + 27) = nQy-1 _ NOn—1 fuw (0, Olu‘) — Rp-1, 


du” 


Ria = se > (7) jmi0 Ou |u) + y- \ 7 = |- -2;—— 


itj=n i,j>l i+jsni>2,j>1 


+0; fao(0,01u)} + = es 


itj+tk=n  i,j,k>1 


1 ; 
eee W),). 
TAT | yi foon (0.0 ee 


1 te 1 eae os 
+5 Saws (0, Olu? ul or. + 5 fom ua eye (13.66) 


Let us introduce the following harmonic functions 
gaye", age". (13.67) 
The following properties hold 


Joz = Joz = 0, (13.68) 
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and 


d(- 
i= 20 + fn(0, 0|(-)), (13.69) 


where: f,* = A*(0)u = A? (O)u. 


The function z and z are linearly independent, and we assume the following 
orthogonality condition 


[u,z*] =e. (13.70) 
This condition implies a chain of conditions 
VO .2]=1, b,c) =0 for n>. (13.71) 
In other words it means that the fundamental harmonic e'‘(e~"*) appears only 
in wu“), The condition (13.70) gives an iteration for ¢ as the amplitude of the 
bifurcated solution. In order to solve (13.65), we assume 


u) = cz + Cz, (13.72) 


where c is the complex constant. 
The orthogonalization condition gives 


[u, 2*] = clz,2"] = Elz, z*], (13.73) 
and hence c = 1 and 
uw) = [z4 z*]. (13.74) 


The being sought periodic solution of (13.65) exists if the following orthogona- 
lity condition is satisfied (Fredholm alternative). 


[gaz |= 0. (13.75) 


This condition eliminates the occurring secular terms from g,(s). Taking into 
account (13.72) and (13.74) in (13.75) we obtain the following complex equation 


NQn—-1i —N@y—-1 < fuw (0, 0|glg*) > —[Rn-1.2"] = 0 (13.76) 


with two unknowns Q,—; and @,—1. If o(@) = &(@) + in(@) is the eigenvalue 
associated with the vector q(w), then 


og = fu(o,0q). (13.77) 
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Differentiating both sides of (13.75) with regard to w and taking w = 0 we obtain 
{A(0) + iQ01}qa(0) = o4(0) — fiw (0, 014(0)), (13.78) 

where q,, (0) is unknown. The Fredholm alternative applied to (13.78) gives 
(04 (0)q(0) — fuw (0, 0|q(0)),9*) = 0. (13.79) 


Taking into account the earlier introduced notation g(0) = qg and q*(0) = q* 
((q.9") = 1) we get 


Fw(0) =< fuw(0,0|9(0)),g* > . (13.80) 
A solvability condition for n > 1 with regards to u) € P2, yields the equation 
= Nyt + N@n—1T (0) + [Rn—-1, 2°] = 0. (13.81) 


Separating real and imaginary parts we obtain 


Re[Rn—1,2*] 
ee ae aes | (13.82) 
né,, (0) 
and 
0,4 =e es 1 > Le eg (13.83) 
& (0) on 


The obtained dependencies (13.82) and (13.83) allow to find the unknown 
coefficients. Taking n = 2, we get Ri = fi (0, Olu? |u™) and [R, z*] = 0, which 
implies that @, = Q, = 0. It can be shown that 


W2k-1 = Qop-1 =0 keN. (13.84) 


It means that the functions w(é) i Q(e) are even. 
In order to obtain @ and Q we take n = 3, and we get 


3 


Ro = 5 fu, Olu fu) + frau (O, Olu Ju? Ju), (13.85) 


To find [R2, z*] one needs to solve (13.66) forn = 2 (w?)(s)). The right-hand 
side of g2(s) can be presented by 


82 = —Ri = — fu (0, Olgiaye’* — 2 fu, 01419) — faw(0, 0141G)e"*, (13.86) 
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where the condition [g2, z*] = 0 is always satisfied. Let us denote 
— fu, 01g\q) = P, — 2 fuu(0, O|g|q) = S, (13.87) 
and hence 
go = S+ Pe'*> + Pes (13.88) 
The solution u® (s) of (13.65) is a sought in the form 
u™(s) = K + Le'™ + Les (13.89) 


where K, L are real and complex vectors of the form 


K = A1(0)S, L = {A(0) — 2iQo1}'P, (13.90) 
where A(0) and A(0) — 27. Qo/ are nonsingular. 
Denoting 
Le’ = y, (13.91) 
we obtain 


fuu(0, Olu? |u™) = fi (0, O|z + ZK + y +9) = fiw (0, 0|z|.K) 


+ fiu(0, Olz1y) + fau(O, O1Z19) + fiw (O, 012K) + fi(0, O1Z1¥) + fuu (0, re 


Applying orthogonalization to each term of (13.72) with z* we obtain 


Lfuu (0, Ou? |u), z*] = ((fiu(0,01q|K) + fiu(0, 0|g|L)). 9") 


n n n 


= bing? Gi Ke + Gj lx), (13.93) 


i=l j=lk=1 
where 
0 fj 
Dijk = ————|v=0.0=0- 13.94 
ik aa dul | 0,0=0 ( ) 
Noting that 


[Faw (0, Ou Ju Ju), 2*] = 3 (fiw, O14 1414)) 


n n n n 


= YD eirat ajaea, (13.95) 


i=l j=lk=1/=1 
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Fig. 13.14 Amplitude of the periodic solution versus the bifurcation parameter for sub-critical (/) 
and super-critical (2) bifurcation 


where: 


a fj 


|= 0,0=05 13.96 
Bu; Buz du | so one 


Cijkl = 
we obtain 


3 
[Ro, 2" ] = 3 { Suu(9, O1g1K) Fuu(O, 0|g|L), g*) 


+3( fiuu(0, 0|4|919).9")- 


(13.97) 


The first-order approximation of the bifurcated solution is 


u(s,e) = eu) (s) = e(g +2) = 2eRe{q'*} = 2e{Re q cosQ(e)t — Im q sinQ(e)t}, 


(13.98) 
where: 
1, 
Q = Qo+ 58 Qo (13.99) 
and 
1, 
O = Wer + a 2. (13.100) 


The obtained dependence w(e¢) is shown in Fig. 13.14. 

For @2 > 0 a super-critical bifurcation occurs, whereas for w2 < 0 a subcritical 
bifurcation appears. In the case of w2 = 0 one has to calculate w4. Eliminating 
€ from (13.99) and (13.100) we obtain the dependence of self-excited frequency 
versus the bifurcation parameter 


Q 
O = 2) + —(@ — w,). (13.101) 
@2 
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The second-order approximation to the bifurcated solution has the form 
a, to @ is 1 » 2 i2s 
u(s,€) = eu’ + 5° u’ = 2eRe{ge’*} + 5f K + &Re{Le’**}. (13.102) 


It is seen that it contains harmonic and superharmonic parts as well as the 
constant parts. The latter causes a shift of oscillation origin. 

One can proceed in a similar way to get the successive approximations for 
n= 3,4,.... 

For the first-order approximation we get 


Nie 


1 20 
\|u(s, €)|| = Siew =} 5 f <u.u> ds} 


Nie 


1 Qn iN ' 
— iF Oy | = | YS (qie’ + gie '*)(Gie '* + alah 


i=1 
2 2 
1 ™~ 2 zi 2s = 5 2 ids 
=e | = | dae + 2qigi + Give "ds 

1 


“Jay -2nad =*}2 iar =ev2iiq\|- (13.103) 


i=1 


Nie 


II 


i=1 


In the second-order approximation we have 


2 2 
u(t,@) = 2 ,/—Re{gei@} + 2 K + Ref Lei}, (13.104) 
2 @2 W2 
The w(e€) approximation using nth order polynomial 
1 1 
w(€) = Wer + oe + 5g ee + O(e°) (13.105) 


yields the picture shown in Fig. 13.15. 
The term wz, is defined by 
Re[Rg, 2*] 


aoeaed 13.106 
5&w (Wer) ‘ : 


wW4 = 


where: 


Ra = 3002( fiau(Q|K) + fro (G|L) + fauue(9\919), 4") 


ae 7 7 (13.107) 
+154 feu (G|K|K) + 2 fia (G| LIL) + 2 fruu(G|K|L),9"). 
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Fig. 13.15 Hopf bifurcation diagram 


Now we briefly describe a stability estimation of the periodic bifurcated solution 
V(s, €) of Eq. (13.47). Considering v as the perturbation to the investigated solution 
V, i.e. by substituting 


v=u-—V (13.108) 
to (13.47) we get 
v= g(,0,5,€), (13.109) 
where 
g(a,v, 5,6) = f(a,V +v)— f(@,V). (13.110) 


The linearized equation (13.109) has the form 
v= g,(@, Ov), (13.111) 


where 
£y(@, Olv) = fi, (@, v(s, €)|v). (13.112) 


Equation (13.111) has periodic coefficients. A stability of v = 0 depends on the 
eigenvalues of the monodromy matrix. One of the eigenvalues (Floquet exponents) 
is equal to zero, whereas the second depends analytically on ¢, i.e. 0 = o(e) and 
o(0) = 0. 


Theorem 13.5 (Orbital Stability). A limit cycle is asymptotical orbitally stable if 
all Floquet exponents have negative real parts. 


The next theorem gives hints how to find real Floquet exponents. 
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Theorem 13.6. A real Floquet exponent a(e) can be presented in the form 
~, .aw 
o(e) = G(e)—, (13.113) 
dé 


A ; re ‘ dole 
where: G(€) is the smooth function in neighbourhood of ¢ = 0 such that we) (0) = 


—&(0), and s) is an even function. Since 


GO ay, 2 Oe) (13.114) 
de 
and 
6(e) = —& (O)e + O(e*), (13.115) 
therefore 
o(e) = —&,,(0)are” + O(e*). (13.116) 


To conclude, we have two following cases: 


(i) w&,(0) > 0, and a(e) < 0. Then the solution is orbitally asymptotic stable; 
(ii) w&,(0) < 0, and a(e) < 0. Then the solution is orbitally unstable. 


Example 13.4 (See [144]). We consider the Van der Pol equation of the follo- 
wing form 


Xx, = x2, 
X. = —xX) + Wx. - Cre on 


The matrix of the linearized system in the vicinity of (0, 0) is 


A(@) = i ae 


The eigenvalues of A(w) are defined by the equation 


o? —w0 +1=0. 


Hence, for |w| < 2 there exist complex conjugate roots, whereas for |w| > 2 we 


have real eigenvalues 027 << 0; < 0 forw < —2, and 0; > o2 > 0 for @ > 2. The 
complex conjugate roots are 


012 = Fine. 
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The trajectories of the eigenvalues o; and o2 form the up and down half-circle of 
the complex plane (Reo)? + (Imo)? = 1. Depending on w we have the following 
types of the singular points 


(1) m < —2 (stable node); 

(2) wm = —2 (stable node degenerated); 
(3) —2 < w < 0 (stable focus); 

(4) w = 0 (asymptotically stable focus); 
(5) 0 < w < 2 (unstable focus); 

(6) w = 2 (unstable node degenerated); 
(7) @ > 2 (unstable node). 


Let us check the Hopf bifurcation theorem assumptions: 


(i) f(@,0) for every w, x = 0 is isolated equilibrium; 
(ii) the function f is analytical for (x,@) € IR? x R; 
(iii) the matrix A(@) has a pair of complex eigenvalues such that Reo\(0) = 
Reo2(0) =0, Im(o1) = 1 > Oand “82 (0) = 1 40. 


The bifurcated solutions and the eigenvectors are defined by the equations that 
can be found using the Iooss and Joseph [127] method, and they are reported 
in [144]. Oo 


13.2.5 Double Hopf Bifurcation 


One may extend a concept of analysis of Hopf bifurcation into a case when a few 
pairs of purely imaginary eigenvalues cross an imaginary axis of the complex plane 
with nonzero velocities. Although there exist many papers devoted to this problem 
[73, 100, 164], but we follow here Dei Yu [250] research results. 

If the Jacobian of higher-dimensional dynamical system possesses two pairs of 
purely imaginary eigenvalues, then the so-called double Hopf bifurcation may be 
exhibited. If the ratio of the two eigenvalues is not a rational number, then associated 
bifurcation in non-resonant. 

Following Yu [250], consider the following dynamical system 


x = Ax + F(x). (13.117) 


where: x € R", F : R" > R", F(O) = F’(0) = 0, and 


(13.118) 
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Notice that B matrix is of order (n — 4) x (n — 4) and it is hyperbolic one, which 
means that its associated eigenvalues have no zero real parts. We assume also that 
W¢/@r #k/l, where k,!] € C. 

In an explicit form Eq. (13.117) reads 


X= WiceX2 + F(x), X2 = —@1eX1 + Fo(x), 


X3 = WoeX4 + F3(x),  X4 = —@2eX3 + Fy(x), 


w 


Xp = —pXp+Fy(x), p=5,6,...,m +4, 
Xgq = —OtgXq + @gXqt1 + Fy(X),  Xqt1 = —@gXq — UgXq41 + Fy4il), 
g=m4+5,m,4+7,...,.n-1 (13.119) 
andn = 4+m, + 2m). 


In what follows, the multiple time scale method is used assuming that t = 
t(T>, T;, T2,...), and Ty = t, 7; = et, T, = e*t, and so on. Therefore 


d 0 0To 0 OT; d OT 


dt 0% ot | aT, ot | OT, oF 
Do +eD, +e?Do+-:. (13.120) 


A being sought solution is expanded into the power series with respect to ¢ 


x; (t; é) = exit (To, Ti, To, acs ) + &x;2(To, Ti, To, ae ) + &°x;3(To, T\, To, ey ) ae 
(13.121) 


Substituting (13.121) into (13.2.5), and accounting (13.120) the following 
sequence of perturbation equations is obtained 


€: Dox. = @1cX21, 


Dox21 = —@1cX11, 

Dox31 = @2¢X41, 

Dox4, = —@2¢X31, (13.122) 
ii 1> 

DoXp1 = —ApXp 

DoXqi = —OgXqi + @gX(qti)1> 

DoX (gti) = —@gXqi + Ag X(q4i)13 


2. _ 
& + Dox12 = @1eX22 — Dixy + Fi2(%1), 


Dox22 = —@1¢X12 — Di X21 + Fo2(x1), 

Dox32 = WreX42 — D1 x31 + F32(%1), 

DoX42 = —@2¢X32 — Dy X4 + Fan (%1), (13.123) 
DoXp2 = —GpXp2 + Fy2(X1), 

DoXq2 = —OgXq2 + Wg X(q4iy2 + Fq2(™1), 


DoX(g41)2 = —@qXq2 + CgX(q41y2 + Fq+12%1), 
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where x, corresponds to the first-order approximation and fj. = d?[F;(x)/e]/dé’) 
e=o are the functions of x1. 

Differentiating the first of Eq. (13.122) and substituting the second equation into 
the resulting equation yields 


Dox + @7,.x12 = 0, (13.124) 
which has the following solution 
Xy= ri(T}, T>,.. .)cos[@¢To + ®,((7}, T>,.. | = r\cos@,, (13.125) 


where r; is the amplitude and ®, is the phase. Knowing x1, it is easy to obtain x2 
from the third equation of (13.122). Proceeding in a similar way one finds 


x33 = ro(T), To,.. )COS[@¢ To + ®2(T, To, .. | = r2CoS@, (13.126) 
and then x4; is defined by the fourth equation of (13.122). The other varia- 


blesxj,;=0, j =5,6,...,n. 
Observe also that 


Dor, = Dor2 = 9, Do®,; = Do®2 = 0. (13.127) 
From Eq. (13.123) we obtain 
Dox12 + ©F.X12 = —D1 Doxi1 — @1c Di x21 + Do Fir + @1c Fr. (13.128) 
The condition for avoiding secular terms determine D,r; and D,®;, i = 1,2. 
In the next step one finds the particular solution of (13.128). Having obtained x12 
one easily finds x22 from the second equation of (13.123). 


Using Eqs. (13.125) and (13.126) the following first-order differential equations 
are obtained 


dr; 

7 = Dor; + Dir; + 2 Dor; + 8 Dar +> (13.129) 
dP; 2 3 

dt = Do®; + ED, ®; +e D2; + & D3®; aes (13.130) 


Recall that we analyse non-resonant double Hopf bifurcation, and hence we get 
Dor; = Dox410; = 0 fork = 0,1,2,..., whereas 


k-1_,,2 2k—-1 2k 
ry Hees + AreK-ary + aon ry" |, 


Dour, = rifarxorp + aean—22r? 
Dora = ra[boeor7* + bok—aor Ped + +++ + bean ire + borr3*] 
(13.131) 


and D>, ®; have similar form. 
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Introducing a back scaling ex; > x;, er; — 1r;, Eqs. (13.129), (13.130) have 
the new form 


dr; 
7 = Den 4 Died Dee ques (13.132) 
d®, 
mF = D2; + D4; + Do®; +--- (13.133) 
and 
ac lt (13.134) 
dt = Wic + dt ’ . 


where: ©; = w;-Tp + ®; = a;-t + ®;, andi = 1,2,.... 

It is worth noticing that Eqs. (13.132), 13.133) and (13.134) are called normal 
forms. A reason is that Dor}, Dogr2, Dox ®; and Do; Bz are obtained by eliminating 
secular terms (i.e. resonant terms). The resonant terms are actually applied in 
Poincaré normal form theory. 

Furthermore, the obtained periodic solution given by (13.124)-(13.126) 
and (13.132)-(13.134) represents both asymptotic and transient solution for the 
critical variables (modes) x;, i = 1,2,3,4 (7; = ri(t), and ®; = ©;(t)). 
The non-critical variables (modes) x;,  j = 5,6,... are found from Eq. (13.121) 
(they are excited by critical variables), 

Observe also that the periodic solution (13.121) can be treated as the nonlinear 
transformation between (13.117) and the normal forms (13.132)—(13.134). This 
observation is supported by the following consideration. The periodic solution can 
be written as 


xX, = 1r, cos @, + hy(r, cos @1, r; sin ©, r2 cos Oo, r2 sin ©), 
xX2 = —r, sin ©, + ho(r; cos ©1, 7; sin ©1, r2 cos Op, rp sin 2), 
X3 = 12 C08 O2 + h3(r| cos Oj, r; sin ©, r2 cos Oo, r2 sin ©), 
x4 = —r2 sin O2 + h4(r; cos @1, 7; sin @1, r2 cos Op, rp sin 2), 


hj(r| cos ©y, r; sin ©, r2 cos @2,r2 sin@2), i = 5,6,...,n. (13.135) 


Xj 
Introducing the new variables 
yy =r,cos@);, y2=—Msin®@;, y3=12cos@o, ys = —r2 sin @o, 
(13.136) 
from (13.135) one gets 


Xi=Yi thi (V1, ¥2, 3, ya), 1=1,2,3,4, x; =hj(1, 2,3, 4), 1=5,6,...,0. 
(13.137) 
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The obtained equation, which is the same as (13.121), manifests a transformation 
between x;, 7 =1,2,...,nandy;, j = 1,2,3,4. In other words, the first four 
equations can be considered as a nonlinear transformations between the coordinates 
X1,%X2,X3,X4 and y;, yo, y3, y4. The remaining equations represent the projection of 
the original system to the four-dimensional centre manifold governed by the critical 
variables 1, v2, 3, y4. Using the Cartesian coordinates the normal form governed 
by (13.132)-(13.134) reads 


V1 = Mie Y2 + Bi(N1, V2, V3. 4), 


Yo = —c V1 + 82()1, V2, V3, Ya), 
¥3 = re V4 + 83(V1, V2, V3, V4), 
V4 = —Wre V3 + B4(V1, V2, V3, YA). (13.138) 


To sum up, the nonlinear transformation (13.138), which is equivalent 
to (13.121), represents a transition between the original system (13.117) and the 
normal form (13.138). 

Now both stability and bifurcation analysis may be carried out using 
Egs. (13.132)—(13.134) or (13.138). 

Following Yu [250], in order to outline a general bifurcational analysis, the 
normal form is presented explicitly up to third order 


A = ryan mi + ear + arorp + Gorrg], #2 = rofori per + o2M2 + door}? + borrs], 
(13.139) 


and similarly 
©. =O16 + B11 i + Bi2Ma + coor? +0273, O2=O2¢ + Boi i + B22 fla + door? + doar}, 
(13.140) 


For the convenience two parameter variables a1; 41 + Qj2/42, Q21f41 + A22/L2 
are used, where ju, {42 are the perturbation parameters. 
The tracked behaviour follows: 


1. Equilibria (E): 
n=m=0 (13.141) 
2. Hopf bifurcation with frequency @, (H(@1)): 
1 
rp = (api + Mp2), 72 = 0,01 = re + But + Br2e2 + coory. 
20 
(13.142) 


3. Hopf bifurcation with frequency 2 (H(@2)): 


1 
a = ~ 5, (oat + Ay2[l2), 7) = 0,@2 = Woe + Baipli + Bo2bl2 + door3. 
02 


(13.143) 
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4. 2-D tori with frequencies @ , @2 (2-D tori): 


2 Aor (211 + M222) — bor(@ii fr + 12/42) 
a29bo2 — ao2b20 


ft —_ b20(@ai pir + 122) = A20(21 1 + 22/42) 
> a29bo2 — ao2b20 


O11 = WO + Bupi + Bizh2 + C20", oF Co2r5 5 
2 = Wr + Baiflr + Boofe2 + door? + doors. (13.144) 


Evaluating the Jacobian of Eq. (13.139) on the equilibrium (13.141) yields two 
critical lines 


Ly: Oy + Aj2h2 =O (A211 + O22{42 < 0), (13.145) 

Lo: O2,Uy + Ayu = 0 (Quy + Ay2u2 < 0), (13.146) 
and L, (L2) corresponds to occurrence of a family of periodic solutions after Hopf 
bifurcation with @) (@2). The solutions are stable if the following inequalities are 
satisfied 


Qy1 fy + Aj2p2 > QO and 21 [41 + A22p2 < 0. (13.147) 


Now, evaluating the Jacobian of Eq. (13.139) on the Hopf bifurcation solu- 
tion (13.142), yields the stability conditions 


b 
11/41 +0222 >0 and Oa +0222 pl2—— (or pea + L122) <0. (13.148) 
20 


One may check that the H(@,) periodic solution exists, when a2 < 0. 
The second inequality in (13.148) yields the critical line 


b b 
Ls: 1 — 011) 41 + Ga — — in) 2 =0 (Qi + a@12[2) > 0). 
ar 420 
(13.149) 


The L;3 line represents a secondary Hopf bifurcation with frequency w2 from the 
limit cycle produced by H(@) (i.e. a 2-D torus is created). 

Similarly, the (13.143) solution associated with H(q@) is stable when the 
inequalities hold 


a 
O21 41 +Q22/l2 > 0 and oun Ha Fabia 5 (ota fr + e222) <0 (13.150) 
02 


and it exists when do2 < 0. 
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A critical line L4 is defined by the second inequality of (13.150): 
a a2 
ar) + (12 — Onn) pln = 0 (rs fai + 29/42) > 0). 
boo bor 
(13.151) 

Crossing L4 a secondary Hopf bifurcation with frequency w; occurs from the 
periodic orbits born after H(w2). Again the 2-D tori is produced, with solutions, 
governed by Eq. (13.144). 

In [250] a family of solutions lying on 2-D tori is traced via evaluation the 
Jacobian on Eq. (13.144) yielding 


2arr;  2ao2rirr 
= : 13.152 
Jr 2brr] i) 2aoars ( ) 


La: (@u— 


The stability of the quasi-periodic motion is defined by trace (Tr < 0) and 
determinant (Det > 0) of the Jacobian Jr. 

The mentioned stability conditions are supplemented by the following existence 
conditions 


2 (O21 1 + C222) — bor (ot21 p41 + a12{2) > O, 
(13.153) 
bo (O11 [1 + O12 {42) — A290 (02141 + 22 fL2) > 0. 


Observe that the existence region boundaries (13.153) are defined by the critical 
lines L3 and Lg, i.e. the periodic solution associated with H(@,) (H(@2)) bifurcates 
from the critical line L3 (L4) into a quasi-periodic solution with the stability 
boundary L3 (L4). 

Note that r; > 0 and rz > 0 guarantee satisfaction of conditions (13.153), and 
Det > O yields 


a29b02 — arb > 0, (13.154) 
and hence the condition Tr < 0 gives 


29 (Ao2 — bo) (Ot21 1 + 222) — bo2(d22 — b20) (A111 + 12f@2) <0. (13.155) 
From (13.155) one gets 


Ls : [a20(@o2 — bo2)e21 — bo2(a22 — bro) 1 
(13.156) 
+[420(do2 — bo2)et22 — bo2(a22 — b20)o12] 42 = 0. 


On Ls a quasi periodic solution may loose its stability, and bifurcate to a 3-D 
torus with frequencies (@, @2, @3). 

A combination of perturbation approaches and harmonic balance technique 
to analyse various Hopf type bifurcations is presented in works [18—21, 30] 
and examples of numerical technique to trace dynamical behaviour using a path 
following method taken from mechanics and biomechanics are reported in [15-17]. 
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13.3. Fixed Points of Maps 


There are three distinct situations possible for bifurcations of fixed points of maps. 


(i) Dy f(x0,A0) has a single eigenvalue equal to 1. 
In this case the problem is reduced to a study of one-dimensional centre 
manifold 


xe f(x,A), xeé€R', AER’. (13.157) 
Fixed point can be transformed to the origin, where f(0,0) = 0 and 


40, 0) = 1. In this case three situations are possible. 
A saddle-node bifurcation at (x, A) = (0, 0) takes place if 


f (0,0) = 0, 
(13.158) 
40,0) = 1, 
and 
+1 00,0) #0, 
(13.159) 
af 
7a 0%) #0. 
The map 
xe f(x,A)extaAtx’, x eR, AeR (13.160) 


can serve as a normal form for the saddle-node bifurcations for maps. 
A transcritical bifurcation can be represented by the map 


xe f(x,A)=xtdAxtx’, xeR', AeR. (13.161) 


Note that (x, 4) = (0,0) is a non-hyperbolic fixed point with eigenvalue 1 


(f(0, 0) = 0, 00, 0) = 1). A transcritical bifurcation appears if 


a? f 
oxdA 


of 
dA 


@2 
(0,0) = 0, (0,0) 4 0, 9x2 9) #0. (13.162) 
A pitchfork bifurcation occurs in a one parameter family of smooth one- 


dimensional maps (13.157) with a non-hyperbolic fixed point (f(0,0) = 0, 
(0,0) = 1) if 
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of Of oe i anf 
= = — (0,0) = ——(0 —~ (0 
5 (2) = 9 F700) =0, 55-00) #0, 55 (0,0) £0, 
(13.163) 
and its normal form is given by 
xb f(x,A)=x+tdAxtx7, xeR!, AcR. (13.164) 


(ii) Dy f(x0,A0) has a single eigenvalue equal to —1. 
In contrary to the bifurcation (i) this bifurcation does not have an analog with 
one-dimensional dynamics of vector fields, since it refers to period-doubling 
bifurcation at (x, A) = (0,0). It occurs when 


F(0,0) = 0, (0,0) =—1, “£(0,0) =0. 
f ef 8 f (13.165) 
9x2 9) =0, axaa 09 # 0, 9x3 89) # 0. 
One can display the period-doubling bifurcation using the map 
xb f(x,A) = —x -—Axtx3. (13.166) 


(iii) Dy f(x0, 40) possesses two complex conjugate eigenvalues having modulus 1. 
This situation corresponds to the Neimark—Sacker bifurcation or sometimes 
it is referred as a secondary Hopf bifurcation ([106, 243]). 


Consider the map (13.157) but for x € IR’, and let us again introduce a suitable 
transformation that (x,4) = (0,0) and f(0,0). The associated matrix D,. f(0, 0) 


possesses two complex conjugate eigenvalues A(0) and (0), with |A(O)| = 1. 
In addition, we require that A” (0) 4 1 forn = 1,2,3,4. 

It can be shown [243] that the normal form of the Neimark—Sacker bifurcation is 
governed by the complex map 


zee p(A)z+c(A)2z+0(4), zeCrAeR'. (13.167) 
We change the variables letting 


z= rend. (13.168) 


and we get 


rt |wA)| (« + (Re (<2) pk ow’) , 


1 c(A) 2 3 


(13.169) 
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where 
1 _, (A) 
pA) S an aay’ 
c(A) = a(A) +ia@(A). (13.170) 


The Taylor expansion of (13.169) in A = 0 gives 


reo (1 + 0a) ie oa) r+ (re(< al oy) re OG Arr), 


(0) 
d 1 c(0)\ 
(3) (3) 0 —(A)|,—oA + — {1 
0+ 60) + To Adlinod + 5 (mS ) , 
(13.171) 
The truncated normal form has the form 
rier+(da+ar’)r, 
(13.172) 


Or O4+ fo + A + br’, 


where 


c(0) 
(0) 


d 1 c(0) 

, bo=¢(0), di=—(P(A)), b= Aa — 

) po=G(0), 1 Ax ) hoy 
(13.173) 
Following [243] there are four potential cases for the bifurcation of an invariant 


circle from a fixed point. 


£ WOhn =07 d= Re (oD 


(a) d > 0,a > O. The origin is an unstable fixed point for A > 0 and an 
asymptotically stable fixed point for A < 0 with an unstable invariant circle 
for A <0. 

(b) d > 0,a < 0. The origin is an unstable fixed point for A > 0 and an 
asymptotically stable fixed point for 4 < 0 with an asymptotically stable 
invariant circle for A > 0. 

(c) d > 0,a < 0. The origin is an asymptotically stable fixed point for A > 0 and 
an unstable fixed point ford < 0 with an unstable invariant circle for A > 0. 

(d) The origin is an asymptotically stable fixed point for A > 0, and an unstable 
fixed point for A < 0, with an asymptotically stable invariant circle for A < 0. 


Note that here the bifurcation consists of a circle which has many different orbits. 
Hence one should start with the initial condition laying on this circle. Since in this 
case r = (—44)2, then the associated circle map has the form 


0+ O+ m+ (H+ o)2. (13.174) 


For ¢o + (@1 + 2). rational (irrational) all orbits on invariant circle are periodic 
(quasiperiodic, i.e. densely fill the circle). 
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The introduced earlier considerations related to local bifurcations can be used to 
follow the dynamics in a systematic way. In a case of vector fields, one can construct 
a local Poincaré map, and then to reduce the problem of one order to study a 
bifurcation of a fixed point of the map. In a case of a k periodic orbit one can take 
into account the bifurcation of a fixed point of the kth iterate of the map. 

Coming back to the differential equation (13.1) and taking into account the initial 
condition x(t9) = Xo (for a given specific numerical value of 49) one can trace a 
periodic orbit occurred via Hopf bifurcation. We integrate numerically (13.1) during 
the time equal to exact (or estimated) period of a new periodic orbit corresponding 
to the parameter Ap + AA, where ||AA|| < 1. 

In a case of second-order differential equation the situation is shown in 
Fig. 13.16. 

In a case of periodic solution with the period Ty we have the following boundary 
condition 


x(Tp, Xo) — Xo = 0. (13.175) 


Equation (13.175) yields xo using, for instance, Newton’s method. Using Taylor 
expansion around kth order approximation of a we take only a linear term, and 


we obtain a linear correction Ax® . A Jacobian of the Newton method is defined by 


fixed points 


Fig. 13.16 Transformation of the state vector x 
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_ 9x(To,X0) 


J 
Oxo 


I=N-I, (13.176) 


where J is the identity matrix. After computation with the required accuracy we 
use the matrix N obtained in the last computational step as the monodromy matrix. 
The associated eigenvalues decide about stability and bifurcation of the analysed 
periodic orbit (or equivalently, a fixed point of the maps). This method is called 
shooting and has already found a wide treatment in literature (see, for instance 
Seydel [214], Awrejcewicz [14]). 

Another equivalent approach is based on the Galerkin approximation [234]. It is 
well known that any periodic solution (function) can be represented by its Fourier 
expansion 


K 
Ve = ao + >. (dc, coskw@t + ds, sinkot), (13.177) 
k=1 


where K is the number of a highest harmonics, and w is the fundamental frequency. 
The assumed solution is substituted to the system of the second-order differential 
equations governing dynamics of oscillating systems. Since from the assumption 
we have the kth order Fourier approximation to a periodic solution, then between 
left- and right-hand sides a difference occurs (a residual vector), which satisfies the 
equation 


1 (40,4, ,4s,.¢) = 1 (do, dc,,as,,t + T). (13.178) 


In general, when K — ov, then r — 0. The residual vector is also expanded into 
Fourier series 


K 
r=sot+ > (So, coskat + Ss, sinkat). (13.179) 
k=1 


The condition r = 0 implies that so = s,, = Ss, = 0, and hence 


ii 

1 

7 | raoede..dq.t)dt => 0, 
0 

5 T 

7 | rlaoede.sdast) cosnatdt = 0, (13.180) 
0 


T 

2 

7 | Poede..dq.t)sinnetdt =0, k,n=1,2,3,... 
0 
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Introducing the vectors 


SO ao 
S=]Sq J, @= |] dy ]> (13.181) 
Se fies 


equation r = O can be substituted by 
s(a) = 0, (13.182) 
and can be solved using the iterational Newton method. In practice the Fast Fourier 


Transformation (FFT) is used during computation of s [49,71]. After an appropriate 
choice of a starting point for the vector a we compute 


K 
Ve = > (kwas, coskwt —kwd,, sinkat), 
k= 
(13.183) 
K 
i > (—k?w* ae, coskot —k?w'ds, sinkot). 
k=1 


Applying (FFT)~! we can find (13.183), then we substitute (13.183) into the 
governing equations to get (13.182). The FFT is especially economic when a 
number of samples Nppr satisfies Neer = 2M > 4K. The error of the introduced 
estimation is equal to 


1 


2 


NEFT. 
_ ; 2 2 
a 2d, Gy +55, )] - (13.184) 


A stability of the found solution is estimated by the variational equations. 


Example 13.5. Consider a model of human vocal chords oscillations (see more 
details in [15—17]). The human lungs produces the air pressure required for larynx 
to be opened. The vocal chords start to continue to open because of inertia, and then 
their elastic properties cause their closing. The air stream leaves the larynx, and 
then Bernoulli suction effect appears. Next the described cycle repeats. Display a 
bifurcation diagram corresponding to the mechanical model of human vocal chords 
shown in Fig. 13.17. 


A point mass can move in the directions x and y. Since the vocal chords cannot 
touch each other, the artificial damping c, and stiffness k,; have been introduced. 
The hyperbolic type stiffness associated with the coefficient k, approaches infinity 
when the mass approaches origin. The larynx has been modelled as a reservoir 
with stiff walls and real elastic properties have been included in the modified air 
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adducted 
vocal chord 


vocal chord 


thyroid 
cartilage 


cricoid 
cartilage 


no air returning 
from lungs 


Fig. 13.17 Mechanical model of a human vocal chord 


parameters. It is assumed that the lungs pressure generates equal forces acting on the 
vocal chords, which move symmetrically. This is a reason that we consider only one 
vocal chord oscillations. In a case of some pathological cases (for instance caused 
by cancer) the symmetry is violated and the number of equations is doubled. 

The ordinary non-dimensional differential equations have the form (see [17] for 
more details) 


XCe 1K, Kale Hayy Sy = X) = Kye 
—~K,X~*(1—C,X) = EP, 
¥ +CY +{Ky + Kp[(X¥ — Xo)’ + YY — Kuy(X — Xo) = EP, 


P=Ox (X —1)P°5, for X > 1, 

0, for x < 1. 
where: C corresponds to damping properties of the vocal chords (C < 1); Ky 
represents a vertical stiffness of a vocal chord (Ky € (0,7;0,9)), Ky = 1; Kxy 
is the stiffness coefficient coupling the vocal chord displacements in two directions 
Kyy € (0,3;0,5)); Ko is a Duffing (cubic) type stiffness coefficient (Ko < 1); Ks 
is a coefficient of a hyperbolic type stiffness (K; < 0,1); s = 4; C; represents 
damping (C; < 1); Xo is the horizontal equilibrium position of the vocal chord; E 
is the average surface of the vocal chord (E ¢€ (0, 1; 0,0)) and Q is outlay of the air 
stream (Q € (0,0; 100, 0)). 
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0 


Fig. 13.18 Equilibrium and stability 


The analysed system of differential equations is strongly nonlinear especially in 
a vicinity of origin (see the term responsible for hyperbolic type stiffness). We take 
the following fixed parameters: Ky = O.9;Kxyy = 0.3; Ko = 0.001; K; = 
0,001; C, = 0.5; E = 1. First we calculate equilibria positions (see Fig. 13.18). 

The solid curves in the planes (Xo, Q), (Yo, Q) and (Po, Q) correspond to the 
equilibrium positions. They do not change with the change of C, but their stability 
depends on C. The solid curves located in the plane (C, Q) correspond to stability 
loss boundaries. 

Denote the eigenvalues associated with an equilibrium by 4,2 = 6; +i, A3,4 = 
62 + iw (it can be proved that the fifth eigenvalue is real and negative). If 6; = 0 
(i = 1,2), then for a fixed C value the Hopf bifurcation occurs with an increase 
or decrease of Q (see directions of vertical arrows). A point of intersection of both 
curves can be interpreted as a meeting point of two frequencies @; and w». If they 
are irrational then a quasi-periodic orbit appears. 

The bifurcation diagram for K, = 0.3; Kp = K,; = 0.001; D; = 0.5; 
Kyy = 0.3; Xo = E = 0.4; Q = 7 has been reported in Fig. 13.19, and the 
calculations have been carried out using shooting method. 

Damping coefficient C has been taken as an active parameter. Its decrease causes 
occurrence of the Hopf bifurcation and a periodic orbit appears (this is example 
of self-exciting oscillations). A slight further decrease of C yields an increase of 
the oscillation amplitude represented by the branch 1’. In the point PD1’ we have 
period doubling bifurcation and a new subharmonic solution appears (branch 3’). 
This solution is further traced numerically along this branch and in the point Q it 
changes its stability. As the numerical analysis shown in the vicinity of Q a quasi- 
periodic solution appears. 
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Fig. 13.19 Bifurcation 
diagram of the human vocal 
chords 


Fig. 13.20 Periodic 
oscillation for vocal chords 


The branch | becomes unstable in the point PD 1’. However between PD2’ and 
PD3 we have stable periodic solution. In the point H2’ another periodic solution 
branch appears which is unstable. 

It is clear that for each point of the bifurcation curve one can easily obtain phase 
trajectories or time histories. For instance, the latter are shown in Fig. 13.20 for 
C = 0.16. 

During calculations the period has been normalized to 27 and (from this figure) 
it is seen that this a subharmonic stable solution of the branch 3’. A cusp of y; is 
visible, which is in agreement with our hyperbolic type stiffness assumption. It must 
be emphasized that in this case the shooting method is much more economical in 
comparison to the Urabe—Reiter method. In the latter case one needs to take high 
number of harmonics which extremely extends computation time. The shooting 
method does not have the mentioned drawback. Oo 
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As it has been pointed out in monographs [216,217], sometimes a periodic orbit does 
not exist on the stability boundary and Poincaré map is not defined i.e. it cannot be 
analysed using a local approach. 

First we can consider bifurcation of a homoclinic loop to a saddle-node 
equilibrium, which is displayed by the equations 


Xy = Wt Agx? + G(x, 1), 
X2 = [A+ h(x, x2, W)]x2, (13.185) 


where the eigenvalues of A lie in LHP (see Fig. 13.21). 

For 4 < 0 saddle O; and a node QO) are distinct. They approach each other 
when ys — OT. In the critical point 4 = 0 the saddle-node equilibrium with the 
homoclinic loop disappears and a stable periodic orbit P,, is born with a period of 
t/ 4/ LAd. In fact this observation can be formulated as a theorem and proved (see 
[216]). 

We give one more example taken from [85], where two mutually coupled 
oscillators are considered: 


X1 = X2, 

ky = —e(1 — Bxy? + x14)xp — x1 + 0x3, 

X3 = X4, 

Xq = —e(1 — Bx3? + x3")x4 — x3 +.0:x1, (13.186) 


where 0 < @ < 1 is a coupling factor, 8 controls amplitude and ¢ is a control 
parameter. It has been shown that two symmetric solutions disappear simultaneously 
for ¢ = 0.448 via saddle-node bifurcation. Just before this value a switching 
between two symmetric solutions occurred. The situation is displayed in Fig. 13.22. 


> > > 
x x x 


Fig. 13.21 Successive steps of a bifurcation of a saddle-node equilibrium with a homoclinic 
trajectory 
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Fig. 13.22 A heteroclinic a S,=N; b S; 
cycle at (a) and after 


(b) saddle-node bifurcation N 
1 


So=N2 S2 


The authors using Poincaré map, traced the unstable manifold W,, of the saddle 
in a vicinity of the saddle-node bifurcation and they observed the following scenario 
(see Fig. 13.22). One W,, of S; goes in N, whereas the other W,, goes in N>. One of 
W,, of S2 goes in N; and the other W,, of it goes in Nz. A node and a saddle coalesce 
at the saddle-node bifurcation point creating a degenerate saddle. A heteroclinic 
cycle links two degenerate saddles at this point. Two stable N; and N2 are connected 
by unstable manifolds even after disappearance of the synchronized solution via 
saddle-node bifurcation and nodes are replaced by their traces. A flow stays traced 
of N; and N> for a relatively long time and then quickly moves along a heteroclinic 
cycle linking two traces. 

Another important global bifurcation can lead to occurrence of an invariant torus 
or Klein bottle, which has been analysed by Afraimovich and Shilnikov ([1, 2]). 


Theorem 13.7 (See [216]). Ifthe global unstable set of the saddle-node is a smooth 
compact manifold (a torus or a Klein bottle) at 4 = 0, then a smooth closed 
attractive invariant manifold T,, (a torus or a Klein bottle, respectively) exists for 
all small yu. 


With a continuous change of jz, the invariant manifold will change continuously. 
For ~ < O we have a set composed of the unstable manifold of the saddle 
periodic orbit P~(j1) with the stable periodic orbit P* (jy) (by P*(j) we denote 
periodic orbits occurred after the saddle-node bifurcations). The invariant manifold 
for 4 = 0 is represented by w’,. For 2 > 0 the Poincaré rotation number approaches 


zero for jz —> OT (in case of torus). Hence, on the axis jz there are infinitely many 
phase-locking (resonant) zones (periodic orbits) as well as infinitely many zones 
composed of irrational values of jz (quasiperiodic orbits). 

More detailed analysis of the briefly mentioned global bifurcations is given in 
the monograph [216] and is beyond of this book. There are also many references 
which include examples of various bifurcations in mechanics (see, for example [38, 
145, 153, 190, 212, 231)). 
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Finally the basic phenomena of bifurcations exhibited by continuous dynamical 
systems, as well as explicit procedures for application of mathematical theorems to 
particular real-world problems are widely reported in monograph [146]. 


13.6 Piece-Wise Smooth Dynamical System 


13.6.1 Introduction 


The piece-wise smooth dynamical systems (PSDS) are governed by the equation: 
x = F(x;A), (13.187) 


where: x = x(t) € IR" represents the system state in time instant t; A € R” is 

the vector of parameters, whereas the transformation F : IR’ x R” — R’" is the 

piece-wise smooth function. In other words, the phase space D € IR" is divided into 

finite number of subspaces V;, where the function F is smooth. The subspaces are 

separated by (n — 1) hyperplanes &;;, where the ‘discontinuities’ are exhibited. 
The PSDS governed by (13.187) can be classified in the following manner: 


(i) Systems with discontinuous Jacobian DF, with continuous but non-smooth 
vector field F, and with smooth system’s state x (ft); 
(ii) Systems with discontinuous vector field F and with non-smooth but continuous 
x(t); 
(iii) Systems with discontinuous x(t). In this case, whenever the system is in 
contact with ¥j;, its state undergoes a jump described by xt = g(x7;A), 
where x~ (x*) describes the system state just before (after) a contact. 


Dynamical systems belonging to class (i) are often called Filippov systems 
[93, 152]. In mechanical and electrical engineering there exist many various systems 
with piece-wise linear characteristics (see for example [46, 47, 161, 256]). Non- 
smooth mechanical systems with impact and/or friction have very long history 
and are described in many books (see, for instance [29] and references therein). 
Systems with Coulomb friction can be treated as those with a jump of a damping 
characteristics (class (ii))—-see [95, 151, 152], or they exhibit a stick-slip movement. 
A stick takes place, when a resulting force acting on a moving body is less than 
the associated Coulomb force. Often the authors use differential inclusions in order 
to attack this problem more rigorously (see [143]). Three simple examples of 
mechanical systems with piece-wise nonlinearities are shown in Fig. 13.23. 

In the first case (Fig. 13.23a) the system is governed by the equation 


mx + F(x) = 0, (13.188) 


470 13 Bifurcations 


w=Vo-x 


Fig. 13.23 One-degree-of-freedom system with a gap (a), discontinuous force (b), and stick-slip 
periodic motion (c) 


where 


0 for -a<x <a, 
F(x) = 1ko(x—a) forx >a, (13.189) 


ki(x +a) forx <a. 
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In the points +a the function F(x) is not differentiable. In the second case 
(Fig. 13.23b) the springs are initially stretched and governing differential equation 
is the same as (13.188), but 


kox + Fy forx > 0, 
F(x) = 40 for x = 0, (13.190) 


kix—Fo forx <0. 
In the third case the system is self-exited and is governed by equation 
mx +kx = T(w) —T(0), (13.191) 
where: 
T(w) = mg[uo- sgnw —aw+ Bw], wo =v —X. (13.192) 


In the above fo, a, 8 are coefficients describing friction. Note that the periodic 
orbit is not differentiable in the points A, B, C and the interval BC corresponds 
to stick, i.e. the mass m does not move in relation to tape. The system shown in 
Fig. 13.23a belongs to class (i), the system presented in Fig. 13.23b belongs to class 
(ii), and system given in Fig. 13.23c belongs to class (iii). The mechanical systems 
with impacts can be either modelled as a system with the sudden stiffness change 
(class (ii)), or as systems belonging to class (iii). In the latter case, when a surface 
&j,; 18 achieved, a sudden change of velocity occurs owing to the Newton’s law and 
a definition of the restitution coefficient. In this case the system can be considered as 
that of one sided constraints and its behaviour is governed by algebraic inequalities. 
The described situation is equivalent also to a Dirac impulse of the function F on 
one of two sides of hyperplane &; ;. 

It is clear that in mechanical systems various classes of discontinuities may 
appear simultaneously. Although often friction and impact are independent ([238]) 
but more realistic are situations, where impact and friction appear together. 


13.6.2 Stability 


Here we consider a simple situation when on %; ; discontinuities do not occur. 
Recall also that when an analysed orbit belongs to any subspace V;, than situation 
is clear, since stability concepts of smooth systems can be applied. Therefore, a 
stability devoted to PSDS is more general and when »; ; vanishes it is reduced to 
classical (smooth) stability concepts. 

Assume that a periodic orbit x(t) of a PSDS intersects the hyperplanes , ; finite 
times in a periodic manner, and the intersections are non-degenerated, i.e. an orbit 
intersects 1; ; transversally, a contact time with &; ; is infinitely short and all &; ; 
are smooth in contact points. 
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Fig. 13.24 A piece-wise smooth periodic orbit and a Poincaré section & 


One may introduce a Poincaré section © which do not overlap with any %; ;. 
In what follows we are going to analyse locally an intersection point of x(t) with & 
(further referred as x$). To estimate stability one has to define a monodromy matrix 
o* owing to our earlier considerations for completely smooth systems. In order to 
obtain #* corresponding to piece-wise smooth periodic orbit, consider the matrix of 
fundamental solutions (ft, fo) satisfying the following linear differential equations 


b(t, to) = DF; (x(t))O(t.to), (t,t) = I, (13.193) 


where D is the differential operator and DF; denotes Jacobian. Observe that in time 
intervals D; = {t € R;tj-; <¢t <¢;},fori = 1,2,...,k+1, the orbit x(t) belongs 
to subspace V;, where F = F; is smooth, and Fi.4; = F (see also Fig. 13.24 for 
k = 4). In each of the intersection (discontinuous) points defined by ¢ = ¢; the orbit 
undergoes sudden changes, which means that the fundamental matrix also changes 
in these points. These changes can be formally expressed in the following way 


b(t;*, to) = Sib(t; , to), f= lak (13.194) 


In the above the superscript (—) denotes time instant just before a discontinuity, 
whereas the superscript (+) denotes time instant just after a discontinuity, and S; is 
called saltation matrix. 

In order to obtain explicitly a saltation matrix, one has to trace perturbations of 
two neighbourhood orbits x(t) and x(t) (see Fig. 13.25). 

The described method has been introduced for class (ii) by Aizerman— 
Gantmakher [3], and has been extended to the systems with discontinuous vector 
state [175]. 
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Fig. 13.25 Perturbed x(¢) and unperturbed x(t) orbits and the associated perturbations 


Let us trace the orbit x(¢) in the time intervals D; and D;+1: 


x= F;(x), for t;-1 <t <t;, 
a hi(x; ), for t=t, (13.195) 
x; =gi(x;), for t=, 
x= Fyii(x), fort; <t < tj41, 
where: x; = lim x(t), xr a lim x(t). Note that in the time instant f = ¢; defined 


t<tj tt 
by zero of smooth function /;(x) in V; a discontinuity appears and in general the 
system state can exhibit a jump defined by a smooth function g; (x). In addition, it 
can happen that F; # Fj+1. The function /; (x) can be scalar (for example during 
impacts in mechanical systems), or it can be a vector. 

The perturbed solution x(t) = x(t) +6x(t) touches the constraint in time instant 


t =t; + bt, (13.196) 


and it satisfies Eq. (13.195), where now the bars over x have to be added. 
Assuming 67; > 0 and following the introduced notations shown in Fig. 13.25, 
one obtains 


8x; = X(t) — x; ,6x}t = xf —x(%). (13.197) 


Since the perturbed orbit x(t) for t = #; satisfies (13.195), the Taylor series 
expansions is used and the following manipulations hold: 


0 = hj(x; ) = hi (x(t + 6t;)) 


dx 
wh; (X(t; — |, bt; 
hi (%(4i) + |, 6ti) 
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we hj (X(t) + Fi (X(t) 60) 
we hy(x> + bxp + Fi (xp + 6x7; )6t;) 
me hj (x; + 6x; + Fi (x; )6t; + DF (x; )dx; 6t;) 


ww hji(x; + 46x; + Fi(x; )dt)) 
we hj (x; ) + Dhj(x; )dx; + Dhj(x; )Fi(x; )dt;. (13.198) 


Finally, the following equation is obtained 
Dhj(x; )[6x; + Fi(x; )6t;)] = 0. (13.199) 


In order to realize a non-degenerated contact between the orbit and discontinuous 
hyperplane &; ; the following condition should be assumed 


rankDh;(x; ) F(x; ) = rank[Dh; (x; _)Fi(x; ), Dhi (x; )dx; J. (13.200) 
From (13.199) one obtains 


Dhj (x; )6x;> 


oS ~ Dh RO) 


(13.201) 


Now the Taylor series is applied to Eq. (13.195) and the manipulations similar to 
those in (13.198) are carried out: 


X} = gi (kj) © gi(x; + bx; + F(x; )6t) 
~ gi(x; ) + Dgi (x; Sx, + Fix; )8ti] 
we xi + Dai (x7 [8x7 + Fi(xy )6ti). (13.202) 
From (13.195), (13.197) and (13.202) one gets 
bxt = af = x(f;) 
mw xt + Dai (x; 8x; + Fi (ay )8t;] — (it — 8x3‘) 
mw xj + Dgi(x; )[5x; + Fix; bt] — jt + x7*8t;) 
mw xj + Dei (x; [5x7 + FiQx; Sti] — (xj) + Fi4iQ3*)8t;), (13.203) 


which finally yields 


6xj* = Dg; (x; )dx7 + [Dgi(x, ) Fix) — Fiai(xj* 164, (13.204) 
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and 6t; is defined by (13.201). Recall that the saltation matrix transforms the 
perturbation 5x; just before a discontinuity point into the perturbation Pag just 
after the discontinuity point via formula 


bxj* = S)6x7. (13.205) 
Hence, accounting (13.204) and (13.201), the saltation matrix is found 


Dhj(x; ) 


Si = Dgi (x7) + [FiaiQc*) - Pali NCOND EG RGD: 


(13.206) 


Note that similar considerations can be repeated for 5¢; < 0. 

The introduced theory can be used as an extension of earlier one to trace through 
the described continuation technique the piece wise smooth periodic orbits and also 
classical algorithms for computations of Lyapunov exponents in smooth systems 
[89, 244, 245] (one has to include jumps of 6x(t) in each of discontinuity points) 
can be applied. 


Example 13.6. Derive a saltation matrix using the Aizerman—Gantmakher theory in 
one-degree-of-freedom mechanical system with an impact. 


The following second-order differential equation governs dynamics with impacts 
of the oscillator 


G=Fi9,9.1), 4 S Gmax: 


where max defines a barrier position. Assume that in the time instant t = t,, q(t.) = 
max and an impact modelled within Newton’s hypothesis 


gt = -egr 
occurs, where: q~ = q (th) = ym q(t) is the oscillator velocity just before impact, 
whereas gt = gt (t,) = lim it) is the oscillator velocity just after impact, and e 
is the restitution spctigent. The following phase coordinates are introduced 
x = col{x1, X2,x3} = col{q, g,t}. 


Hence, we have 


x = F(x), xeR’, 
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where 
F(x) = col{x2, Fy(x), 1} = col{q, Fy, 1}. 


The phase space configuration is defined by the inequality 


h(x) = 0, 


where h(x) = max — X1 = Ymax — F- 
In the time instant t = t; defined by h(x” (t,)) = 0, we get 


x* = g(x7), 


t>tk 


where: x~ = x~ (tg) = lim x(t), xt = xt(t,) = lim x(t). The function defining 
tt, ee 
t<t, 
a jump of the state vector in the point of discontinuity has the form 
g(x) = col{x), —ex2, x3} = col{q, —eq, t} 


The associated Jacobians with h(x) and g(x) have the form 


Dh(x) = [-100],. 


100 
Dg(x) = | 0-e 0 
001 
From (13.201) one gets 
6x7 
[-100] 4 5xz 
SaK DA(x~)bx7 bxy J se | 
Dh(x-) F(x) xy Ga 
[-100]} F, 
1 


where F, = Fy(x~). 
Observe that for a degenerated impact, when g~ — 0, the time 6¢ approaches 


infinity. The saltation matrix is obtained from (13.206): 
S = Dex") + [F(rt) — Dg) FJ 
ere i BFA FED 
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st a 
100 ac 100 7 [-100] 
=|0-e0]+ [4 Ft p> -|0-e0| 4 F — 
001 1 001 1 ay 
oi q 
1 
100 ge qr [-100] 
— 0 —-e 0 + Et = =eF “(q~) 
001 1 1 4 
100 —(q+ —q-) 00 
= |0-e0]+|-(F +eF7) 00] (-q)" 
001 0 00 
q*/q- 00 
=| Geer liq =e04, 
0 01 


where F* = F,(x*), and it can be cast to the following form 


—e 0 0 
S=| (Fi +eF>)/q —-e 0 
0 0 1 


The obtained matrix transforms a perturbation 5x just before a barrier into the 
perturbation just after the barrier x*. It is worth noticing that in the case of grazing 
bifurcation (tangent to the barrier surface), the velocity gq~ — 0, and possesses 
matrix element $7; — oo. 


13.6.3 Orbits Exhibiting Degenerated Contact 
with Discontinuity Surfaces 


In the previous section the eigenvalues of Jacobian changed smoothly with a smooth 
change of a bifurcation parameter. Hence, the analysed piecewise smooth orbits can 
exhibit all bifurcations described earlier and associated with smooth systems. 

Here, we are going to analyse the cases, where a Poincaré map (or a vector field 
during analysis of stationary points), its Jacobian and the associated eigenvalues 
exhibit discontinuities, which are associated with smooth changes of a bifurcation 
parameter. In this case either the obtained bifurcations are qualitatively similar to 
those in smooth systems, or they are completely new. 

The most explored bifurcation in PSDS is a so-called grazing bifurcation. 
It occurs, when a part of trajectory becomes tangent to one of the discontinuity 
surfaces while changing a bifurcation parameter smoothly. It cannot be predicted by 
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Fig. 13.26 Grazing a b 
bifurcations exhibited by 

Filippov’s system (a) and a 

system with discontinuous 


vector state (b) V2 V; V; Vy 


tracing a Jacobian behaviour. This type of bifurcation has been extensively studied 
by Feigin ([89—92]), although it is known in Russian literature as C-bifurcation. 

However, to be more precise the C-bifurcation is typical for Filippov’s systems 
[80], whereas grazing bifurcation is more practically oriented one and appears in 
systems with impacts. During investigations of maps a so-called border-collision 
bifurcation may appear, which is related to grazing bifurcation of a vector field 
((41, 79, 80, 183, 185, 186]). Namely, it characterizes a collision of a mapping point 
with a discontinuity surface. 

In Fig. 13.26 a grazing bifurcation is schematically shown for two different 
PSDS. Namely, a system with continuous vector state (Fig. 13.26a), and a system 
with a jump of a vector state (Fig. 13.26b) are displayed. The letter case is typical 
for impacting systems. 

Although the classical grazing bifurcation assumes that a discontinuous surface 
in a contact place is smooth, but in practise very often it can be non-smooth. 
Imagine that a surface &; ; is composed of two smooth parts pe and ed which 
intersection creates a set C with dimension (n — 2), where n is dimension of phase 
space (see Fig. 13.27). 

Two first bifurcations (Fig. 13.27a, b) belong to corner-collision bifurcation, 
whereas the third one Fig. 13.27c is more complicated. 

Another important class of bifurcations exhibited by PSDS is associated with a 
sliding motion along &;,; (a trajectory remains on %;,; on a finite time interval). 
In the Filippov systems the vector field either forces the trajectories to move into 
»j,; from its both sides (attraction sliding mode) or to move away from it (repulsion 
sliding mode). More details are given in [46, 152]. 

In our example reported in Fig. 13.23c a real stick phase of the mass (which 
moves together with tape) can be referred as the attraction sliding mode. 

When PSDS moves along a discontinuous surface a sliding type bifurcation 
can occur [46, 82]. In this case an orbit interacts with a part © of a discontinuity 
hyperplane &. Four different sliding bifurcations in Filippov’s systems are reported 
in Fig. 13.28. 
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Fig. 13.27 Internal (a) and external (b) corner—collision bifurcation and bifurcation with sliding 
on 50), i = 1,2 (see [78]) 
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Fig. 13.28 Four different sliding bifurcations in a Filippov’s system 


Type I sliding bifurcation is shown in Fig. 13.28a. Increasing a bifurcation 
parameter the orbit first intersects transversally X, and then it moves to right 
successively touching the S-border between © and © (trajectory 2) and begins to 
slide. Any trajectory leaves © tangently. 

In Fig. 13.28b the trajectory 1 approaches © and >, it touches © and 5 
simultaneously (orbit 2). Increasing further a bifurcation parameter a sliding part 


480 13 Bifurcations 


on © occurs (see orbit 3). This bifurcation is said to be grazing-sliding and it 
generalizes a grazing bifurcation concept. 

The third example (Fig. 13.28c) is referred as a sliding bifurcation of type I 
(sometimes it is also called switching-sliding). 

First, the orbit 1 intersects transversally &. Two other orbits remain in Y. All of 
the orbits are associated with sliding out of the border S. 

The last (Fig. 13.28d) type of sliding bifurcation is called multisliding. All orbits 
belong to S. A change of a bifurcation parameter yields to partition of the orbit into 
two parts (one of it lies on ¥, and the other one lies outside of ©). The described 
multisliding bifurcation is a member of a sliding adding scenario, which yields an 
occurrence of periodic orbits with increasing number of sliding intervals [81]. 


13.6.4 Bifurcations in Filippov’s Systems 


Filippov’s systems belong to classes (i) and (ii) and they are characterized by 
systems with at least smooth vector state. 

In [151, 152] bifurcations of periodic solutions in systems with discontinuous 
vector fields are analysed. Although it is assumed that the Poincaré section in a 
bifurcation point is continuous but not necessarily smooth. Assume that a being 
analysed periodic solution is in contact with a discontinuous surface &. If the 
perturbed orbit intersects © and moves into another part of the phase space, where 
it stays infinitely short time, and then it returns to the previous phase domain, then 
the associated Poincaré map is continuous. It can be proved that if the analysed 
periodic orbit in tangent to a smooth discontinuity surface, then the Poincaré map 
is smooth and its Jacobian is continuous. When the orbit goes through the point of 
discontinuity surface which is non-smooth, then the associated Jacobian is non- 
continuous. To omit the occurred problem a concept of a generalized Clarke’s 
derivatives can be applied. It yields definitions of both generalized Jacobian and 
generalized fundamental matrix. It can be shown also that a generalized Jacobian 
can be obtained via linear approximation of a non-smooth vector field F in a thin 
phase space © with € thickness including a surface of discontinuity ©. In words, 
a non-continuous vector field F is substituted by continuous but non-smooth vector 
field F, when € — oo. 


13.6.5 Bifurcations of Stationary Points 


Consider first codimension 1 bifurcations of a fixed point x* = XS, ; of the vector 
field F lying on the non-smooth surface %;,;, being a border between subspaces V; 
and V;, where F is smooth. 
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Fig. 13.29 Two different path of eigenvalues o displaying discontinuous bifurcations 


Since the point xj belongs simultaneously to V; and V;, it possesses two 
different values of a DF; (x3, - Ay, ;) and DF; (x5, 3 As, ,) on each of two sides of 
&j,;- In what follows the following generalized Jacobian is defined in the point x3, : 


DF(x%, :Ax,,) = (1-q) DF (x, ,:A5,,) + gDF)(x$,,:As,,), (13.207) 


where 0 <q < 1. 

Formula (13.207) yields possible values of Jacobian in the point xj and it 
represents the smallest convex set possessing two values of Jacobian on two sides 
of &;,;. Note that for g = 0 we have DF (xf, , Ax; ,) = DF; (XS, ; Ay; ;), Whereas 
forg = 1 we get DF (x5, Ax; ) = DF; (xs, 3 Ag,;): 

The mentioned set does not only deface eigenvalues of Jacobians in a discontinu- 
ous point, but also defines a path of their jumps, when x* goes through &;,;. Now, 
if during such a jump the imaginary axis of the phase plane is crossed, then the 
associated bifurcation is called discontinuous one (see Fig. 13.29). 

In the first case (curve 1) two complex conjugate eigenvalues cross once the 
imaginary axis, whereas in the second case (curve 2) the eigenvalues paths intersect 
the imaginary axis two times. 

It is worth noticing that for each classical local bifurcation there exist also 
corresponding non-smooth bifurcations. 
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Fig. 13.30 Discontinuous A 
saddle-node bifurcation x 


For instance, classical smooth saddle-node bifurcation can be displayed by the 
following equation 


& = F(xj;d) =A-|x |. (13.208) 


The PSDS (13.208) does not contain fixed points for A < 0, whereas for A > 0 it 
has two fixed points x* = +A (one of them is stable (solid curve), and one unstable 
(clashed curve)—see Fig. 13.30). 

The generalized Jacobian computed in (0;0) is equal to DF (0;0) = —2g+1 
for 0 < q < 1. The associated eigenvalue in the bifurcation point 0 = [—1, 1]. For 
q = 0(q = 1) we have o = 1 (o = —1), whereas for g = i we have o = 0. 

Although it is not difficult to construct the corresponding discontinuous partners 
to the classical smooth bifurcations, we consider only one more bifurcation of the 
following non-smooth system 


x= F(x;A)=A4x4+ 


1 
P| 
sta 


1 
x- 34. (13.209) 


The system has three stationary points x* = 0 (stable for A < 0, and unstable 
for A > 0), and x* = +A with the marked stability in Fig. 13.31. 

Since two non-smooth vector field surfaces appear in the point (0;0), two 
parameters g;, i=1,2 are needed to define a generalized Jacobian DF(0; 0) = 
2(g2 — qi) — 1, where 0 < q; < 1. Forq2 = qi + 5 the associated eigenvalue 
crosses the imaginary axis yielding the discontinuous pitchfork bifurcation. 

One may also construct a discontinuous Hopf bifurcation, which is governed by 
two following non-smooth equations 
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Fig. 13.31 Discontinuous pitchfork bifurcation (supercritical (a) and subcritical (b)) 


Xx = —X1 — OX, + ———— 7a Vxitxt+ 54|- | ytd 5a). 


Apes 


X2 = WX; — Xx + ———— pore (carer 4- | Yt + 3-52). 
Weer) es 


(13.210) 


Introducing the transformation 
x; =rcosO, xX» =rsin®O (13.211) 
one gets 


Fo —r+|r+5a|—|r—35Al, 


13.212 
O=a. Ce ) 


For A < 0 the stationary point [x1,x2]/ = [0;0]" is stable, whereas for A > 0 
it becomes unstable, and a new stable periodic solution with the amplitude r = 


Vxit 5 appears (a supercritical bifurcation). 


13.6.6 Bifurcations of Periodic Orbits 


A similar idea of generalized derivative can be used to trace periodic orbits yielded 
by a non-smooth vector field. A so-called generalized fundamental matrix is defined 
via relation 


¢=(1-q)¢ +46", (13.213) 
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Fig. 13.32 Two paths of A 
eigenvalues during fold-flip Imo 
(2) and Neimark-—Sacker (/) 1 


discontinuous bifurcations 


where 0 < g < 1. Fora = A* we have two values ¢ = ¢ ord = $* (@ = 


lim ¢; ¢t = lim ¢). Two typical discontinuous bifurcations, i.e. Neimark— 
A>A* AaA* 
A<A* A>a* 


Sacker and fold-flip are shown in Fig. 13.32. 

The unit circle of complex eigenvalues plane is crossed via a jump by a pair 
of complex conjugated eigenvalues and it is referred as the discontinuous Neimark— 
Sacker bifurcation. A real eigenvalue can jump from inside of the unit circle through 
either —1 (discontinuous period doubling or flip bifurcation) or through +1 (fold 
bifurcation). However, a real eigenvalue 0 < —1 can also jump over the circle 
getting new value o > 1. This discontinuous bifurcation is called fold-flip (path 1 
in Fig. 13.32). 

The described simple smooth and they corresponding non-smooth bifurcations 
have relatively simple geometrical interpretation (see Fig. 13.33). 

One-dimensional Poincaré map in the vicinity of smooth saddle-node bifurcation 
(Fig. 13.33a) does not intersect the line x;4; = x; for A < A*, is tangent to this 
line for A = A*, and possesses two intersection points for A > A* (the last case 
corresponds to two periodic orbits of an associated dynamical system). The Poincaré 
map of non-smooth saddle-node bifurcation touches x;+,; = x; in non-smooth point 
(cusp), and hence it has different left-hand side and right-hand side derivatives. 

In Fig. 13.33b for smooth period doubling bifurcation one-dimensional Poincaré 
map intersects x;+1 = x; in the point, where the associated derivative is equal to —1. 
On the other hand, in the case of non-smooth period doubling bifurcation (dashed 
lines) the associated Poincaré map intersects xj+; = x; in the cusp and it has two 
different values of a derivative. 

To sum up, the situation of classification of possible non-smooth bifurcations 
is far to be completed. As it has been already mentioned, such bifurcation may 
have their analogues in classical smooth bifurcations or they can be combinations 
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Xi Xi 


Fig. 13.33 Poincaré maps displaying saddle-node (a) and period doubling (b) smooth (solid 
curve) and non-smooth (dashed lines) bifurcations 


of a sequence of such smooth bifurcations. However, there are also non-smooth 
bifurcations which have not their analogy in smooth systems. 

The earlier briefly described C-bifurcations or border collision bifurcation are 
also locally analysed using piecewise smooth local modes in [78-—80, 82, 92]. 
The popular grazing bifurcation is classified through estimation of real eigenvalues 
of a map, which are less than —1 and larger than +1 on both sides of a discontinuity. 
However, the Neimark—Sacker bifurcation is not discussed. 

Almost nothing is done in the field of global non-smooth bifurcations and local 
non-smooth bifurcations occurred in high dimensional systems. 


Chapter 14 
Optimization of Systems 


14.1 Introduction 


A phenomenon of optimization occurs in both the nature and human activity. Stems 
are built optimally, a sunflower is filled with grains optimally and also hunting dogs 
chase a fox optimally. For the first time, the problems of optimization were met by 
the Greeks, who knew that: 


(i) acircle is a figure of the smallest circumference with the fixed area; 
(ii) a ball is a figure of the largest volume with the fixed area; 
(iii) an equilateral triangle is of the biggest area of triangles with fixed 
circumference. 


Foundations of contemporary optimization are connected with variational calcu- 
lus and the brachistochrone problem, stated by Bernoulli in 1969 which was solved 
by him 1 year later. In a gravitational field, one needs to find the curve joining 
two points (not lying on a vertical line) along which a particle falling from rest 
accelerated by gravity travels in the least time (we neglect friction). In physics, 
this problem is connected with the Fermat principle: a light ray passes through two 
points along such a curve that the time of motion along the curve is shortest. 

Euler is regarded as a creator of the variational calculus, and Lagrange is regarded 
as a main representative. Presently, variational principles are commonly known and 
applied in various domains of science, such as: 


(i) biology and optics (the Fermat principle); 
(ii) mechanics, electrotechnics and elektronics (the Hamilton—Lagrange, Jacobi 
and Dirichlet principles); 
(iii) mechanics and strength of materials (the Castigliano—Menabrei principle); 
(iv) geometrical optics (the Hilbert—Malus principle); 
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(v) Maxwell’s equations in electrodynamics (the Nother and Bessel—Hagen prin- 
ciples); 
(vi) electrostatics (the Friedrichs principle). 


14.2 Simple Examples of Optimization 
in Approximative Problems 


Consider a problem solved by Steinhaus [222] (Fig. 14.1). 
For a given convex function F(x) in the interval [a,b] we seek a linear function 


o(x) =mx+n (14.1) 
which minimizes the following functional 


b 
J= di | F(x) — G(x)| dx. (14.2) 
This means that a hatched area in Fig. 14.1 should have the smallest value. 
Steinhaus showed that the sought points are as follows: u = (3a + b)/4 and 


v = 3b +a)/4. 
Substituting (14.1) into (14.2) we get 


a = Enemas (ee 
a a. (14.3) 
+ f (mx +n— F(x)) dx + f (F(x) — mx —n) dx. 


Next, we seek the minimum of (14.3) with respect to m and n. We obtain 


EG 


F 


Fig. 14.1 Linear 
approximation o of the 
convex curve F a u v b x 
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2 u 
ae = [va + (F(u) - re pa 
dm om 
b 
dv 
+ [ovax — (F(v) — mv — n) — 
am 
r a a 
_ [ovas ~ (F(v) —mv —n)— + (Fu) — mu —n) 
om om 


since F(u) = mu+n and F(v) = mv +n. 
After transformation we get 


2_ f2 
Paya? — (14.4) 


Similarly, we find 


u v b 
ay. - fax+ fax fax 
dn 


—(u—a)+(v—u)—(b-v) = 0. 


II 


or 


(14.5) 


Comparing the expressions (14.4) and (14.5), we get the following relationship 
utv=a+b. (14.6) 


Adding up and subtracting corresponding sides of (14.5) and (14.6), we get 
abscissae of the points given by Steinhaus. 

Markov pointed out that if the function F(x) is continuous in the interval [a,b], 
and if the difference F(x) — P,,(x), where P,,(x) = agp +a,)x +---+a,x", changes 
the sign only at the points 


_— k 
Oe ag eae (14.7) 
2 2 n+2 


Xk = 
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then the following inequality holds 


b b 
/ F(x) — P,Q) dx < il F(x) — On(x)| dx, (14.8) 


where Q,,(x) is any polynomial of at most n degree, and the sign in the equ- 
ality (14.8) appears for Q,,(x) = P,(x). For a particular case, it follows from (14.8) 
that 


Py (xx) = F(xx),k =1,....n +1. (14.9) 


This means that knowing (e.g. from measurements) values of the functions 
F(x,),..., F(%+41), we can determine a polynomial P,(x). On the other hand, 
Lagrange interpolation formula allows to evaluate P,, (x). Having the abscissae x, 
determined from the formula (14.7), we build a polynomial 


w(x) = (x — x1) (% — X2)... (X — Xn 41). (14.10) 
The polynomial P,,(x) takes the form 
n+1 


P, (x) = dX FO) Gta) (14.11) 


Sa) 


Necessity of applying the interpolating formula (14.11) follows from the fact that 
we do not know if the polynomial (14.9) is the best approximation. 

Let the function F(x) be approximated by a parabola of the second degree. 
According to Eq. (14.7) we have the following abscissae (nodes) 


a+b b-a nm a+b b-a J2 


x)= = cos — = = : 
2 2 4 2 2 2 
gee Se eR (14.12) 
2 2 2 2 
a+b b-a 3x a+b b-a v2 
x34= a cos = + : 
2 2 4 2 a 2 


14.3 Conditional Extrema 


In most cases encountered in the nature and technics, additional constraints are 
imposed on problems, which deals with seeking of extrema of functions within their 
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domain of definition. This problem reduces to finding a minimum of a real function 
Fu) of a domain of definition D C R” and with imposed constraints of the form 


Gi(u)=0, i=l,...,m, m<n. (14.13) 
Suppose that using m Eq. (14.13) we determine the following relationships 


uy = £1 (Um+i,---,Un) 


(14.14) 


Un = Sm (Um+1, sees Un), 


i.e. we have determined m variables u; as functions of remaining n — m variables. 
Although, previously our problem was connected with the minimalization of the 
function 


F(uy,U2,...,Um,Um+15--+sUn) (14.15) 


with the constraints (14.13), then now according to (14.14) our problem boils down 
to minimization without constraints of the function 


F(g1, £2,--+, 8m, Um+1,-+-,Un) = 0. (14.16) 


It turns out that it is possible only for very simple cases. In the case of algebraic 
equations of degree n > 5 and transcendental equations such a procedure is not 
possible because we cannot “resolve” the constraints (14.13). 

One can see this clearly in the case u € R*. The function Gj (u,, uz) can possess 
three following forms: 


Gi (u1, U2) = uy + u5 = 0, (14.17) 
and a solution is one point vu; = uz = 0; or 
Gi (uy, u2) = uj + uy +2 =0, (14.18) 
and solutions of this equation do not exist; or finally 
Gy (uw, U2) = u; + u5—2=0, (14.19) 


and a solution is infinitely many points lying on a circle. 

As one can see by the above examples, significant and difficult questions arise. 
Is there any continuous curve u2 = g;(u;), whose all points satisfy G)(u ,, u2) = 0, 
and is it unique? Thus, the problem concerns estimation of local character of 
the function g\(uj,u2) in the neighbourhood of the point (w!,u9) satisfying 
g(ul, us) = 0. One makes use of the Implicit Function Theorem given below. 
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Theorem 14.1 (Implicit Function Theorem). /f the function g(uj,u2) have 
continuous partial derivatives gy, and gy, in a neighbourhood of the point (u’, u3) 
and if 


Su, (u?, uS) = 0 and g,,(u?, uo) 4 0, (14.20) 


then 


(i) there exists such 6 > 0 that for each sufficiently small e > 0, and for each value 
of u)—8 <u, <u! +6 there exists a unique function u2(u;), which is a solution 
to the equation g = 0 in the interval uy -—€<mhM< uy +e; 

(ii) the function uz(u;) is of class C! in the interval (u? — 5,u) + 8), ie. it is 
continuous and has first continuous derivative, which is determined by the 
formula 


_ Su (uti, Wa) 


: (14.21) 
Su (U1, U2) 


Uy (u,) = 
while uz = uz(u). 


The above theorem can be easily generalized into a system of implicit functions. 
Note that if there is no constraint G, then a stationary point (uo, u20) of a 
function 


F(u;,u2) = 0, (14.22) 
is determined by the equations 

OF (uy, U2) Ag 

Ou, 

(14.23) 

OF (uy, u2) 
aoe 0. 

Our 


since their solution allows to obtain uj9, U0. 
Since the increments u, and wp are arbitrary, the exact differential also vanishes 


re 


= — dun = 0. (14.24) 
Ouy 


uj =U10 u2=U20 


Let us introduce a constraint 


Gi (10, U29) = 0. (14.25) 
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Fig. 14.2. Graphical 
illustration of existence of the 
constraint function extremum 


Note that also Eq. (14.24) will stay valid but not for all differential increments 
du, and du. These increments must satisfy the additional equation 


4G=0 9! 


uj 


G 
digs —— 


uz 


du, = 0. (14.26) 


420 


“10 


The Jacobian of the homogeneous equations (14.24) and (14.26) reads 


OF OF 
du; dun 

J (= =) ae =0 (14.27) 
Uy, U2 0G; dG, 


du U2 N19, 29 


We mention here the geometric interpretation of the considered problem given in 
[102] (see Fig. 14.2). 

The function F(u) = C;,i = 1,2,..., C; < C41, possesses a minimum at 
the point 0. On the other hand, a graph of the constraint function Gj(u1,u2) = 0 is 
represented by a solid curve. Increasing the value of C; for some i = /, the curve 
F (uy, u2)C; will possess a tangent point A with the curve G(u), u2) = 0. This point 
determines the minimal value of the function F(u) with constraints. The straight 
line in the figure passing through the point A is tangent to both the curve G(u) = 0 
and F = const C;,. 

In the case of F = const by Eq. (14.24) we get 


dur _ dF /du10 


=— : 14.28 
duyo dF /du2 ( ) 
whereas in the case of G(u1, uz) by Eq. (14.26) we find 
dG/d 
dia... - OG /otein (14.29) 


duU40 ~ 9G/dur9 
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By Eqs. (14.28) and (14.29) we obtain 


oF 0G OF 0G 


= = 0, 14.30 
JUj9 Our ~——- U9: U0 : ! 


what follows from (14.27). 

This method can be easily generalized to the case of seeking the extremum 
of a function of several variables at many constraints [102], but it turns out that 
evaluation of determinants of high degree is laborious. 

We will briefly describe more often applied method, namely the so-called method 
of Lagrange’s multipliers. 

In the considered two-dimensional case, Eq. (14.30) can be written in the form 


OF / duo OF /du2 
a =-i 14.31 
dG/duj0 IG/ du : ( : ) 


where the constant A is called the Lagrange multiplier. By Eq. (14.31) we get 


F 0 
0 1 G 


ce lee 
du10 du10 

(14.32) 
aF | aG _y 
dur dux 


In the considered stationary point A(uj0, u29) gradients of the functions F’ and 
G are colinear and of opposite signs. The multiplier A represents sensitivity of the 
function F on change of the constraints of G at the point (uo, U0), if OG /dujo 4 0 
and IG/ du x 0. 

Note that after introducing the notion of the Lagrange multipliers, the func- 
tions (14.32) can be understood as existence conditions of a stationary point of the 
function F + AG without constraints. The initial problem, which relies on finding a 
stationary point (w10, U29) of the function F(u;, uz) with the constraining condition 
g(u,u2) = O has been reduced to the analysis of the function F + AG of three 
unknowns u09, u29 and Ag, but without constraints. 

The performed reasoning can be easily repeated in the case of seeking the 
extremum of the function F(u,,..., Um, U1,..., U,) With the constraints 
Gi(uy,...,Um,U1,.--5Un), 1 =1,...,0. 

The Lagrange idea (multipliers) comes from considerations concerning mecha- 
nical systems. 


14.4 Static Optimization 


The static optimization is used in various problems concerning design which leads 
to e.g. optimization of construction with respect to various criteria as well as in 
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Fy 


Fig. 14.3 An objective function f : X > R! 


problems concerning organization of undertakings in various branches of economy 
and management. A problem of static optimization occurs, when both objective 
functions and limitations have the form of algebraic relationships. Problems of 
dynamic optimization are reduced to static optimization by discretization of time 
and spatial variables. It is commonly applied in e.g. dynamical analysis of plates 
and shells [25]. 

Decision variables, in problems of static optimization, are real numbers and form 
a vector of the decision variables x = [x,,..., eae A set X, where 


xEX CR", (14.33) 
is called a set of admissible decisions, and is bounded and closed (compact). 
An_ objective function is called a mapping f : X — R! ordering the set X 


(Fig. 14.3). 
The mapping f should have the following property: 


V(x1,%2) EX, xy =X. > f(x) = f(x). (14.34) 
Ordering the set X with the function f is defined by means of equivalence relation 


f (x1) X f(x2) x1 < xX, (14.35) 


a symbol “” is understood as “x, is not better than x2” 
A strict order of the set X we obtain for an injective function, i.e. such that 


V (x1,%2) EX, x, A x2 > f(x1) F f(x2) (14.36) 
and it is defined as follows 


Vv (X1, X2) Ee X, F(x) < FI (x2) PX, < X2. (14.37) 
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A global maximum (minimum) of a function f(x) ina set X is called an element 
x* € X such that there does not exist any better element than x, i.e. 


Vx eX, f(x*) x f(x) (14.38) 


and respectively 


Vx EX, f(x") x f(x). (14.39) 


The problem of static optimization reduces to the determination of x* € X. 
It is enough to consider a problem of maximalization of f, since a problem of 
minimalization can be easily reduced to the problem of maximalization by taking 


—f,ie. 


max F(x) = min[— f(x], 


x* = argmax f(x) = arg min[— f(x)]. aa) 
xEeX xEeX 
The function f(x) can possess in the considered set X one or many global 
maxima, or none (the reader can easily find such cases). 
The element x* is a strict global maximum in the set X if the following strict 
inequality is satisfied 


Vx EX, f(x*)> f(x). (14.41) 


Theorem 14.2 (Weierstrass). If X is a compact set and the function f(x), Vx € 
X is continuous, then a global maximum of f(x) exist and can occur inside or on 
the boundary of the set X. 


We skip the proof of this theorem (see e.g. [107]). 

An element *x € X is called a local maximum of a function f(x) if in the ¢ 
-neighbourhood of the element *x the function f(x) does not attain values greater 
than f(*x), ie. 


e>O0:f(Fx)> f(x), Vx e[XNN, (*x)], 


(14.42) 


Note that in the case of a function f(x), x € R!, the problem of minimal value 
reduces to equating the first derivative f!(x*) = 0 to zero and f!!(x*) < 0. 
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14.4.1 Local Approximation of a Function 


Since we have already mentioned about local extrema of function, we need to 
emphasize that problems of optimization are connected with a local approximation 
of function. 

Taylor expansion in a neighbourhood of a point x9 has the form 


oo ¢(n) 
f@=)0 ee — Xo)", (14.43) 


n=0 


where f”) = af 
take only N terms in the series (14.43), then 


f(x) = fo) +>> 


n=1 


N n 
x 
i doe = xy" +0 (Ix —x0l”). (14.44) 
n 
where the symbol O (Ix = x0l") means that terms of indices n > N will decrease 


faster than |x — |” (they are small in comparison with |x — Xp|"). 
The first-order approximation has the form 


F) = faa) + LEO 


(x — Xo), (14.45) 


and the second-order approximation has the form 


ae Dy 1 d* Lo) (, 


a — x)’. (14.46) 


F(x) = f(%0) + S(O — %0) + 5 


Consider a vector x € R” and introduce Euclidean norm of the form 


el ai (14.47) 


The quadratic approximation of f(x) around the point xo has the form 


ares OD ( 


f(x) = f(X0) + pe! 


i=l 


n n a 
5 6D d ae (xi — Xio)(x; — Xjo) + O (Ix = xo) 
mae 


i — Xi0) 


(14.48) 
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where: x = (X),... ey Xo = (Xjo,..- , X09)’. Let us introduce a notion of 
gradient of a function f, namely 
of of of 
Vf= ; saeaibeg : 14.49 
f (74 0x2 OXn ( ) 
Next, we introduce a matrix called a hessian 
ep, PS 
axt OX1Xn 
Vf=sH= is (14.50) 
af ef 
OXnX1 . ax? 
We define a vector of perturbations 
Ox =x—X0 (14.51) 
and a function of perturbations 
af = f(x) — f(%o). (14.52) 


Equation (14.48) can be written in the form 
Lor 2 
af = Vflx)dx + 5ax" H(xo)dx + O (idx! ) (14.53) 


where H is a square and symmetric matrix. 

First, we considered x € R!, next x € R"” for the case of one function f; 
and now our considerations can be generalized onto a vectorial function f(x) = 
Lfi(x), f(x), ..-, fin (x). In this case, gradient of the function (vector) is replaced 
with a matrix, called Jacobian, of the form 


9 xy Xn 

a = : | =(VA.V A... Vind’ (14.54) 
_ dfn... On 
Ox] OX, 


14.4.2 Stationary Points and Quadratic Forms 


Assume that a function f(x) possesses a minimum at the point f*(x*) = min. The 
necessary condition of existence of the internal minimum is 


f(x") = 0. (14.55) 
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Points x* satisfying this condition are called stationary. This condition is 
necessary since it can be satisfied also at points, which are not local minima. In 
the case of a singular point, by Eq. (14.53) we get 


1 
Ofs = 50%! A(xx)dx, (14.56) 


and this allows to conclude that: 

If the necessary condition (14.55) is satisfied and Hessian of the function f(x) 
is positive definite at the stationary point x», then this point is a local minimum. 

In practice, positive definiteness of V7 f is reduced to a diagonalization condition 
of Hessian. A function 


f(x) =x" Hx (14.57) 


is called a quadratic form. The quadratic form (14.57) is called positive (negative) 
definite, if Vx € R” and x ¥ 0 attain positive values (negative). 

A quadratic form is called semi-positive (semi-negative) definite, if Vx € R” it 
has non-negative (non-positive) values. 

A quadratic form possessing any values is called sign-indefinite. 

Similarly, we define Hessian H. Character of a quadratic form is determined by 
means of eigenvalues of the matrix H, i.e. 


det(oI — H) = 0, (14.58) 


where J,,x, iS a unit matrix. 

If the matrix H is symmetric and their elements are real, then its eigenvalues are 
real numbers. The classification of stationary points and quadratic forms (function 
F(x)) was given in Table 14.1. 

One can show, on the basis of the definition of concave function (see further 
considerations), that a semi-negative (semi-positive) definite quadratic form is a 
convex (concave) function. A semi-negative (positive) definite quadratic form is a 
strictly concave (strictly convex) function. 

In order to evaluate the character of the matrix H one needs to evaluate the values 
of n major subdeterminants of the matrix H called the Sylvester determinants. 

If determinants of the Sylvester matrix H are positive (non-negative), then the 
matrix H is positive (semipositive) definite. However, if we want to know if H is 
negative or seminegative definite, then we need to reduce the problem to the earlier 
described one by introducing the matrix-H. 


14.5 Convexity of Sets of Functions 


In order to introduce a notion of a convex function we will consider a function f(x) 
illustrated in Fig. 14.4. 


500 14 Optimization of Systems 


Table 14.1 Classification of quadratic forms [107, 192] 
Types of functions 
Eigenvalues o; | det H F(x) AH and stationary points 
o; <0 det H #0 x’Hx <0 H <0 | Strictly concave function; 
strict global maximum 


0; > 0 detH £0 |x™Hx>0 H >0_| Strictly convex function; 
pee | strict global minimum 

o; <0 H <0 | Concave function; 
V;:0; =0 global maximum; 

peaks 
o; > 0 Convex function; 
VY; :0; =0 global minimum; 

valley 
0; #0 detH £0 |x’Hx eR! Regular saddle point 
Vii0; =0 Singular saddle point 


Fig. 14.4 Geometrical 
interpretation of convexity of f (x) 
a function f(x) 


XX X; x 


The following properties of a convex function follow from Fig. 14.4 


(i) tangent 2 at any point of the function f(x) will never intersect the graph of the 


function; 
(ii) secant 3 is located above the function f(x) < f(x) < f(x). 


The property of local convexity ensures the existence of minimum, while the 
property of global convexity ensures the existence of global minimum. 

A set X is convex is for any two elements (x), x2) € X all the elements belonging 
to a segment of the line connecting x; and x2 belong to X (Fig. 14.5a). 

A set S C R” is convex if for all two points x; and x2 belonging to S' a point 
(see Fig. 14.5b) 


x(A) =Ax1 +(1—A)x2, WA € [0,1]. (14.59) 
Definition 14.1 (Of a Convex Function). A function f(x) = f(x%1,...,%n) 


defined on a convex set S C R” is called convex, if for any two points x,,x. € S$ 
and for all A € [0, 1] the inequality holds 
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b 
x, 
a 
x, 
C? 


Fig. 14.5 Convex set (a) and nonconvex (b) 


- fia b fix) g 
fix,)+f(x,) t(*54) 
2 ? f nai ) 
+ eal —5 at sd 
t(- s ) t 
0 x X +X xx 0 x, X,+x x x 
Fig. 14.6 Convex (a) and concave (b) functions 
flAxi + (1 —A)xal S AS (1) + (1 =A) Fa). (14.60) 


This means that if the function f(x) is convex, then a segment connecting any two 
points of f(x) lies on or over f(x). 


Definition 14.2 (A Concave Function). A function f(x) defined on a concave set 
S Cc R" is called concave, if for any x1, x2 € S and for all A € [0, 1] the inequality 
holds 


f [Axi + (Ll —A)x2] = Af Or) + UL — A) f (x2). (14.61) 


If f(x) is concave, then every segment connecting any two points lies on or under 
the surface f(x). Convex and concave functions for A = 1/2 and x € R! are 
illustrated in Fig. 14.6. 

If in the inequalities (14.60) and (14.61), only strict inequalities occur, then we 
obtain a definition of a strictly convex and concave function. 

In Fig. 14.7 one presented a graph of a function f(x), which is neither convex 
nor concave in the interval [x,,x4]. However, in the intervals [x),x2] and [x3,x4] the 
function is concave, and in the interval [x2,x3] the function is convex. 

Below, we give properties of convexity of a set and function. 
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f(x) A 


xX, X> X, X, x 


Fig. 14.7 Function piecewise convex and concave 


(i) If S is a convex set anda € R, then a set aS is also convex. 
(ii) If S|, S> are convex sets, then a set S; + S> is also convex. 
(iii) Intersection of two convex sets is a convex set. 
(iv) If fi, fo are convex functions on a set S, then f; + fo is also a convex function 
on the set S. 


Theorem 14.3 (A Convex Optimization). Jf f(x) is a concave function on a 
convex set X, then each local maximum is global in the set X. 


Proof of this theorem is given in [107]. 


Theorem 14.4 (A Differentiable Function). A differentiable function is convex if 
and only if its hessian is semi-positive definite in a whole region of convexity. 


14.6 Problems of Optimization Without Constraints 


This problem relies on determination of x* € R” (an admissible set is the whole 
R") such that 


f (x*) = max f (x), Vx ER, (14.62) 


where: f : R” — R and the function is of class C 2 i.e. is continuous and twice 
differentiable with respect to x. 

According to definition (14.49) a gradient of a function Vf determines a 
direction of the largest growth of the function f (x) at given point (see Fig. 14.8). 

Now, we will show what condition the point x = x* being a local maximum of 
the function f (x) in R” must satisfy (see Fig. 14.9 for R?). 

For a local maximum x = x* we have 


Vre > 0: f (x*) > f (x* +er), (14.63) 
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Fig. 14.8 Direction of the X, 4 
gradient for x € R? 


Fig. 14.9 Increment of the AX=er 
vector Ax = er inthe 


neighbourhood of a point x* 


X2 


and after Taylor expansion of the function in the neighbourhood of x = x* we 
obtain 


f (x* +er) =f (x*) +eVS (x*)r+ ser (x*)r+O(e) (14.64) 
Substituting (14.64) into (14.63) we get 
Vi (x*)r+ serv s (x*)r+ O(e*) <0. (14.65) 
With the condition ¢ > 0 by (14.65) we obtain 
Vf (x*)r <0, (14.66) 


and for arbitrarily chosen direction r this condition can be satisfied only if 


Vf (x*) =0. (14.67) 
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Table 14.2 Conditions of local optimality 


First-order necessary | Second-order Sufficient Character 

conditions necessary conditions | conditions of the point 

Vif (x*) = 07 H (x*) <0 H (x*) <0 | Local maximum 
H (x*)>0 H (x*) >0 | Local minimum 
I(x) is sign-indefinite Saddle 
A(x) =0 One needs to take 


higher terms of the 
Taylor series 


The obtained condition (14.67) is called a necessary condition of the first order 
for local maxima at the point x*. Hessian, evaluated at the stationary point, decides 
about the character of the stationary point x = x*. 

If x = x* is a stationary point, and moreover 


H (x*) <0, (14.68) 


then at some directions of the perturbations Ax of the point x* the function f (x) 

can decay, and at the other directions, no changes are observed. In this case we 

cannot distinguish between maximum and saddle, hence the condition (14.68) is 

only so-called necessary condition of the second order for maximum of a function. 
The sufficient condition of maximum at the point x = x* has the form 


H (x*) <0, (14.69) 


i.e. the hessian at the point x* should be negative definite. 

In Table 14.2 of [107], one gave the necessary and sufficient conditions of local 
optimality. 

The sufficient conditions determine a stationary point as a local strict minimum 
or maximum. If f (x) is a concave function, the fact that the point x* is stationary 
is a necessary and sufficient condition for x* to be a global maximum (minimum). 

If f (x) is a strictly concave function (strictly convex), then it possesses exactly 
one stationary point, which is a global strict maximum (minimum). 


14.7 Optimality Conditions of a Quadratic Form 
Consider a quadratic form 


1 
f= 5x Ax 4g! ok: (14.70) 
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x, A 
x F 
f(x) decreases ie f(x) increases 


ex 


f(x) increases a) 
f(x) increases 


Xx; * x; 
f09 increases N\ H sign-indefinite 


Fig. 14.10 Isometric curves and directions of growth of the function f (x) 


where Hx, is symmetric and H # 0; a is a vector of dimension n; H is a hessian 
of the form f (x), and b is a scalar. 
Differentiating (14.70) we get 
Vf (x) =(Hx +a)’, (14.71) 
and the condition of stationary (14.67) has the form 
Ax+a=0. (14.72) 
The above linear vectorial equation possesses a solution if and only if 
HT = rank (H,a) (14.73) 
If (rank H) = n, then det H 4 0 and Eq. (14.72) possesses a unique solution 
x* =—-H!a, (14.74) 
If (rank H) < n and (14.73) is satisfied, then Eq. (14.72) possesses infinitely 
many solutions, which can have maxima, minima and singular saddles. 
For the case x € R? and for H <0,H > Oand H, sign indefinite one showed 


graphic illustrations of isometric curves (Fig. 14.10), i.e. f (x) = const in Fig. 14.8, 
which was taken from the work [107]. 


14.8 Equivalence Constraints 


A problem of optimization with equivalence constraints relies on determination 
x* € X, satisfying 


Vx* € X, f (x*) = max f (x), (14.75) 
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where the admissible set X has the form 
={xeER": a(x)=)b}, (14.76) 
while 
f2# BP SRe Gtk >R" men, DER" 


In order to illustrate the problem we will consider the case n = 2,m = 1. In this 
case we have 


a (X1,X2) =b, (14.77) 
and assume that the above function can be presented in the form 
x2 = g(x). (14.78) 


Substituting (14.78) into the objective function (14.75), the problem reduces to 
the determining 


f [xt.8 @7)] = max f [x8 (4). (14.79) 


Having xf (14.78) we find 
xi =h (x7) : (14.80) 
The sufficient condition of local optimality has the form 


df _ of Pe dg 
dx ~ Ox ve dx 


=0, (14.81) 


or including (14.78) 


af . af dx 
= 0. 14.82 
Ox, Ox> dx, ( a ) 


Let us take into account the constraining equation (14.77), which implies 


am ax, rn wade = Ai; (14.83) 
xX] 


We will further assume that a point epee ) is a regular point. Let in its 
neighbourhood 
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ax #0. (14.84) 
x2 
Hence by (14.83) we obtain 
dx2 da/dx, 
—— : 14.85 
dx da /0xX2 (txt) ( ) 


The necessary conditions of optimality are determined by Eqs. (14.82) 
and (14.84) which imply 


0,k =1,2 (14.86) 


(stag) 


where: z = af oe As we can see, we have two equations (14.86) and the 
constraining equation (14.77) to our disposal, and three unknowns, i.e. x1, X2 and z. 


Equation (14.86) can be written in the equivalent form 


df /dx1 
df /dX2 


a da/dx, 
(x# x3) da /0x2 


(14.87) 


(«fad 


Note that the left-hand side of the above equation equals —dx2/dx, (see (14.82) 
for df = 0,ie. f = const). The right-hand side of (14.87) equals dx2/dx, 
(see (14.82) for da = 0). Finally, Eq. (14.87) takes the form 


dx2 


dx, 


dx. 
f =const” = dx, 


(x73) 


which allows for geometric presentation of the local optimality condition 
(Fig. 14.11). 

Figure 14.11 shows that at the point (ar x3 ) satisfying the necessary conditions 
of optimality, the curve a (x), x2) = b is tangent to the isometric curve f = const. 


(14.88) 


’ 
a(x}'.xz)=b 


14.9 The Lagrange Function and Multipliers 


Let us introduce Lagrange’s function of the following form 
L (x1, %2,z) = f (1, %2) + z[b —a(%1,X2)] . (14.89) 


For x}, x} this function must satisfy the stationarity conditions of the form 
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2 


i. 
: > 
0 x, X, 
Fig. 14.11 Geometric interpretation of Eq. (14.88) 
dL soaf— aa 
= = = 0, 14.90 
OX  — OXE “Oxg ‘ ) 
OL 
ae b—a(x,X2). (14.91) 
z 


As one can see, the conditions (14.90) and (14.91) are in accordance with the 
earlier obtained conditions (14.86) and (14.77). A new introduced variable z is the 
Lagrange multiplier of interpretation, determined by the equation z = af fin . Now, 
let us consider a general casen > 2,m > 1 andm <n, and apply the direct method. 
From m constraining equations 


b—a(x)=0 (14.92) 

we determine m variables x” = (x1,..., Xm)e as a function of the remaining n — m 
variables x" = (Xm41,.-- ste Le. let 

x™ = g(x"), gi RR" > R". (14.93) 


We obtain the necessary conditions of local optimality 


of fo a 
— =-z7' G(x) =07, 
Ox a) (14.94) 
b—a(x) =0, 
where 
ze of [Gn (x), (14.95) 
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dai(x) |, dai(x) 
ax] OXn 
G(x) = - ; (14.96) 
dam(x) . | 9dm(x) 
Ox] OXn 
dai (x) dai (x) 
dx) COXm 
Gm (x) = ; (14.97) 


dam (x) eve dam (x) 
ax1 OXm 
where G (x) is the Jacobi matrix. Note that a system of Eq. (14.94) consists of n-++-m 
equations of n +m variables (x,..., Xn, Z1,-+-,2m)- Inorder to determine x = x*, 
the vector z should be uniquely determined by Eq. (14.95), which holds if and only if 


rank G (x) =m. (14.98) 


The above condition ensures that we have m linearly independent columns of the 
matrix G (x), so the matrix [G,, ar occurring in (14.95) exists, and the vector z 
is uniquely determined by the relationship (14.95). 

In this case one can also build the Lagrange function 


L(x,2 = f (x) +2 [b-a(@)], (14.99) 


where z = (z,... Zi is a vector of the Lagrange multipliers. Below, there are 
stationarity conditions of the Lagrange function 


Lo” 
ma OME 
14.100 
apt ( ) 
(5) =e-ew=o 


which are identical to the conditions (14.95). 

We will not deal with the second-order necessary conditions, i.e. sufficient 
conditions for existence of a global maximum (minimum) at the point x* in the 
case with constraints (see e.g. [107]). Below, we give geometric interpretation of 
the Lagrange multipliers. We will write the first equation of the system (14.100) in 
the expanded form 


Of (x*,z*) 2 . da; (x*) 


ra 
OX; } OXk 


EL ease: (14.101) 
k=1 


At the stationary point, particular components of gradient of the objective 
function are equal to the weighted sum of elements of the appropriate column of the 
Jacobi matrix (14.96), while the Lagrange multipliers are the weighted coefficients. 
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14.10 Inequivalence Constraints 


Mostly, problems of static optimization concerning sets of decision variables are 
given in the form of constraints of inequivalent type. 
Our task is determination x* € X such that 


2 14.102 
f (x*) max f (x), (14.102) 
where: 
x={xeR": x >0, a(x) <d}, 
14.103 
fe RSR 22 SR, Per. ( ) 
We will assume that f is of class C?, and the functions a;,i = 1,...,m are 


of class C!. We do not assume any relation between n and m. We will solve the 
problem in two stages. First, we will consider the case m = 0, i.e. when the decision 
variables are not negative 


K = iycics ke) SO, FER". (14.104) 


Let x* € X bea solution of the maximalization problem of f (x) in the set X. 
Each component x; of the vector x* is characterized by the following properties: 


(i) An optimal point xf lies within the set X (see Fig. 14.12) 


afa*) _ 9. 


ie (14.105) 


x; > 0 while 


(ii) An optimal point x; lies on the boundary of the set X (see Fig. 14.12), ice. 


xf = 0 while LE < 0; (14.106) 
f A fA fA 
aft’) 
wa <0 
afix") _ 5 afte’) _ 5 oe 
a ax, 
———EE > > 
x", Xx x*,=0 Xs x"= Xx 


Fig. 14.12 Possible positions of optimal points 
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Cases (14.105) and (14.106) can be written in the following way 


af(x*) 4 af et). 


Vj €fl,...,nt, <0, = 0, 14.107 
jet cure Ox, ( ) 

or in the vector form 
Vi WSU Vie) Hors 0 (14.108) 


Now, we enter the second stage, ic. X¥ = {x € R",x > 0,a(x) < db}. Firstly, 
let us introduce additional variables, called complementing variables of the form 


s=b-a(x), (14.109) 
where: s = [s1,...,5m]’. Note that a (x) < b is equivalent to the inequality 
s>0. (14.110) 


Our new task is determination x* € X in such a way that 


f (x*) = max f (x), 


(14.111) 
X={xeR": x >0,5€R":5>0,b-a(x)—-s=0}. 

In such a new formulated problem, the equivalence constraints occur 

b-—a(x)-s=0, (14.112) 
and constraints on non-negativeness n + m variables of the form 
x>0, s=0. (14.113) 
Let us introduce the Lagrange function of the form 

L(x,z,s): ff (x)+2' [b-a(x)-s], (14.114) 


where z is an m-element vector of the Lagrange multipliers. Constraints on non- 
negativeness of x and s we introduce on the basis of the conditions (14.108) 
applied to the Lagrange function (14.114). Necessary conditions of existence of 
the maximum at the point x* € X are: 


OL (x, z, 8) Zge OL (x, z, 5) zor OL (x,z, 8) = 


is 14.11 
ax , Os : dz 4 ( >) 
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OL (25) = OL (125) 


= 0, 14.116 
ox os ( ) 


x>0, s>0. (14.117) 


Differentiating (14.114) with respect to x, z and s, and eliminating the vector s 
according to (14.109) we obtain 


aL af y OL 
ax ax © YF Os ag = 


7 OL. 


fig = 07” (14.118) 
X 


At the maximum point, according to (14.115)-(14.118), the following necessary 
conditions are satisfied 


of @) =2 Vf@)av, (14.119) 
Ox 
E DD gay ) x=0, (14.120) 
Ox 
[b —a(x)]’ z= 0; b—a(x) = 0, (14.121) 
x>0, z>0. (14.122) 


The obtained conditions (14.119)}-(14.122) are called the Kuhn—Tucker con- 
ditions. Note that the inequality (14.122) goes into equality, when there are no 
non-negativity of decision variables. If as the Lagrange function we use the 
following one 


Lie: f@®+c b=aG@)), (14.123) 
then the Kuhn—Tucker conditions at the point of maximum x* are as follows 


OL (x, z) ae OL (x, z) sige 


14.124 
ox dz ‘ ( ) 
PED) gy: (ON = (14.125) 

ax 0z 
220. 2o0 (14.126) 


The Kuhn—Tucker conditions (14.124)-(14.126) are sufficient for existence of a 
global maximum, if f (x) is concave and functions a;(x), i € {1,...,m} are 
convex for x € X. If the mentioned conditions of concavity of f (x) and convexity 
of a;(x) are connected with the neighbourhood ¢ of the point x*, then (14.124)- 
(14.126) are sufficient conditions of local optimality. 
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The considered problem of optimization with inequivalence constraints 
and constraints on non-negativeness of decision variables is called a saddle 
problem [109]. 

It turns out that the point (x*, z*) is a saddle point of Lagrange’s function, which 
attains maximum with respect to x and minimum with respect to z 


L(e) Sb ".<) sb (x2) (14.127) 


for all x => 0, z = 0. It follows from (14.124) that in the case of a convex problem, 
changes of x, (z) from the point (x*,z*) satisfying the Kuhn—Tucker conditions 
cannot make the Lagrange function increase (decrease). During the iterations one 
seeks the maximum with respect to x at z constant, and next the minimum with 
respect to z at x constant, determined in the preceding iteration till the assumed 
convergence is reached, i.e. saddle point. 


14.11 Shock Absorber Work Optimization 


14.11.1 Introduction 


In this section we will illustrate computational problems occurring solving of the 
optimization problems even for the simple linear oscillator with one degree of 
freedom (e.g. [102]). 


14.11.2. Optimization Example 


Consider the autonomous system with one degree of freedom serving as a shock 
absorber with mass m, stiffness k and damping c. 

Dimensional motion equation governing dynamics of the one degree-of-freedom 
mechanical system has the following form 


mx +cex+kx =0. (14.128) 


After the Laplace transformation we obtain 


[o.@) [o,@) 
L [x] = fiona = gee + 5 f tea 
0 0 


lo.) 
=-xo9+sxe™ sg +5? ‘| xe dt= —ip — 5x9 + 8° X (s); 


0 
lox) lee) 


L [x] = iota = ae + sf ewdi= —Xxo + sX (s), 
0 0 
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and after substitution into (14.128) we get 


MxXoS +mXo + CX 


X = 
(s) ms? +es +k 


(14.129) 


Poles of the function X (s) are determined by the characteristic equation 
ms? +cs +k =0, 


roots of which are 


—c+ Vc?—4km 


S125 
2m 


and therefore Eq. (14.129) can assume the form 


X(s)= xo(s tin +9) y= Xo (14.130) 
(s — 51) (8 — 52) xo 


Make distribution (14.130) into simple fractions 


xo(s+£+y) A B 


(s—si)(s—s)  s—s s—sy’ 
and further 
c 
xo (s+ —+y) =A(s—s)+ B(s—s)). 
From the above equation we get a system of two equations 
Xo = A+B, 


Cc 
Xo (- + y) = —Asy = Bs, 
m 


which yields 
we =x0 (Ys) 
S2 — 8S] 
pa ln ty +s) 


S2 — S] 
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515 
Finally, we get 
Xo yryts My geyts 
so eae - . s = ae 7 = = 
ees aa : (14.131) 
_ x0 a ae Slo ae ay 82 
$y — Sy S—S} S— S$ : 
It should be noted that 
— ae ae Oe c?—4mk _ 
mt ~ 2m 2m m 2m 2m = ne 
2 c ge c c? — 4mk 
S =— om = - = 51, 
a in 2m 2m m 2m 2m : 
and from Eq. (14.131) we get 
x 52 — S| 
X() =— (2 2a o *). (14.132) 
s2— S81 \S—S] S— SQ 
and after coming back to the time domain we obtain sought solution 
Xo (S2 — Xo (s1 — 
4) = OD) pat OE) ee, (14.133) 
S2— S} S2— S} 
In the case of a double root of the characteristic equation we 
c 
Sj =S = So = -——, (14.134) 
2m 
and applying transformations, we get 
X()= xo(s+S+y) — x0(s—50) + x0 (s+ £ +y) 
(5 — 50)” (5 — so)” 
_ x0 , 2olo+ et) 
5 — So (s— so) 
Because 
ES c 
sSo+t—=z>—=-S 
0 mM 0 
so 
x Xo (So — 
Yoo (14.135) 
S—S0 (S$ — So) 
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which leads to the solution in the time-domain of the form 
x (t) = xoe" — xo (So — y) te = xo (1 — sot) e& + Xote™. (14.136) 
For the roots s; 4 s2 of Eq. (14.133), the following solution is obtained 


X0S2 — Xo gst _ 2051 — Xo 


x(t)= ent (14.137) 


s2— 8] s2— 8] 


Our goal is to determine the minimum time needed for extreme x (t) to appear. 
It will depend on the roots s; and s2, what means that it depends on the choice of 
the m, c and k parameters. After a comparison of the first derivative (14.137) to zero 
(necessary condition of extreme) we have 


X05. —X X05] — X 
QO) = ent — OT ne = 0, (14.138) 
S2— S|} S2 — S} 
and hence 
i = 
7 in Fes a (14.139) 
s2— 8] (x0S1 — Xo) 82 


Let us differentiate t, sequentially in respect to s; and sz. We obtain 


dte 1 fe — Xo) | 
In 


ds; (Ss. — 1)" (xos1 — Xo) S2 


1 (x0S1 — Xo) 82 | (XoS2 — Xo) (X81 — XO) S2 — X0S2 (XOS2 — Xo) $1 
52 —S] (xoS2 = Xo) S} 


~ \2 
(xos1 — Xo) iA 


1 (Xo52 — Xo) 81 —Xo ; 
7 5 In : as < 
(sz — 51) (x051 — Xo) S2 $1 (Sz — $1) (X051 — Xo) 
dte 1 1 Ee — Xo) Sy 
= n 7 
dso (=a) (xo51 — Xo) 82 


+ 


1 (xos1 — Xo) S2 | 51X052 (X051 — Xo) — 81 (X0S1 — Xo) (X0S2 — Xo) 
$2 — S1 (X0S2 — Xo) $1 

1 X0S2 — Xo) S x 
_ in| 052 — Xo) J 4 0 


(so — 51)” (xoS1 — Xo) 82 52 (82 — 1) (x02 — Xo) 


~ \2 
(xo51 — Xo) ss 


In order to determine the ¢,minimum value due to s; and s2, we obtain 
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1 i Fe — Xo) $1 _ Xo _ 
(so —51)° (x051 — Xo) 82 $1 (S2 — $1) (x051 — Xo) , 

1 In Fe — Xo) $1 a Xo = 
(so —51)° (x051 — Xo) 82 $2 (S2 — $1) (x0S2 — Xo) , 


and therefore 


’ 


; E wo) Xo (s2 — 81) 
" = 


$2 (X0S1 — Xo) Sy (X0S1 — Xo) 


: . (14.140) 
in E (x052 — | _ Xo (82 — 51) 
52 (x051 — Xo) | $2 (X052 — Xo) 
From the above equations it follows that 
Xo (82-51) _ Xo (92 — 51) 
51 (X51 —X0) 82 (X52 — Xo) 
or otherwise 
S2 (X02 = Xo) = 8] (x0S1 = x0) 3 (14.141) 
After dividing by xo the above equation we get 
S2(82 -—y)=51 (1 -y), (14.142) 
where y = Xo/ Xo. Applying the transformation (14.141), we have 
y (82 — 81) = 83 - Sf, 
or 
Xo Cc 
y= —=s, +8 =-—. (14.143) 
Xo m 
Equation (14.141) yields 
meee) (14.144) 
52 Xo5S1 — Xo 
After applying of (14.144) in (14.139), we obtain 
1 2 
le = n (2 *) = In|~ (14.145) 
S2 — 8S] So So S2 — 8S] S2 
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The first equation of the system (14.140) implies that 


\ (2 (x052 — =) Xo (2 — $1) 
n 


52 (X051 — Xo) 


51 (X081 — Xo)’ 


and taking into account (14.144), we obtain 


2 Xo 
Sy] Xo (82 — 51) 
In = - 
n/a (-#) 


or otherwise 


si\? _ y(s2.—51) 
in( ) = (14.146) 


y) si (s1—y) 


After taking into account (14.146) in (14.145), we obtain 


1 ee y 
Z= in( ) — : 
$2 — 8} $2 51 (81 — y) 


Bearing in mind that y = —c/m, and s; = —<t¥o—4km la we get 
= = _ —2c 
5, (=e satiate) 5) (¢ + Ve? = 4k) 
= =e (14.147) 
(-c + Vc? — 4km) (c + Vc? — 4km) 
_ —4cm _¢ 
~ 2 —4km—c2 ke 
According to (14.133), we have 
X, = X (t,) = —o-ese ((s2 === yer) (14.148) 
S2 — 8S] 
and according to (14.145), we obtain 
Sy A 
(82 — 51) te = n(=) : (14.149) 
52 


After substituting (14.149) into (14.148) we have 
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Site 31 \? 
Ke = BE (= 9) = - pel) 
S2— 8S] 
xpertle eA" 
= (2=y)—|— ] Gi=y) (14.150) 
S2— Sy 52 
xpertle 7 5 
= ~———_ (55 (92 — y) — 87 (51 — , 
I@=a y) 1 ( 1 y)) 


and after taking into account (14.142), we obtain 


xgertte 2 
X.= ee (sos) (sy —y) — Sy (51 =y)) 
55 (82 — 81) 
(14.151) 
xpestte X051 (81 -— Y) it 
=> I = = i) = 7 
55 (S2 — 51) ) 


On the other hand, according to (14.133) yields 


x0 Site sote 
X.= ((s2 — y) e*!” — (s; — y) e"*) 
So — S] 


_ evrte ((s2 as) e278 (s1— »)) 
S2 — Sj 


= 70 gsate (: —y) on) — (s) — »)) (14.152) 


~ $2 — 5] 
2 
Xo _ [Ss 
= —— ee (3 (s2-—y) — (1 - ») 
S2— Sj Sy 
Xo 


= ———___ ele (52 (5) — y) — 5? (51 — y)). 
ST (92 — S81) ( : ) 


Then repeated application of the (14.142), we obtain 


xgerzte 2 
Xe = =~ (5281 (81 — y) — 85 (81 — y) 
Si (82 — 81) ( : ) 


x ed2te 
- a (si — y) (2 — 51) (14.153) 
Sj (82 — 51) 
_ xe (51 — y) 
= ; ; 


After applying (14.151) and (14.153) we have 
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Xo51 (81 ¥) _ X0 (81 — Y) sorta 


De ee Oe 5 (14.154) 
So 5} 
and since 
c 
Sj +5. =—-—, 
m 
then 
Ls ee, ae 
x2 = *0 (s1 : WY o-Bte, (14.155) 
59 
Note that 
=F maa vert +e Ct ve—dkm _ ; 
52 —£. — “etm —c— Vc2?—4km 
and hence, due to (14.155) and (14.147), we obtain 
2 
X? = Xie, 
and finally the following extreme value is found 
2 
X, = +X e 2, (14.156) 


It remains to consider the case of a double root 
Sy; = Sp = -——. 


After differentiating (14.136) and aligning the derivative to zero, we obtain 


x(t) = —xyse™ + xos (1 — st) e" + xose™ + xoste™ 
(14.157) 
= —xys*te™ + Xo (1+ st)e” =0, 
that is 
t (xos = x05") = —Xo 
or in another form 
x 4a 5 
te = f= _*0 se (14.158) 
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x 


where y = >. 
Let us look for such s that 


dtp __ YQ@s—J) 
=- = =0, (14.159) 


ds (5? js) 
what leads to the finding 
y= —. (14.160) 


After taking into account (14.160) in (14.158), we obtain 


5 4. 2 4m 
te — = =— = : (14.161) 
AY 


because t. = am Reached extreme value of the shock absorber inclination is 


X, = X (te) = xoe™ [1 — ste + Ft] 


_c 4m c 4m c 4m 
= xoe 2m c¢ 1 — . _ . (14.162) 
2m Cc m c 
— =e”. 
If the initial conditions x9 = 0, then 
x (t) = xote™, (14.163) 
while x (t) = 0 leads to the equation 
xoe + xotse™ = 0, 
and hence 
1 2m 
t=-- = —. (14.164) 
RY Cc 
In this case, the extreme is 
2 2mx 
Cohie og eo (14.165) 
c ec 


If the condition (14.160) is true for any time ¢, we get a perfectly working damper 
without vibrations. This is due to the following reasoning. 
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From Eq. (14.160) in the form 


x (ft) _ € 
om (14.166) 


we eliminate the constant c and substitute it to the equation of motion (14.128). This 
operation gives 
“2 


ae: 5 
¥—-—+07x=0, (14.167) 
x 


where a” = k/ m. Then let us multiply both sides of (14.167) by x to obtain 


Xx —X? +07x? =0 


or 


Xx — x? 2 
+a°=0. 


x2 


Write the above equation in the equivalent form 


Xx 


@ 72)...» 
[es 2%: 14.1 
=( )+e 0 (14.168) 


After the first integration of Eq. (14.168) we have 


x Xo 
~=-et+—, 
Xx Xo 
and the second one yields 
2 . 
x(t t Xo 
iO gl? 4%, 
Xo 2 Xo 
and hence 
—a > +20; 
x(t) =xpe 7° %0 
or 
ke, 
x(t) =xXpe m2 > ™, (14.169) 


It can be seen that in this case x (¢) disappears faster than is the case for an 
exponential decay. 
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At the end let us consider the case, where the roots of the characteristic equation 
are complex conjugate of the form 


Sia =atio. 


According to (14.138) we have 


: x s 89 
X(t) = —*— [(5. — y) sie = (81 — y) se] = 0, 
S2 — Sj 
that is 
(2. —y) se" = (1 -—y) me, 
and so 
pi2ot (s1 — y) 82 =z (14.170) 
(sy —y)s 
Therefore we have 
i2mt = Inz. (14.171) 


On the other hand, 
Inz = In|z| + i argz, 
and because|z| = 1 we get 


Inz =i argz, 


‘ Imz 
ar = arctan | — ]}. 
Rez 


Let us transform (14.170) to obtain 


_ (ir) _ (i= YH _ |sP ys 


= = , (14.172) 
(s2— y) 81 (Ss) —y) |s|’ — ys 
where sj = 52 = S. 
Further transformation of Eq. (14.172) yields 
‘ \2 
(Isl? - ¥8) |s|* —2y |s? 5 + y?5? 
= 2 2 = 4 21/2 wy = 
(Is? —ys) (Is? ys) Isl +9? ISP —y bP +58) 
(14.173) 


|s|* — 2y |sP’ ow + y? (a? -—w?) +i (2ye [s[? — y?2aw) 


7 Is? (Is? +»? y 6 +3) 
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From the above equations it follows that 


2 
Imz _ 2yw |s|? — 2awy” _ 2 (a —ay) y (14.174) 
Rez = |s|*—2y|s/’a + y? (a2 + w?) (Is? — ya) — y2w? 
From Eq. (14.171) after taking into account (14.174) we have 
20 (\s!? ay) y 
i2wt,. = iarctan 5 — i2kx, 
2 
Is? — ya) =a? 
and hence 
1 2w|(a@? + w”)-—a@ 
le eer K Zs YY \| ope (14.175) 
2@ [o? + w? — ay]? — y2o? 
Let us look for extremes of the equation 
dte 
— =0, (14.176) 
da 
and let us introduce the variable 
u(a) = (a + w — ya)” — yo. (14.177) 


After taking into account (14.175) and (14.177), we obtain from Eq. (14.176) 


Ote 1 ou 


da 2 (1 + uw?) da oe ny 


+ — (a? + w — ya) [2 (a + w — ya) (2a — y)]) = 0, 
and finally from (14.178), we obtain 
(2a — y) [(@? +o — yo) — yw —2 (a7 +0* - ye)’ | =, 
this leads to the description 


a=-y= —. (14.179) 
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Fig. 14.13 Timing diagram (described by Eq. (14.183)) modified for optimal shock absorber & = 
5 (a); 2 (b); 0.8 (©) 


On the other side, we compute 


dte 1 1 1 du 

= —~— (arctanu — 2k) + — bs 

dw 2w? ane as 201+ u2 dw 
1 1 1 du 


= ——t, =0, 
o 795 ae de 


and therefore 
ai ep 0): (14.180) 


In accordance with the considerations carried out in the book [102] solution 
of (14.180) is performed to find 
1 Xo 
Ox = 2.26{ ~— }) = 2.26ax. (14.181) 
2 Xo 


You can see that the time ¢, reaches minimum due to a, and due to the @ it 
reaches the maximum in the point (a, @s) and is equal to 


Xo 
te = —0.65—. (14.182) 
Xo 
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Designated critical point is a saddle (for t > 0 there have to be = < 0). 
In Fig. 14.13 shows an example of function graphs 


t t ct 
x(t) _ (: _ =) oo. (14.183) 


Xo 


for designed optimal shock absorber. 


Chapter 15 
Chaos and Synchronization 


15.1 Introduction 


New point of view, introduced into known definitions in mathematic and empiric 
sciences by developments in nonlinear dynamic, provides novel interpretations of 
one of many philosophical trends based on determinism and indeterminism. Until 
now those two concepts were treated as mutually exclusive; however examples of 
chaotic motions appearing in a simple physical, chemical or biological systems in- 
dicate possibility that relationship between them exists. Even though, theoretically, 
the determination of motion trajectory is possible by the introduction of the highly 
accurate initial conditions, obtaining sufficient accuracy is impossible in practice. 
This issue has much wider range, and as every real state of system is described 
with a certain inaccuracy, it should be described as probability distribution and 
not as numbers. This is the reason why in determined system we expect typical 
for stochastic systems dynamics (it will be described and illustrated for a simple 
mapping and ordinary differential equations further). This type of deterministic 
systems motion, contrary to random variable systems, is called deterministic chaos. 

In traditional physics and mechanics discrete and continuous systems can be 
distinguished. The former are described by ordinary differential equations, and 
the latter are described by partial differential equations. Proponents of differential 
equations argue that ordinary differential equations yield sufficient accuracy for the 
partial equation approximation. At the same time proponents of partial differential 
equations give a lot of counter-examples and show that it is possible to study the 
partial differential equations without the need to build on ODEs. 

In mechanics there is more compromise to the situation, as often in this approach 
continuous systems are approximated by discrete systems, even if the method is 
based on rigid finite elements and its variations. For example, the beam can be 
approximated as system of point masses connected by mass-less springs, also with 
regard to attenuation. This kind of approximation gives very good results that 
are sufficient for the needs of applications. Also the reverse approaches are often 
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applied. As example can be given a system of many oscillators connected in series 
with susceptible elements and performing planar movement. When there are large 
number of masses, it can be treated as the continuous system and we can get a 
full solution to the problem by finding a solution to partial differential equations 
describing the vibrations of such modeled beam. This example shows the relativity 
of concepts such as continuous and discrete systems and the ability to transition 
from one to the other, which may be dictated by the needs of the researcher. And here 
also, in the process of “continualization” that is in simulating continuous system 
by increasing the number of masses and springs, ideal is not required, obtained for 
example by increasing the number of masses tending to infinity as it is in impossible 
in practice (see Chap. 12). 

There appears deeper reflection on the basis of the above considerations. 
Classical mathematical ideal was based on finding accurate solutions by any means. 
Nature tells us, however, that this idealization is not only very expensive, but 
sometimes even unattainable. That is why we should adapt nature’s guidelines 
and try not to perform the computer simulation of infinite accuracy of the initial 
conditions to find the “true” trajectory. Instead of this we should use tools in 
advance adapted to assumed inaccuracies in the initial conditions. Moreover, such 
an approach should not be seen as a painful abandonment of the pursuit of the ideal, 
but as a new competitive face of mathematics in relation to the classical approach. 
Absolute accuracy is an unattainable utopia for many aspects of nonlinear dynamics. 

This is somehow the opposition to the classical position and can be clearly seen in 
a new branch of mathematics, represented by asymptology. In this science achieving 
ideals is deliberately dispensed. Absolute accuracy is also possible to achieve, but 
only when the asymptotic series are coinciding. The main tools of asymptology are 
based on the fact that these series do not have to be consistent. In short, this idea 
can be interpreted as follows: convergent series describes the function y(t) = yo 
for t — oo, and asymptotic series are described function for t = t) for y > yo. 
Just a few dozen years ago, the idea of using the description of the phenomena using 
divergent asymptotic series seemed ridiculous. 

Here we quote one more argument against achieving ideal at any cost. Even if 
we have a few (completely accurate) particular solutions of an analysed dynamical 
system, we cannot take full advantage of them. It is not applicable for nonlinear 
superposition principle system and we cannot find a general solution by adding the 
special arrangements. 

Firstly let us summarize the main idea, which will continue to scroll through 
the pages of this chapter. Absolute accuracy is welcome, but not at any price. 
Failure in obtaining absolute accuracy often becomes basis/ground for creation 
of the new mathematics, physics or mechanics significantly extending the scope 
of their traditional approaches. Secondly, we should not cling to the defini- 
tions of determinism—indeterminism, stochasticity-regularity, big—small, precise— 
inaccurate, discrete—continuous, etc., while remaining within their framework. It 
turns out that there are legitimate transitions between them, leading to a deeper 
understanding of the Nature. 
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The second major goal in mind and aim of this chapter is an indication of the 
existence of certain universal rules and laws of dynamical systems. In physics 
and mechanics there are known systems of repeating similarities in structures on 
different levels. If you succeed in finding those structures by the application of 
mathematical methods such as renormalization, they will have universal charac- 
teristic independent of the type the describing equations or their projections point. 
Physical properties are self-similar and repeated in decreasing scale. For example, 
M. Feigenbaum noted that the shape of the researched by him “fig tree” that was 
obtained by the analysis of doubling of the period occurring in logistics mapping 
x > Ax(1—<x)(A € [0,4],x € [0,1]) is self-similar. Twig of this tree has 
a shape similar to the shape of the whole tree, and an approximation (scaling 
factor) increases with decreasing branches with a view to the “magic” number of 
4,669 ... This number is also appeared in the analysis of trigonometric mapping 
x — Asin x. It turned out that with the scaling factor (which is independent of 
the equation), and knowing the rules for the construction of such a “tree” it can be 
quickly reconstructed (and created). There are two reasons for it: law, rule or pattern 
of conduct and the number (scaling factor). 

Many years spent by the ancient Greeks on the analysis of geometric figures 
and numbers were not vain [139]. For example, the main power of Pythagoreans 
(sixth century BC) was their mathematical knowledge. They were striving to build 
knowledge of numbers construction and relationships between them. Pythagoras 
dared even to say that “‘all things are numbers”. It was a great aesthetic experience 
for him to establish the link between the tones in the music, and numbers. Numbers 
revealed themselves to Pythagoras not only in the field of listening experiences, but 
also in aesthetic experiences like shapes and colors. Following the cards of this book 
reader can certainly see that many of these insights are reflected in the development 
of modern nonlinear dynamics, chaos theory and fractals. 

According to Aristotle, the numbers were beautiful, and this beauty was manife- 
sted through sound or visual form. Summarizing the activities of the Pythagoreans 
Aristotle wrote that all things are, imitate or reproduce the numbers, and the 
elements of numbers the elements of all things (for example trades of parity and 
oddity are numbers elements). One is the base of everything and it is the cause of 
the creation of two, and both of these numbers are the reason for the creation of all 
other numbers. And further, the numbers create the points, points form lines, lines 
form spaces, etc. For them non-elastic point was the link between the geometric and 
arithmetic form of the world. Every natural number is finite in itself, and only a 
series of numbers extends to infinity. Number ten was for them an ideal and /2 
insulted the “holy” majesty of numbers (the existence of this number was kept 
secret by the Pythagoreans for a long time). According to the Pythagorean school 
whole material and spiritual worlds are under the rule of the natural numbers. Each 
irrational number can be approximated with high accuracy to the rational number, 
and what is more, Bernoulli representation consisting of the numbers | and 2 is a 
precursor of chaos. Could it be that after so many years the secret of the Pythagorean 
philosophy is still relevant? In present there again can be noticed a return of interest 
for numbers and number sequences, but this time inspired by the development of 
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modern nonlinear dynamics. Revived the role and significance of the numbers, 
including rational and irrational numbers, and their relative position (i.e. on the 
interval [1,0]), strings Frobenius and Dedekind steps, approximations by rational 
numbers through irrational numbers, zero-one approximation of real numbers, and 
so-called Bernoulli shift. There is no need to convince anyone about the importance 
of the number z and of the golden ratio. This time, however, start a discussion 
took place form a completely different point. It started from considerations relating 
to differential equations, which are mathematical models of some systems real 
(physical) or from analysis of some projections, which can be obtained from the 
differential equations. In both, equations and some projections, observed doubling 
in the period of solutions with a change in the parameter effectively lead to chaotic 
motion in accordance with scaling factor equal to 4.669... No one disputes the role 
of irrational numbers and the existence of quasi-periodic solutions lying on the two- 
or multi-dimensional torus, while the rational numbers associated are with a periodic 
solutions. And here again appears the analogy to the earlier discussion. For some 
(critical) parameters of the system torus disappears and appears periodic solution 
what lead to placing of the rational numbers in role of the irrational numbers. It turns 
out that in the interval [0,1], almost all real numbers have decimal representation, 
which are random, and it means that a sequence of consecutive digits in the decimal 
representation of the number repeats. Almost every number in that range will 
have a different number of digits, and therefore randomly selected number will 
also be random decimal representation. In the “language” of numbers, in practical 
numerical calculations, periodic motion detection in decimal representation means 
that starting from a given number, that is from the long decimal representation, 
after some number of digits (equal to the period) again appears this number (to be 
precise, with the same extension of the decimal representation). You can prove that 
such feature occurs when the number is a rational number. In the neighbourhood of 
any two given rational numbers, there is a whole “ocean” of infinitely many rational 
and irrational numbers, which are mixed with each other. It can be shown that for a 
certain types of mapping very close numbers (in terms of decimal expansions), after 
multiple projections, are different from each other. 

A careful reader will see that after all the real system time (independent variable) 
“floats” on a continuous basis and goes through all mixed together rational and 
irrational numbers, while numerical procedures based are on discrete models and 
discrete dynamics. Fortunately, however, there are close links between the discrete 
and continuous dynamics. 

Kingdom of numbers extends even further. Fractional numbers play a key role 
in the dynamics of the so-called fractals through so-called fractal dimensions 
introduced by Hausdorff. Fractals, contrary to the intention of their creators, 
were somehow geometric method of the study of irregular dynamics, also of the 
deterministic chaos. There are some, though far analogies between fractal and 
chaotic dynamics. Scenario of transition to chaos through bifurcations of doubling 
period of newly emerging orbits leads in effect to the coexistence of infinitely many 
periodic and unstable orbits and also creates a qualitatively new geometric structure 
known as a Strange attractor. Similar situation is in the case of simple geometric 
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shapes such as triangles, lines and ellipses, and arranging them in a certain scale, 
according to a certain pattern (low), what leads to a qualitatively new structure, 
in which the decrease in its basic elements (circle, triangle, etc.) leads to the loss 
of their shapes creating the new structure. This last one has a new property—self- 
similarity. It shows the similarity between the different elements in respect to the 
size. As mentioned above, this structure is characterized by a dimension that is a 
fraction and not an integer. An example may be a snowflake, which has a very 
complicated boundary line. This line is not a one-dimensional curve (dimension 1) 
and is not filling the two-dimensional surface (dimension 2). Thus, the dimension is 
searched in the range of 1 < w < 2. 

Chaotic dynamics and synchronization are two opposing processes that can be 
observed in physical, biological or chemical systems. The first one is expressed in a 
tendency for the disorder, while the second one tends to the simplicity and regularity. 
By changing the parameters and the initial conditions it is possible to move from 
one process to another. While synchronization processes have been observed for 
a long time, and were subjects for a scientific analysis since the seventeenth 
century, starting from the works devoted to the analysis of synchronization of clocks 
ticking, and later also test of the synchronization in sound tuning fork generators 
or movement of the planets, however the phenomenon of chaos in deterministic 
systems have been detected recently. They are related to the pioneering works 
of Poincaré, Lorenz and Ueda. In this chapter, among others, we are going to 
discuss these two extreme processes on the examples of one- and two-dimensional 
mappings and on the dynamic systems. As a tool of analysis used are analytical and 
numerical methods. 


15.2 Modelling and Identification of Chaos 


First, we will consider a so-called Poincaré maps. They are widely used for the 
analysis of dynamic systems. They are based on the introduction of the plane (or 
hyperplane), which crosses the returning phase flow without any contact with the 
trajectory of this flow (Fig. 15.1). 

T trajectory of the flow lies in three-dimensional space, and the points of 
intersection with the plane belong to it, the Poincaré mapping represents a mapping 
of the plane into itself. Undeniable advantage of this mapping is reduction of the 
dimension of the design space by one (obtained points lie in a plane). In the case of 
two-dimensional flow (that means lying on the plane) mapping points are arranged 
along a line (so-called one-dimensional mapping). 

In practice, we introduce the secant plane in a relatively simple way, as will 
be discussed on the example of the non-autonomous system with one degree of 
freedom described by the following differential equation 
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Fig. 15.1 Poincaré map 
schematic representation 


d?x dx 
—4+F (». =) = Focosat. (15.1) 


The period of the exciting force is T = 2 = 2/w and the discrete value of time 
th =tonT, n=0,1,2,... (15.2) 


we record the speed and movement 


dx 

n = (hh). 

aaner (tn) 
Xn =X (tn). (15.3) 

If 

x (to) = Xo, 
(15.4) 

v (fo) = vo, 

then points 
Xn = X (tn, X0, Vo), 

(15.5) 


Vn = V (tn. X05 Vo) 


form Poincaré map. 
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In this case, the Poincaré map is a two-dimensional one. For the autonomous 
dx 


system (Fo = 0) and assuming that the force F (x, *) causes the self-excitation of 
the system, we will obtain one-dimensional map, for observation (or measurement) 
value of x(t,) will be made in moments of time ¢#,, for which v(t,) = a (t,) = 0. 
Periodic solution (periodic orbit) will be presented as a fixed point of this mapping. 
If it will be stable in the sense of Lyapunov (to this stability theory devoted is a 
vast literature [44, 187, 244]), then a sequence of points prior to it will be going to 
this point. This is known as attractor. If a fixed point mapping is unstable, then the 
sequence of points will be “running away” from this point. In this case singular point 
Xo is unstable in the sense of Lyapunov and can be called repiler [106,214,224]. 

These simple considerations can be widely generalized. Let the solution to a 
system of n ordinary differential equations in normal form to have the form x = 
X(t,Xo), where x9 = X(to, Xo). If the Cauchy problem has a single solution set by 
said initial condition, the following compounds occur 


(2, X(t, X0)) = X(t +b, Xo), (15.6) 
what is easy to check, taking into account the fact that 
X(t) + to, X0) = X2, X(t, Xo) = 1, X(t, x1) = xX. (15.7) 


Family of mappings X;(x) = X(t, x) that is defined by the solution x(t) defines 
a dynamical system in the space IR” what is noted as (IR", X;). If t € [0, 00), then 
dynamical system is continuous (and we are calling it the flow), and if t € N, the 
dynamical system is discrete (and a cascade is meant). 

Returning to the secant plane geometric interpretation, it appears that there is 
some functional relationship between the coordinates of two successive points of 
intersection of the trajectory with the plane of the form 


Xe+1 = F (xx), (15.8) 
what sometimes can be expressed in an analytical form. Difference equation (15.8) 
describes the cascade. 
Point xo is called a fixed point of the cascade (15.8) if 
F (xo) = Xo. (15.9) 
For each point x n-fold application of the operation leads to a point F 
x(n) = F" (x). (15.10) 
Trajectory passing through any point x in the phase space IR” will be called finite 
or infinite set of iteration (15.8). We say that the point x is periodic with a period 
k, if 


FF (x) =x, (15.11) 
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Xn+1 Xn+1 


stable point 


unstable point X3 
x2 


x] 
x) 


x2 
X, Xo Xn Xo X, Xz Xn 


Fig. 15.2 Stable (b) and unstable (a) fixed point of the map (15.8) 


k is the smallest integer with this property. If you choose xo close to the tested point 
x, and if the distance ||x (k) — x|| — 0, when the n — oo, then xp is asymptotically 
stable. 

Based on Eq. (15.8) and Fig. 15.2 is easy to imagine the stability criteria for 
mapping of the fixed point. 

Based on the graphical construction of the mapping (15.8) shown in Fig. 15.2, it 
can be concluded that the mapping fixed point is stable (unstable) if 


d 
| PETE ads Ay (15.12) 


ax, 


Finally, also worth mentioning here are advantages of the Poincaré mapping. In 
general, studying dynamics of systems governed by ordinary differential equations 
we deal mainly with the analysis of equilibrium positions and of periodic solutions. 
In the case of periodic solutions, the stability condition means that for a considered 
fixed point (and consequently also periodic orbit) to be stable, the monodromy 
matrices eigenvalues (multipliers) should lie in a unit circle of radius 1. Often this 
method is used for the practical pre-determining of the stability of the orbit found 
numerically, for example, using the “shooting” method or Urabe—Reiter method (see 
Chap. 13). 

Now, some basic concepts and definitions will be introduced, basing on the works 
of Kudrewicz [142] and Samoilenko [207]. 


Definition 15.1. String formed of successive mapping points {F*(x)} for k = 
0,1,2,... will be called the trajectory (orbit) of the point x. 
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Comment. 
The set x,, F(x;), F?(x), F7(x),... be the orbit of a point x. As an example, 
consider the mapping F' : w[0, 1] > [0, 1] of the following form 


F(x) = x(1—x), (15.13) 


_ 1 oe : : 11 
then for x = 7 orbit is determined by the points a dieser 


Definition 15.2. If there exist a sequence {k,,} of natural numbers and 


lim F* (x) = xe, (15.14) 
ky—oo 


then a point xg will be called Q-border point of the {F*(x)} trajectory. The set 
of all such points is called the set of Q-border of the {F*(x)} trajectories, and we 
denote it by Q(x). 


Definition 15.3. Invariant set of cascade Z is a set satisfying the condition 
X(Z) = Z. Most of invariant sets are equilibrium points or periodic trajectories. 


There is also need for comment of (2-border sets that can be divided into 
attractors and repliers. 


Definition 15.4. The closed and bounded invariant set A is called attractor. If there 
exists its neighbourhood O(A) such that for any x € O(A) the trajectory {F*(x)} 
tends to A for k — ov, the set of all x satisfying this condition is called the attracting 
set of the attractor A. 


The following comments hold: 


1. Often, while defining the attractor, it is said that the set that fulfills conditions 
in Definition 15.4 does not contain in itself a different set that satisfies these 
conditions. 

2. Chaotic attractors are those attractors that contain at least one chaotic trajectory. 
Trajectory is called chaotic if at least one of the Lyapunov exponents associated 
with it is positive. 

3. Strange attractors are called attractors, which have a complex geometric struc- 
ture. 

4. Typically these two terms are used interchangeably. However, they can exist 
independently (see Grebogi et al. [104] and Jacobson [128]). 

5. Dynamical systems may possess several coexisting attractors. One of the main 
tasks in this case is to define the initial conditions, for which the phase flow will 
be attracted by the individual attractors. It turns out that the boundaries between 
the different attractor pools can have very complicated shapes, for example they 
may be fractals [165]. 


Definition 15.5. Fixed point x9 of the map (15.8) for IR? is called hyperbolic, if this 
point derivative DF has eigenvalues different from 1. If this point is hyperbolic and 
has two real eigenvalues, A; (i = 1,2) and at the same time |A,| < 1 and |A2| > 1, 
then the point is a saddle. Manifolds 
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W® (xo, F) = {x: | F"x—W* (xo, F)|| > 0, for n— +oo}, 
W" (xo, F) = {x: || F"x-—W" (x0, F)|| ~ 0, for n— —co}, 


(15.15) 


are called the stable and unstable respectively, but they are invariant, that means 


F (W® (xo, F)) = W® (xo, F), 
F(w" (Xo, F)) = Ww" (xo, F). 


(15.16) 


If the given dynamical system described by system of ordinary differential 
equations meets Lipschitz conditions and there exists a solution to the Cauchy 
problem, the solution is unambiguous and accurately determined by the initial 
conditions. It is analogous to the train travelling on tracks, movements of which 
can be determined at any moment in time. And yet discovered strange chaotic 
attractors of Lorenz, Ueda, Hénon and others, seem to deny those obvious facts. 
Some uncertainty is intuitively understood particularly for the complex physical 
systems, where a small change in phases can lead to large changes in the systems 
dynamics in the intervals of the independent variable, i.e. time. We will explain this 
with an example of the system considered by Landau. For this we will consider 
two extreme cases of a dynamic system: chaos and synchronization. Without going 
into detail, the synchronization will be understood as tendency of subsystems of 
the complex dynamic system to perform “similar” dynamics, such as manifested 
by subsystems periodic motions within the same periods, and consequently causing 
the synchronization, that is the periodic movement with the same period for the 
entire system. This phenomenon has already been observed by Huygens during 
the analysis of the clocks ticking synchronization. Currently, the phenomenon 
has broader understanding and refers to the mutual organization of the biological 
systems, and in the mechanics this issue appears when considered are issues of the 
rotor vibration synchronizations and in the stabilization [50, 104, 142,207]. Consider 
first oscillating system fully synchronized, that is one that the vibration frequencies 
@|,@2,...@k appearing in it satisfy the condition 


TOS + loan +++ + og = 0, (15.17) 


where {/),.../,} € C and C is the set of integers. We say then that the system 
is in full resonance, and it reveals in the increases of the characteristic vibration 
amplitude for each of the w; in the discrete set w = {@,..., @,}. However, if each 
subset will vibrate independently from the others that are with its own (independent 
from the others) period then the system is not synchronized. In practice, the lack of 
synchronization is associated with the existence of irrational numbers, for example 
fork = 2,@, = land @ = V2 solution x = X(91, 2), where g} = @;t and 
(2 = Wot is in steady state on a two-dimensional manifold (torus), and the solution 
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Fig. 15.3 Torus and two 
incommensurate frequencies 
@, and w 


(2=Ot 


xX = X(1, 2), where time is the parameter, is called the quasi-periodic solution. 
An example of such a two-dimensional manifold is shown in Fig. 15.3. 

The issue of quasi-periodic orbits requires a deep study and it is only briefly 
addressed in this work. It contains more problems that are not completely solved. 
This applies mainly to determining the stability of multi-dimensional attractors - 
tori, tracking changes of the quasi-periodic orbits with the change of the parameters 
and their bifurcation [65, 83, 131, 156,228]. 

One may imagine that if phases 9°, ee QR are additionally changing even in 
minor range, the response of the system x(@ ft + 9, wee ORE + oy) can be subjected 
to significant changes over time and as a result lead to the appearance of chaotic 
motion. 

Now we will point out another possible appearance of chaos in simple dynamical 
systems. For autonomous oscillators with single degree of freedom and with limited 
trajectory (performing recurrent motion) only positions of equilibrium or periodic 
orbits may be attractors. However, the situation is drastically changed for three- 
dimensional systems, specifically for systems with 1'/ degree of freedom or those 
oscillators with an external forcing. 

It appeared therefore that trajectories in the three-dimensional systems may be 
present in a sub-phase space IR*, but they can constantly wander between the 
positions of unstable equilibrium states and unstable periodic orbits. Although 
basing on the fact of existence of the limits for such subspace, we know that there 
is a time after which such trajectory will be arbitrarily close to the start point lying 
on the attractor, but it is impossible to obtain information when it will return there. 

Flow of phase trajectories can be imagined on the example of a liquid that even in 
very small volume consists of a large number of particles. If in such a volume there 
is attractor which is a periodic orbit, then introducing a small drop of colored liquid 
at any of origin point in the volume, you will find that after a while the color will 
be determining the orbit. However, in the case when attractor is a chaotic strange 
attractor, the trajectory lying on such attractor starts to wander along the entire 
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8[X(t2),y(t2),Z(t>)] 
8[X(to), y(to),Z(to)] 


Unstable singular point 


S[x(t,),y(ty),2(t,)] 


Fig. 15.4 An example of an unstable trajectory wandering in the limited area R° 


volume of the liquid and the liquid becomes colored. Colored and colorless particles 
will be mixed. This process takes place in a relatively short time and therefore is 
not the result of diffusion, but rather is related to the turbulent movement of liquid 
molecules. This analogy is even deeper. The intensity of the color will indicate the 
probability of finding a phase point in this area and it does not depend on the initial 
position (the starting point). 

Armed with the knowledge of the instability role, let us consider now evolution 
(change over time) of an area initial conditions taken from the plane x, y, that is, 
such that z = 0 and 6 = 6(x, y) which has been hatched in Fig. 15.4. 

Area d(f9) is a very close neighbourhood of the unstable strange point. Two 
distinct trajectories in this figure exponentially flee from each other and initially 
tiny set of initial conditions 6(¢9) is transforms into a volume 6(t,), and because the 
trajectories are limited, they must “turn around” and as a result for z = 0 the two 
points, which lie very close together (for f = fo) after time ¢ = ft) are found far 
apart. The question arises, how far apart, or in rather, how small should be distance 
between them at the starting point so they could be found close to each other once 
again. 
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15.3. Lyapunov Exponents 


Before answering this question, let us return to the old theory of characteristic 
numbers introduced by Lyapunov that, when with opposite sign, define a so-called 
Lyapunov exponents (details are given in Demidovich [77]). Earlier described was 
and exponential divergence of trajectories and Lyapunov exponents are a measure 
of such discrepancy. 

According to (15.10) cascade (15.8) can be presented in the form of 


x(k +1) = F (x(k). (15.18) 


With each point x in the phase space can be associated array DF* (x) called 
the mapping Jacobian F*, which is formed from the local linearization, which in 
practice amounts to calculating the kth iteration derivative for point x. Starting from 
the point x(0) for the kth iteration, the matrix is expressed with the relationship 


J (k) = DF* (x(0)), (15.19) 


wherein DF* (x(0)) can be obtained as the product of 
DF (DF (x(k —1))-...- DF (x(0))) = DF* (x(0)). (15.20) 

Having calculated J(k) for small increments we get 
x(k + 1) » DF (x (k))x (0) = DF* (x (0))x (0) = J (k) x (0). (15.21) 


Coming back to the discussion related to Fig. 15.4, assume that in a neighbour- 
hood of the unstable point we select two points x; and x2, which after k iterations 
(in accordance with the previous considerations) will evolve into the points x;(k) 
and x(k), defined by the relationship 


X1 (kK) — x2 (k) © J (k) (x1 (0) — x2 (0). (15.22) 


We can take the whole flow generated by the initial conditions, which are located 
for example in the sphere. In the general case, however, it will be n-dimensional 
sphere Ko = K(0), which after the k iterations it becomes ellipsoid K(k) (such 
ellipsoid when n = 3 is indicated in Fig. 15.4 as 6(¢2)). If now, instead of a single 
point x9 we take the sphere Ko, and respectively, instead of x(k + 1) we take 
ellipsoid Kx+1, then, according to (15.21) we obtain 


Kea = DF (x (k)) Kx. (15.23) 


Ellipsoids K,4; and Ko possess n principal axes and the system has n related 
with them Lyapunov exponents. For the system to be chaotic it is enough if one of 
the exponents (the largest) is positive. Lyapunov exponents is defined by the formula 
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1 
Aj = lim —log (a;x), (15.24) 
k-00 k 


where a; is the length of the jth axis of the ellipsoid K;. 

It turns out that for a very wide class of mappings F there exists the limit defined 
by (15.24), which for almost all x(0) does not depend on x (0), which means that it 
also is independent from the initial conditions. Then A is a measure of changes in 
the initial conditions and if the error in the determination of the initial conditions is 
Ax (0) then kth iteration will have the value 


Axz © 10** Ax (0), (15.25) 


for sufficiently small Ax (0) and large enough k. Let now the maximum Lyapunov 
exponent to have the value A = 0.1, which is not too high requirement for dynamical 
systems and let kx = 10? and Ax (0) = 107%. According to (15.25) for the kx 
iteration calculate Ax(k,) = 10°, and such accuracy of the calculations cannot be 
accepted. On the other hand we want to obtain k, iterations error was Ax(ks) = 
10~°. Thus, there appears the question problem, what the accuracy of the initial 
conditions definition we should apply. Using the formula (15.25), we calculate that 
Ax(0) is 10~'5, and preserving so high accuracy of the calculations is extremely 
difficult. Of course, uncertainty increases with the iterations increase. 

So the problem comes down to setting infinite precision to the initial conditions. 
According to the principle, each state of the real physical system can only be 
determined with reasonable accuracy and is determined rather by a probability 
distribution instead of a number. If the trajectory is considered stable, then the initial 
error rapidly decreases with time, and if it is unstable, it is growing rapidly with the 
increase of iterations resulting in the unpredictability of its behaviour, that is chaos 
in the determined system. 

Now, let us discuss for a while the possibility of recursion (return) of trajectories, 
in such a way so it will lay on the attractor. We have already mentioned that the 
trajectory remaining in limited surface must have the possibility of returning in 
arbitrary close neighbourhood of the starting point. It turns out that it is a common 
characteristic for the phase surface. We are talking about a singularity point called 
the saddle. The precursor of chaotic motion is the cross-section of the stable and 
unstable saddle point variety. This is possible for at least a three-dimensional 
system. 


15.4 Frequency Spectrum 


In engineering calculations, both in the computer simulation and in the analysis of 
the real object in the laboratory, one of the most popular methods of analysis is 
a technique based on the analysis of the frequency spectrum. In what follows we 
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apply the Fourier Fast Transformation (FFT). The transformation of the waveform 
from the time domain to frequency domain can be described by the relation 


T 
1 : 
W (@) = jim [roca ; (15.26) 
‘a 


In the case of regular movements (periodic and quasi-periodic) frequency 
spectrum consists of discrete components, while the continuous frequency spectrum 
corresponds to the chaotic trajectory x(t). 


15.5 Function of Autocorrelation 


The autocorrelation function is a competitive tool to the Lyapunov exponents. It is 
widely described in the literature, particularly in respect to the differential equations. 
It is determined by the relationship 


T 
A(t) = im, - i F [x (t+ 1)] F (x (t)) dt, (15.27) 
0 


assuming that the analysed system is ergodic. If the A(t) include periodic or quasi- 
periodic components, then also in the researched system exists the periodic or 
quasi-periodic orbit. If the two trajectories lying close to each, separate and over 
time move independently, then A(t) quickly approaches zero. This corresponds to a 
situation where at least one of the Lyapunov exponents is positive. 

It is worth to mention some of the characteristics of the autocorrelation func- 
tion. 


1. It is a real and even function with the point of maximum in ¢ = 0, which can 
assume both positive and negative value. 

2. In the case stochastic process study with a mean meaning (x(t)) = 0, it has the 
shape of the sharply outlined pulse. 

3. For a stochastic process—white noise, the function A(t) has the shape of a 6 
function. 

4. If (on average,) slope of the autocorrelation function is has approximately 
exponential character, the dynamic state of the phenomenon is associated with 
the beginning of the chaotic motion. 


If for the mapping (15.18) we define the mean value (x(k)) dependent on 
x(0) as 
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K 
(xe) = lim, : Yo x(k), (15.28) 
k=0 


then the autocorrelation function is given by 


K 
A) = jim x Y= x(k) = (xe) O&K +8) — (x), (15.29) 
k=0 


where £ = 0,1,2,.... 


15.6 Modelling of Nonlinear Discrete Systems 


15.6.1 Introduction 


In the vast majority of cases, the dynamics of physical systems is governed by partial 
or by ordinary differential equations. The former is often replaced by a variety of 
the methods reducing through the ordinary differential equations systems. The next 
step leading to further problem reduction is replacing differential equations with 
mappings. This method of proceeding is based on the use of the analytical methods. 

Another, independent, method of research is based on the analysis of the simplest 
mappings various types of dynamics, in this case the one-dimensional ones, and 
in particular on trying to obtain deepest possible understanding of the chaotic 
dynamics basing on those mappings. 

If you have a wide range of knowledge about the dynamics of one-dimensional 
representations, then the dynamics (even complex) systems described by differential 
equations can sometimes be understood by one-dimensional mappings. 

Analytical methods face a number of limitations in the analysis of nonlinear 
dynamics, therefore, in most cases carried out are numerical analysis. In practice, 
this means replacing the continuous dynamics (in the equation the independent 
variable that is time, is a constant) by the discrete dynamics (in numerical methods 
time variables have the discrete values). It turns out that there are deep connections 
between the “continuous dynamic” and “discrete dynamics”. In the numerical 
analysis used is the Poincaré mapping method. Links between points obtained on 
the Poincaré surface are described by differential equations. With the introduction 
of such a representation is not only reduced dimensionality of the dynamics, but also 
in the analysis of chaotic dynamics the introduction of the Poincaré surface led to 
the elimination of periodic movements of the points, what allows to focus attention 
on the chaotic dynamics. A further extension of the method of discretization is states 
discretization, for example, by assigning to the numbers only two values, zeros or 
ones. 
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b u(w) ‘ 


W=Vo-X 


Fig. 15.5 Mechanical system with one degree of freedom: a block lying on a belt moving at a 
speed of vo (a) and the coefficient friction characteristics (b) 


It may happen that for the analysis of two-dimensional mappings, there is also 
the possibility of their reduction to one-dimensional mappings. This occurs when 
the mapping in one direction is highly tensile, and in the other one it is strongly 
compressive. This will make the points along the one or two lines, and can be 
considered a one-dimensional mapping of one line into the other. 

Now we will consider examples of the dynamics of simple physical systems that 
can be reduced to one-dimensional mappings analysis. In the nonlinear systems with 
friction self-exciting vibration can appear [149]. Figure 15.5 shows such classic 
case. 

The body of mass m (block) is located on the tape with a coefficient of friction 
depending on the velocity relative to the body and the tape with characteristics 
shown in Fig. 15.5b. It turns out that the range of the relative speed 0 < w < y block 
equilibrium position becomes unstable. There appear vibrations that are beginning 
to grow reaching a limit cycle (periodic orbit). The equation of motion has the form 


mk +kx =mg[uo-—aw+ Bw" | F (15.30) 
where on the right side described analytically are friction forces. Now assume that 
for x = 0 the crash occurs, when x > a—the rapid change in velocity, and 
furthermore we will assume that the dynamic is related to the sloping part coefficient 


of friction [181]. Then the dynamics of the considered system can be approximated 
by the equation 


X¥ + 2hx +a’°x =0, (15.31) 
x4 —-x. =—-b, (15.32) 


where x; and x_ is the speed before and after the impact of the amplitude b. 
Dynamics described by Eqs. (15.31) and (15.32) can be represented by mapping 
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Fig. 15.6 Flat pendulum ! 
excited by 
M=M).+ M,cosot 


0 for OS y < 


(15.33) 


y=ayt —b for yo 


where 
pak, pHs 0, gaehVe*sy, (15.34) 


Position yx = b/(q—1) > a is an unstable fixed point of this mapping. For y < 
ys chaotic vibrations appear in the a — b < y < a range of changes. The example 
above was connected with the analytical method, while the following example refers 
to the numerical methods. 

Consider the motion of a pendulum of length 7, mass m and moment of mass 
inertia B (Fig. 15.6). 

The equation of motion is: 


Bé+ce+megl sing = Mo + M, cosat, (15.35) 


where c is the viscous environment damping coefficient. Assuming mg/ = B, this 
equation can be reduced to the form 


G@+he@+sing = M, + Mocosat, (15.36) 
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where 
M M 
pa, es ee (15.37) 
B B B 
We will approximate 
i= eee (15.38) 
tn — Un-1 


= @n+1 — 2Qn + Pn-1 
(tn+1 => tn) (tn an nai) 


(15.39) 


After taking into account (15.38) and (15.39) Eq. (15.36) takes the form (see 
[221]) 


Pn+1 — 20n + Pn-1 + hT (Pn = Pn—-1) + Tt sin Pn = ys (mM, + Mp) ; (15.40) 


where t;, = 22, 
Assuming 


_ T(M, + Mp) 


Ry A ; 


hT =1-b, R. =T’, (15.41) 
from (15.40), we obtain 
Pn+1 — 20n + Qn-1 + a — bye _ @n-1) + Ro SIN Pp = @! = b)R\. (15.42) 


Equation (15.42) can be represented as an equivalent 


Tn+1 = brn — R2 sin Pn (15.43) 
Gn+1 = On + Ry — Ro sing, + bry, 
where: 
ln = Pn — Pn-1 — R. (15.44) 


We are still dealing here with a two-dimensional representation, but for very high 
damping such that hT = 1, we get one-dimensional representation of a circle into 
a circle (which will be discussed later). 


15.6.2. Bernoulli’s Map 


Let us consider the mapping F carrying out a unit vector into itself, that is [0, 1) > 
[0, 1), in the form 


546 15 Chaos and Synchronization 


Xeai = F (xx), (15.45) 
F (xx) = 2x, mod 1, (15.46) 
fork = 0,1,2,..., while the modulo function limits the range of the obtained 


results to the unit (take only the rest after dividing by 1). This mapping is called the 
Bernoulli map and can also be written in the form of difference equation 


2x (k) for 0 < x (k) < 0.5, 


x(kK+1)= 2x (k) — 1 for 0.5 < x (k) <1. 


(15.47) 


This mapping has only one fixed point x9 = 0, which is unstable. 
Let us consider how this mapping will behave for x(0) = !/11, the rational 
number. We obtained the following sequence of numbers 


£. 2 4 8 
1)=— 2 =e oe 
x (0) = Ss 42Q)=a7» 40) a7 
: 10 a 7 
4 1’ 5 => —_. 6 — 7 =—, 15.48 
r=. xOaT. xO. xDaT (15.48) 
3 6 
8 SS 9 = aa 10 = S25 
*O=T> *OHG x=, 
this represents a periodic orbit with a period equal 10. For x (0) = = we get 


1 2 4 3 1 
x= 5, x()= 5, xQ)=-, x (3) = 5, n@) ==. (15.49) 


So again we get a periodic orbit, but this time the period equals 4. It turns out 
that for all rational numbers in the considered unit interval the iteration results are 
in the form of periodic orbits. However, the situation is quite different if we choose 
as a starting point irrational number. To each point of the set [0,1], we can assign an 
infinite sequence {do, 41, 42, ...}, called the address, in such a way that 


1 1 1 1 
ay = 0, x (0) = 5a + 532 + 303 + 544 So (15.50) 
Numbers a; can take only the values 0 or 1. Therefore, the x(0) can be written 

as an infinite sequence of zeros and ones of the form 


x (0) = {41, a2, 3, a4,...}. (15.51) 


It turns out that with such a representation of a real number, we can see an 
important property of the mapping (15.47). Let us consider it on the example of 
x(0) = 0.32. Reader is able to quickly perform calculations (for example using a 
basic calculator) finding sequence of a; values, which are given below 
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x (0) = 0.32 = {0, 1, 0, 1, 0, 0, 0, 1, 1, 1,...}. (15.52) 


After the first iteration we get the number of x (1) = 0.64 which has the following 
address 


x (1) = 0.64 = {1, 0, 1, 0, 0, 0, 1, 1, 1,...}. (15.53) 


A careful reader will see a pattern. Address (15.53) was obtained by shifting 
by one digit to the left of the address (15.52). It turns out that this regularity is 
the place for all the numbers from the interval [0,1]. The following iteration is 
associated with a shift by one digit to the left of the previous one address. This shift 
is called the Bernoulli shift. The second note concerns the finite and the infinite 
characteristic: the finite rational number is represented here by infinite series. In 
the interval [0,1], most of the numbers are irrational. These figures have random 
decimal representations or in other words, almost all the numbers from the interval 
[0,1] have random decimal representations. 

Let us reflect on other analogies given by Schuster [213]. We assign the number 
to zero the head, and the number one tails and consider a coin toss. Tossing a coin 
repeatedly we receive following address {0, R, R,0,...}, which corresponds to the 
exactly one real number from the interval [0,1]. 

Now consider the following oddity. Take two numbers x“) (0) and x (0) that 
have for example 10!° the same decimal digits, so in the calculations are identified 
as the same. By subjecting these numbers to 10'° iterations (15.47) we come to the 
seventeenth place in the numbers addresses, and so to the places where they differ. 
Further iterations will already represent these different numbers. This raises a very 
clear parallel to the observed phenomenon of the deterministic chaos, i.e. in each 
subsequent realization of the same process, starting with a theoretically the same 
initial conditions, the response is always different because of the inevitable, albeit 
very small differences in their realizations. 

The second property of the irrational numbers and of the Bemoulli shift is that 
any finite subset of the infinite set represents the number of repeats it in this set 
infinitely many times, and shift Bemoulli tries to move the subsequences to the left 
an infinite number of times. 

Bernoulli mapping has one more feature typical of chaos. It is associated with the 
operation of stretching and folding. If the numbers subjected to iterations are in the 
range [0,!/2), the projection extends corresponding sections (it is multiplies them 
by 2). If starting from some iteration, they are in the range of numbers larger than 
'/,, then in the following iterations their results are decreasing and the numbers are 
returning into the [0,1] interval. 

At the end let us mention one more characteristic trait of this mapping, which is 
also typical of the chaos. We have shown that starting from the rational number 
received periodic orbits. They are unstable. Since the interval [0,1] there are 
infinitely many rational numbers, there is also an infinite number of unstable 
periodic orbits in this range. 
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15.6.3 Logistic Map 


The logistic mapping received relatively detailed analysis 
x(k +1) = px (k)(1—x (k)), (15.54) 


wherein the parameter p € [0,4]. The main feature of this mapping is the section 
stretching or compression, and then folding it in half. It turns out that for a fixed 
value of the parameter p mapping will “wrap” the output section and place it in 
the range [0, p/4]. To illustrate, let us consider the case of p = | and let us start 
with numbers in the range [0,0.5]. Number zero becomes zero, and 0.5 change into 
0.25, any other numbers are in the range [0, 0.25]. Considering the interval (0.5,1] 
it can be noticed that the number 1 becomes zero. The number of 0.7 becomes 0.21, 
0.9 changes into 0.09. Basing on these trivial examples, we can see that also the 
numbers range (0.5,1) change range [0,0.25], with the numbers lying closer to the 
1 are mapped into lying closer to zero. For parameter p greater than 4, almost all 
sequences {x(k)} diverge to infinity. For the boundary value p = 4 the solution of 
Eq. (15.54) can be expressed in an analytical form 


x (k) = = (1—cos[2*are cos (1 — 2x (0))]). (15.55) 


NIR 


Let us conduct now analysis of the typical nonlinear dynamics. Let us find fixed 
points of the mapping (15.54) and then examine their stability. Fixed points we find 
from the equations 


PX (1 — Xx) = Xx. (15.56) 


Obtained are the following two points: 
-1 
29, 72 2Z=— (15.57) 
Each of these solutions is stable when 


(= *) 
Gf sein 
where: f(x) = px(1—x). 


Simple calculation shows that 


<1, (15.58) 


(15.59) 


15.6 Modelling of Nonlinear Discrete Systems 549 


» 


S71 


x(k+1) —> 


x(k) —> k— 


Fig. 15.7 Web chart for logistics mapping and for p = 3.83 (a) and the periodic course (b) 
corresponding to a closed curve in figure (a) 


and the first solution is stable for |p| < 1, while the other one for |2 — p| < 1. Now, 
let us consider a few numerical examples of the logistic mapping. Figure 15.7 is an 
example of “web chart” for p = 3.83. As is clear from the preceding discussion, 
this parameter value both fixed mapping points are unstable. In the x(k), x(k + 1) 
coordinate system drawn were the function f(x) and the diagonal. They are used 
for a simple determining of the next mapping points after the successive iterations. 
As you can see from the figure, the initial condition x(0) = 0.3 trajectory mapping 
tends to periodic orbit. 

If we consider the mapping described of the function x(k + 3) = f?(x(k)), and 
on the vertical axis we take every third iteration point, that is x(k + 3), then we 
get web chart shown in Fig. 15.8. As can be seen from this figure, depending on the 
initial conditions of the trajectories, they are attracted by one of the three points at 
which the curve f(x) is tangent to the diagonal of the pictures frame. 

For every fifth iteration x(k + 5) = f°(x(k)), the chart of the curve f(x) is 
more complicated (Fig. 15.9). Trajectory relatively quickly reaches a stable periodic 
orbit. 

Now let us examine the behaviour of this mapping when changing parameter 
Pp € [2,4]. According to earlier solutions, a fixed mapping point equal to zero is 
unstable in the considered range of parameter changes. The second fixed point is 
stable when p € [2,3]. For the point p = 3 doubling period bifurcation occurs. 
Previously stable point now becomes unstable. 

However, there is a new stable solution in the range for a period 4. When 
changing the parameter again, its stability is lost, and there is an orbit with a period 
of 23 = 8, and so on, until it reaches the orbits with period 2k. When k — o0 
parameter p reaches a limit equal to pg = 3.5699. It turns out that in the p € [pg, 4] 
a similar bifurcation cascade can be observed for a period orbits 3 and 4, that is 3“ 
and 4*, where k = 1,2,3,.... They are called periodicity windows that correspond 
to the specific compartments of parameter p. That means that chaos is observed for 
some nowhere dense subsets of parameter p that have positive value. 
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Fig. 15.8 Web chart for logistic mapping and for p = 3.83 in the coordinate system x(k) and 
x(k + 3) for different initial conditions: (a) x(0) = 0.7; (b) x(0) = 0.35; (c) x(0) = 0.1 


Fig. 15.9 Web chart for z 
logistic mapping and for (\ A A\4 
every fifth iteration } 7 | 
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Fig. 15.10 Bifurcation chart of the logistic mapping for different ranges of the changes in the 
control parameter p: (a) p = [2, 4]; (b) p € [3.5, 3.8]; (ec) p € [3.6, 3.7]; (d) p € [3.56, 3.66] 


Figure 15.10 shows the so-called bifurcation chart and the following drawings 
were created as a result of the enlargement of the previous one for a specific range of 
parameter p. Bifurcation cascade doubling period, chaotic movements and windows 
of periodicity are shown clearly. 

Figure 15.11 shows the logistic mapping for p = 3.7 for investigations of the 
chaotic mapping dynamics process. After about four million iterations, and as you 
can see from the chart of chaotic attractor is a part of the segment [0,1] and is defined 
by the projection of the parabola marked with a thick line onto the horizontal axis. 
Further points obtained by iteration are arranged along this stretch in a completely 
unpredictable (chaotic) way. 

Autocorrelation functions A(/) for p = 4 is determined by the formula (15.29). 
According to (15.28) for almost all initial conditions we get 


1 
(xx) = =, (15.60) 
2 
then 
_ $ 1/8 for? =0 
A(l) = 0 fori £0’ (15.61) 


for almost all initial conditions. 


552 15 Chaos and Synchronization 


Fig. 15.11 Chaotic logistic 
map for p = 3.7 


x(k+1) —> 


Fig. 15.12 1 exponent 
changes accompanying 
changes in the parameter p in 
the range 


Since the analytical solution lo the logistic mapping is important for p = 4 we 
compute the associated Lyapunov exponent 


“<"| = log?. (15.62) 
x 


For this parameter, the exponent value A,, = 0.693144 is calculated numerically 
for 206 000 iterations, what yields to the error value 6 = |A — A,| = 0.00000318. 
Lyapunov exponents’ values for p € [2, 4] are shown in Fig. 15.12. 

Analytical form of solutions for p = 4 (it is worth noting that for the value of 
the parameter number 1/2 maps into 1, while in the following iteration 1 becomes 
zero) allows for the transformation 
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2 
y = —are sin /x, (15.63) 
a 


reducing logistic map to the Bernoulli map (15.47). 


15.6.4 Map of a Circle into a Circle 


This is another one-dimensional representation, which we will analyse. Mapping of 
a circle into a circle is described by the equation 


o(k +1) = F (6 (k)) = 6 (k) + Ri + Rosing (k) mod2z. (15.64) 


This mapping depends on two parameters R; and Ry and may represent the 
nonlinear oscillator phase transition, wherein the parameter value for R; describes 
two frequencies ratio, and R2 is the nonlinear enhancement effects coefficient 
[213, 221]. This simple representation shows many interesting features of the 
nonlinear dynamics, namely the periodic, quasi-periodic and chaotic dynamics. 

It is worth to point out some basic properties of (15.64) mapping [213]: 


(a) The function F has the characteristic 
F(@+2n7)=$+27 +R + Rossing = 27+ F(P). (15.65) 


(b) For |R2| < 1 a F(@) map exists and is differentiable (a diffeomorphism). 
(c) For Ro = —I1 reversed mapping F~! becomes non-differentiable, while for 
|Ro| > 1 itis ambiguous. 


Figure 15.13 presents the F(@) map for R; = 0.4 and different values of 
Ry», what confirms the previously mentioned property. For all iteration the value 
characterizing the average displacement by an angle ¢ is defined by the formula 


PY - 
w=2nw* = lim Fr (G0) = Po. (15.66) 
Noo N 
The average period shift is defined as 7, = 22/w, where w is the angular 


frequency of rotation (winding number) while, the rotation frequency as w* = 1/w. 
These relations are similar to the concept of the frequency of a periodic circular 
orbit that is not lying on the torus, and the frequency. It turns out [213,221] that 
for Ry < 1 the limit of the formula (15.66) always exists, but can be represented 
either as rational or irrational number. If it is a rational number, then range of 
the parameters R;, Ro, for which w = p/q, p,q € N with respect to the 
mapping (15.64) is called tongues. 

Consider now in more detail the dynamics of trajectories lying on a two- 
dimensional torus (Fig. 15.14). 
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Fig. 15.13 The map (15.64) for R; = 0.4 and different values of R5: (a) —0.5; (b) —1; (c) —5; 
(d) —20 


Tr 
Fig. 15.14 Poincaré map—cross-section of the torus by plane 
Let, for example, 
QM) 3 
ee ae (15.67) 
(ay) qd 5 


where @, and w» are frequencies marked in Fig. 15.14. Let us consider the journey 
of the point starting from the plane I’. This point will cross the plane again after the 
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do b3=9 


O 2 


qT; 1. Ty 4. qT 


Fig. 15.15 Point motion within the plane I’ observed in T; intervals. Between successive positions 
performs point 5/3 turn, what means that in time 37; point will do five turns and then the movement 
will be repeated 


time 7; = 27/a. Figure 15.15 shows a picture of stroboscopic photos distant from 
each other in the time by 7}. 
Let us consider the mapping 


Pnt1 = On +w- 2m. (15.68) 
For w = 2 we obtain successively 
3 
gi = go + 52m 


3 3 
$2 = b1 + 22m = by + 2+ 22m, 


bs = bo + 3-2n, (15.69) 


which means that @5 = ¢o mod 27, and in the general case 
by = bo + p:2n. (15.70) 


For N -turns we obtain the definition of the circular rotation defined by (15.66). 

The plane I’ we get three fixed points, while in the mapping plane (15.68) 
there are five fixed points (in the plane perpendicular to the I’ there are also five 
fixed points). According to (15.69) in the plane (¢,_,, $n) we get five fixed points 
o;,¢5,... 62. If the point ¢* belongs to on the q-periodic orbit generated by the 
mapping (15.64), then according to (15.70) we have 


Fi,.r, ($7) = $F + 2xp = ¢; (mod 2z), (15.71) 


where i = 1,2,...,q, and Fr,,.rz, means that this function is dependent on the 
parameters R,; and Ro. It also means that starting from the point ¢* we are coming 
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back to it through q iterations, or after moving by the angle 27 p. On this occasion, it 
is good to come back to the interpretation related to Fig. 15.15. At the same mapping 
point we will be back after g rotations (with a frequency w2) or after moving by the 
angle of 2p. According to (15.65), we have 


F (67) = 67 + Ri + Rosing;, (15.72) 
and we calculate 
dF (¢* 
we = 1+ Ricos¢;. (15.73) 


Complete orbit consisting of points, 6*, i = 1,2,...,q is stable if each of the 
points ¢;* is stable, that is: 


I |1 + Rocos*| <1. (15.74) 
i=1 


We will consider now the simplest case where w = 1, so p = q = 1. According 
to (15.72), we obtain 


o) =o) + Ri + Rosingy 
and 
R, = —Rosing;. 
However, from the condition (15.74) we have 
|1 + Ro cos ¢G| < 1. (15.75) 
For Rz < | the loss of the stability limits are reached when the 
R2 cos gy = 0, (15.76) 
that is for #6} = +(2/2). Therefore, the width of the first tongue is 
R, = —Ro sings = +R, 


what is confirmed by the observation of the area in the vicinity of 0 and 27 in 
Fig. 15.15. 
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1.0 


a2|o —> 


Fig. 15.16 The structure of a circle within a circle mapping for R2 = —1 (the so-called devil’s 
stairs) 


15.6.5 Devil’s Stairs, Farey Tree and Fibonacci Numbers 


In [39, 40, 129] work a similar analysis was preformed for a previously considered 
circle within a circle mapping for different values of the rotation number w = p/q 
and for R> < 1. It turned out that for each rational value of w and for each of 
the R» in considered interval the g-periodic orbit is stable over some a range of 
parameter AR, (w, R2). However, for |R2| = —1, it turned out that the sum of all 
those intervals for all rational numbers is 27r, as shown in Fig. 15.16 and the graph 
is called the devil’s stairs. 

The other characteristics can be observed in the structure shown in Fig. 15.16: 
(a) the length of the intervals corresponding to the values of p/q increases with the 
decrease of q; (b) if we take two numbers w; = pi /qi and w2 = p2/qz, then there 
is a rational number w = (p; + p2)/(qi + q2) between them. For example when 
taking w; = 7 and w2 = =, we receive w = : and it is a value, which corresponds 
to the length of the interval shown in Fig. 15.16 between w; and w9, and at the same 
time it is a rational number with the smallest denominator lying between w, and 
w2. This construction allows for the creation of so-called. Farey tree, as shown in 
Fig. 15.17. 

Physical interpretation of the results from Fig. 15.16 is as follows: there is such 
a systems synchronization that changes in the parameter R; (in a real system 
frequencies @, and w2) in a certain range do not lead to changes in the parameters 
p and q, and thus to the change of the frequency (period) of the periodic orbit. 
Now we will discuss the possibility of approximation of quasi-periodic dynamics 
by periodic dynamics, which is connected with the possibility of approximation of 
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NAY VAAN 


3 3 7 8 7 


Fig. 15.17 Farey Tree enabling arrangement of the numbers in the interval [0,1] 


irrational numbers by a sequence of rational numbers [135]. In general, any real 


number “a” may be represented by a continued fraction [ao, a1, a2,...] of the form 
1 
ee a ee (15.77) 
2 
at+—e 


where a; belong to the set of natural numbers. 

For numbers that are rational continued fraction is finite, and for irrational num- 
bers it is infinite. In practice, the appearance of a large value a; in relation (15.77) 
results in a rapid convergence of a fraction of that number. Slowest convergence 
fraction is characterized by the number w = (J/5 — 1)/2, which is a number 
corresponding to the golden division. It corresponds to the division of the section of 
length L into two parts / and L —/ such that w = //L = (L —1/)/1. This number 
plays an important role in the chaotic dynamics and fractal theory, and its continued 
fraction is an infinite set consisting only of the 1 with the exception for do = 1. 

For 0 < w < 1 the number of “w” can be approximated with continued fraction 

Tk 


w & — = [a),a,...ax], (15.78) 
Sk 


where r; and s;, are natural numbers calculated from the formulas 
Tk = kre + rp-2, kk = 2,3,... (15.79) 
Sk = gSe—-1 + Sp-2,  k =2,3,... (15.80) 


where r; = 1,79 = 0, 59 = 1, 5) = Qj. 
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We will consider as an example number 1/ /2, for which w X 0.7071068.... 
Successively computing a; = INT(1/w) = INT(1.4142...) = 1 (here we take the 
integer part of the obtained number). Then we calculate 


— int| id = INT (2.414215365) = 2, (15.81) 
1—wa, 
and a3 as 
= 

ig = nt iad = INT (2.414211) = 2, (15.82) 

w (1+ a,a2) — a2 

1 =, 

a4 = nt We yee = INT (2.414213489) = 2 
1 + aya3 — w[ay (1 + aza3) + a3] 


(15.83) 
and thus we can continue this process of calculations. Using the formulas (15.79) 
and (15.80) we get ro = 2, 82 = 3,73 = 5,53 =7,..., 176 = 29, 86 = 41, 77 = 70, 
$7 = 99. Ending calculation on the seventh word it is noticeable that 1/ /2 can be 
approximated by the value 


w x “2 = 0.707070707, (15.84) 
S7 


this gives an error about 0.000036. In general, the correct is inequality 


lk 1 
—-—|< ; (15.85) 
Sk SkSk—-1 
For the golden ratio have a, = 1 
Sk = Spy + Spo, =k = 2,3,4,... (15.86) 
where: 7; = 1, 79 = 0, So = 1, 5; = 1. Then we calculate the sequence 
me=n=lh rnS=mtn=2; rme=r3+% =3; rs =5}... 
(15.87) 
9 =2; B= Ht+5,=35 = H+5=5; S5=8... 
and the obtained results can be generalized as 
rk =Tk-1 +1 k-2; (15.88) 
Sk =Vk41 =k + rk-}- (15.89) 


The next sequence of numbers approximating the terms w,. is defined as 


560 15 Chaos and Synchronization 


rk rk rk 1 


We = = = = —: (15.90) 
Sk rke+1 rk +Vr-1 La 
which are similar to the values 
Ws = lim wx, (15.91) 
k—>oo 


with the strings (15.79) and (15.80) being the Fibonacci sequences. According 
to (15.90) and (15.91) we get the equation 


, (15.92) 


One of its elements is actually the ( J5 — 1) V2, 


15.6.6 Hénon Map 


With such a map we have met already in the previous section in the analysis of the 
pendulum flat motion that was treated with the time-varying torque. 

Another two-dimensional representation, which we will devote more attention, is 
the Hénon map [120], which can be regarded as an extension of the earlier discussed 
logistic map. It is governed by the equation 


2 
Xn+1 = — ax, + Yn> 


Yn+1 =bxy, (15.93) 


or 
(x,y) > (r—ax’ + y, bx), (15.94) 
where a, b and r serve as a bifurcation parameters. Mappings Jacobian (15.93) is 


—2ax, 1 


det 
vl bb 0 


| = —b, (15.95) 


and therefore the system is dissipative for |b| < 1. It turns out that for 0 < b < 1, 
r = 1 anda > 0, the mapping has two fixed points defined by the equation 


—~(1—b)+ J(1—b)’ + 4a 


x12 = » Jig = —bx12. (15.96) 
2a 


15.6 Modelling of Nonlinear Discrete Systems 561 


Ifa > (1—b)*/4 both points are real numbers and one of them is always unstable, 
while the other is unstable for a > 0.75(1 — b)?. This mapping is the basic for 
considerations of many interesting elements in nonlinear dynamics. 

1. Letr = 2.1,a = 1,b = —0.3. In Fig. 15.18 on the plane (x, y) shown is a 
Hénon strange chaotic attractor. Furthermore, in the following figures from “a” 
to “d” are marked with crossed respectively periods 1, 2, 5 and 10 periodic orbits. 
The method of searching for such orbits is based on the use of Newton’s method 
or its variants [184,219]. If x, is a fixed point of the mapping F(x, p) dependent 
on the parameter p, then satisfied is equation: 


Xx = F (xx, p). (15.97) 
Let the point x be placed near the point x,. Introduce the matrix NV 
N = D, F(x, p), (15.98) 


which elements are the partial derivatives with respect to x. Performing lineari- 
zation around the point x we get 


(x, p) + Ndx =x + dx, (15.99) 
where we have 
dx =(N —1)1(x— F(x, p)), (15.100) 


and the J above is the identity matrix. The expression x — F(x, p) = E express 
an error of calculation, which for x = x, equals zero (this is the exact value). It 
turns out that Newton’s method does not always make it possible to reduce the 
error in the next step of the calculation. Modified Newton’s method allows you 
to choose such increase dx that the convergence is maintained. 

In the case of periodic orbits marked with crosses in Fig. 15.18 starting points 
for the modified Newton’s method were selected at random. Two points were 
found for the period one (a), four points with period two (b), three different orbits 
with period five (c), and fifteen different orbits with period ten. In the last case, 
as starting points for the modified Newton method 9031 random points were 
chosen. It is worth noting that many of the found periodic orbits do not belong to 
chaotic attractor. 

2. The next example involves a bifurcation curve. On the vertical axis we put the 
parameter b, while on the horizontal axis x. In fact, it is the mapping of the family 
of attractors depending on the parameter b in the plane (b,x), 0.1 < b < 0.3 
(see Fig. 15.19). For r = 1.3 the chaotic dynamic of mapping is interrupted 
windows of periodicity for some values of b (there are infinitely many of them), 
however when reducing of the r and b = 0.26 bifurcation occurs, chaotic motion 
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Fig. 15.18 Hénon strange chaotic attractor and periodic points of Hénon mapping (marked with 
crosses) with the following periods: (a) 1, (b) 1, 2, (e) 1, 2, 5, (d) 1, 2,5, 10 


a : b 


Fig. 15.19 Bifurcation curve of the Hénon map and the parameters (a) r = 1.3; (b) r = 1.25 


disappears and periodic motion appears. Then, each of the “branches” doubles 
and with further reduction of b formed are the so-called bubbles of chaotic 
motion (Fig. 15.19b). 
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Fig. 15.20 Pools of 
attraction for the Hénon map 
and fora = 1,r = 1, 

b = 0.48 


3. Basing on Hénon map we will discuss the concept of attractor attraction pools. 
By the attractor attraction pool will be defined the set of all initial conditions 
in phase space, which will be “attracted” by the attractor, that is after “start” 
of each of these initial conditions trajectories over time will be on the attractor. 
These pools of attraction for the Hénon mapping are shown in Fig. 15.20. For a 
set of parameters, as shown, there are three different attractors. One of them is 
oo (black area), stable periodic orbit with a period of eight (a gray area), and a 
strange chaotic attractor, in the figure consisting of two parts, which “attracts” 
the initial conditions from the white area. 

4. Now we will discuss the puzzling similarities between the Hénon attractor and 
the unstable variety of the fixed point lying within the attractor. Through a stable 
variety of the mapping fixed point we understand a set of points leading up to this 
point with the number of iterations tending to infinity defining the Hénon map. 
However, the concept of unstable variety of the mapping fixed point we mean 
a set of points which are attracted by the iterations with the opposite direction 
(or repelled by applying the initial iterations). Figure 15.21a shows the Hénon 
chaotic attractor, while Fig. 15.21b shows the set of points attracted by the reverse 
iteration by an unstable fixed point with coordinates (0.855, 0.898). It is striking 
similarity here between the two sets. It is believed that these sets are identical, 
but has not been proofed as accurate (see for example [219]). 

5. Now we will turn our attention to the similarity between the Hénon attractor 
attraction pool and attractor which is infinity (oo) (this will be a set of points 
that the iterations tending to infinity “escape” to infinity (Fig. 15.22a)), and a 
stable fixed point attraction pool within the Hénon attractor (Fig. 15.22b). The 
calculations were performed assuming the parameters: a = 1, b = —0.32,r = 
2.10. You can see that approximately the pool of attraction of a stable point of 
the Hénon attractor fits in the Hénon chaotic attractor attraction pool. 

6. There is also the possibility of the chaotic trajectory contained in a limited area 
in the phased space, however all other trajectories situated in the neighbourhood 
“escape” to infinity, so they are not bounded. Such invariant set will be called 
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Fig. 15.21 Hénon attractor fora = 1, r = 1.38 and b 
fixed point with coordinates (x, y) = (0.855, 0.898) (b) 


Fig. 15.22 Attraction pool for infinity (00), marked with a black and the Hénon attractor 
attraction pool (a) and attracting pool of stable fixed point lying within the Hénon map, which 
is approximately (0.907, 0.966) (b). In both figures (a) and (b) marked is also Hénon attractor 


Hénon mapping chaotic saddle. This invariant and compact set is unstable, so 
almost all trajectories of the neighbourhood will be distancing themselves, and 
in the considered case, they will “escape” to infinity. 

Figure 15.23 shows an example of an unstable set that is invariant and compact, 
on which lays the chaotic trajectory. Calculations were performed fora = 1, 
b=0.4andr = 4. 

7. From Fig. 15.23 we can conclude that for certain Hénon map parameters, there 
are two attractors which are attracting sets of the initial conditions. The first one 
is a pool of initial conditions attracted by Hénon chaotic attractor, and the second 
is a pool of initial conditions that in time are “fleeing” to infinity, or are attracted 
by infinity. There are also points belonging to the boundaries of the two pools, 
and the initial conditions are not attracted by any of these attractors [184]. This 
limited trajectory is shown in Fig. 15.24 fora = 1, b = —0.3,r = 2.12. 
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Fig. 15.23 Unstable 
invariant set containing a 
chaotic trajectory for Hénon 
map 


Fig. 15.24 Border trajectory 
(marked with crosses) 
belonging to the boundaries 
of the Hénon attractor 
attraction pools (marked with 
points) and attractor lying in 
an “infinity” 


8. In this example, basing on the Hénon map illustrated is a way leading to chaos 
by doubling of the period. The calculation results are shown in Fig. 15.25a-—c. 

In the first one you can see the way that leads to chaotic motion by successive 
doubling period of vibration. Basing on Fig. 15.25a, b can be calculated the 
relations between lengths of the subsequent curves in between the points of 
the bifurcation, which are: d2/d, = 4.33, d4/dg = 4.42, dg/dig = 4.54 
and apparently they tend to the Feigenbaum constant (approximately 4.67). 
Figure 15.25c shows the graph of changes in Lyapunov exponent A in relation 
to Fig. 15.23b, that is for the same range of changes in parameter r. Where it is 
positive, there is chaos. 
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Fig. 15.25 Bifurcation graph illustrating the period doubling cascade leading to chaos (a) of the 
graph window (a) for 1.06 < r < 1.12 (b) and the Lyapunov exponent corresponding (b) to the 
figure (c) 


15.6.7 Ikeda Map 
Ikeda map is described by the equation 


Z>pt cazexp|i (cr — C3 (1 +2)"')| , g=xtiy,x,yeR,? =-1. 
(15.101) 
Figure 15.26 shows three successive iterations of an ellipse located in the upper 
right-hand corners of the pictures for the following parameters: p = 0.5, c; = 0.4, 
C2 = 0.9, cz = 6. Chaotic dynamic is more visible with each of the iterations. 

Let us now consider the dynamics of Ikeda map (15.101) for the same parameters 
as before, but now iterated ellipse is shifted to the left compared to the one in 
the previous case (Fig. 15.27). As can be seen from this figure chaotic dynamics 
is revealed here much earlier. 

Figure 15.28 presented is only the first iteration of the ellipse, but in this case 
it is lying along the y = 0.5 and for different values of the control parameter p. 
Increase of parameter p from 0.5 to 1.0 affects the deepening of the dynamics of 
Ikeda chaotic mappings. 
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Fig. 15.26 The first (a), second (b) and third (c) iteration of the ellipse shown in the upper right 
corners of the drawing for mapping Ikeda 


Fig. 15.27 The first (a) and second (b) iteration of the ellipse for the Ikeda map 
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Fig. 15.28 The first iteration of the ellipse for different values of the parameter p: (a) 0.6; (b) 0.7; 
(c) 0.8; (d) 0.9; (e) 1 


15.7 Modelling of Nonlinear Ordinary Differential Equations 


15.7.1 Introduction 


In order to determine time evolution of the natural processes we should have the 
knowledge of the functional dependencies between the function that describes this 
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Fig. 15.29 Ball movement in V(y) 
the vessel along the potential 


V(y) 


process and its derivative (or derivatives) and in addition we have to know the initial 
conditions. As it has been already mentioned, the relationship between an unknown 
function and its derivative is called a differential equation. Nowadays it is very 
difficult to imagine the development in many fields of science without knowledge 
of the differential equations theory. There are many directions of development in 
modern theory of differential equations and various methods of teaching depending 
on the needs of the designated public. This section deals only with a few examples 
of systems of differential equations describing the dynamics of simple physical 
systems in terms of chaotic dynamics (see also the monograph [224]). 


15.7.2 Non-autonomous Oscillator with Different Potentials 


Imagine that ball (material point) is in the vessel with the cross-section indicated in 
Fig. 15.29. 
The equation of the ball motion is: 


dV 
fie ao) 
dy 


= F cosat. (15.102) 


The potential of V(y) may have two minima and one maximum, as is shown in 
Fig. 15.29, or it may assume other shapes (Fig. 15.30). 
If we describe the potential with equation 


a 2 4 
Vy) = Se 4 2 (15.103) 


the case of Fig. 15.29 corresponds to the potential of a < 0 and 6 > 0, and for the 
potential of Fig. 15.30a we have aw > 0 and B > 0, and for the potential shown in 
Fig. 15.30b we have a > 0 and 6 < 0. 
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vy) : vy) 


Fig. 15.30 Typical shapes of the potential V(y) 


Consider first the case of the system with no force and no damping. Then the 
dynamics of the system is described by the equations 


y=x, 
x = -—ay — By’. (15.104) 
Let us find a balance ball positions. In this case from y = x = O and 
Eq. (15.104), we obtain 
X= 0; 
y (a + By’) =0, (15.105) 
which allows you to find three equilibrium positions (yo,xo) = (0,0) and 


(Xo, Yo) = (+ =,0). Let us examine the stability of each of the found 


balance positions. For this purpose, assume that 5, and 6, are small perturbations 
respectively for Xo and yo, and we have 


x = Xo + bx, 
(15.106) 
y = yo + dy, 


which together with (15.104) leads after the linearization (that is leaving only the 
linear segments because of 5, and 6,) of the equations 


by = +6x, 
5x = —ady — 3B yo dy. (15.107) 
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We will look for solutions of (15.107) in the following form: 


6x = Xe, 
(15.108) 
by = Ye, 
what after substituting into (15.107) yields the characteristic equation 
-1 rv 
= 0, 15.109 
| A at 3By5 ( ) 
from which we determine the following roots 
Ain = + \/-a — 3By9. (15.110) 


Next let us consider the case shown in Fig. 15.31. Then for (0,0) we have A1.. = 
+ ./—a, and since a < 0, the roots are real and of opposite signs. Location (0,0) is 
a saddle. Two remaining equilibrium positions correspond to the eigenvalues 


Ain = +i V—2a, (15.111) 


that are imaginary values. Those positions of equilibrium are variety points of 
middle type. Location (0,0) is called hyperbolic, and the remaining equilibrium 
positions are elliptic. Phase trajectories with three equilibria are shown in Fig. 15.31. 

Particularly noteworthy are two phase trajectories the shape of loop locked into 
eight. Trajectories coming out of the saddle-point 0 and returning to it is called the 
homoclinic trajectory (orbit). Homoclinic orbits can be described analytically in the 
form of the following two equations 


ya (t) = [qe sol Ja (t —t)), 


xy (t) = —a@ asa (+ V—a (t — to) tanh (+ /—a (t—%)), (15.112) 


where ¢ is the time parameter. 


15.7.3, Melnikov Function and Chaos 


The basic idea of the Melnikov method [22, 106] is to use a solution of the 
uninterrupted integrable system of two differential equations to solve the disturbed 
system of equations. Let the dynamics of the system to be described by the 
equations: 
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x H%t) 


Fig. 15.31 Three equilibria and the surrounding them phase trajectories 


x= fix, y) + eg1 (x, y.0), 
y= fox, y) + £82 (x, yt) (15.113) 


Parameter ¢ > 0 is a value ¢ < 1 and is called the small perturbation parameter. 
It emphasizes the “smallness” of time-dependent disorders g;(i = 1,2). In sucha 
system chaotic motion may appear, and a set of parameters for which it appears can 
be determined with the method described below. 

For ¢ = 0 undisturbed system has two homoclinic orbits H(t) to the saddle 
point (0,0). The core of homoclinic orbits is filled with one-parameter family of 
periodic orbits H”(t) with period T’ dependent on parameter y € (1,0)—see 
Fig. 15.31. 

If in the system (15.113) forcing functions g; (¢ = 1,2) are periodic in time, 
while the functions f; (i = 1,2) have homoclinic orbit (as in Fig. 15.31), then the 
Melnikov function as follows 


lo. 2) 
M (to) = | (hi [*110(—19)> YHoC—1) | 82 [XH YH (t—19)> t]) 


co 


= h [xH°¢—t)> YH(1—-19) | 81 [x H0¢—t)> YH (t—t9)> t|} dt. (15.114) 


If the function M(t) does not yield zero values, then the stable and unstable 
manifolds do not intersect anywhere beyond the saddle point. If the equation 
M(to) = 0 has a solution, then additional intersection occurs. Let us now return 
to Eq. (15.102) and potential (15.103). 

The equation of motion of the oscillator with such a choice of the potential takes 
the form 


y=x, 


x = -ay — By? —ecx + &F cosat, (15.115) 


where ec and ¢F highlight the “smallness” of the distinguished parameters. 
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a b 


Fig. 15.32 Phase trajectory (a) and Poincaré map (b) for the Duffing oscillator governed by 
Eq. (15.115) 


Assuming 
fi=x, fp= ayy’, 
gy =0, go =e€(F cosat —cx), (15.116) 
and using (15.114), we obtain 


4c ,/(—a)° 
M (t) = a ae _s (15.117) 


3p cosh 5 = 


The function M(t)) changes sign for the following relationship between the 


parameters 
4c /(-a)° TW 
= ———— cosh ] —— |. (15.118) 
3nm /2B 2 ./—a 
Let us take into consideration the following parameters: c = 0.8,a = —12, 
B = 100, m = 3.3. The value of the last parameter is calculated from the for- 


mula (15.118) obtaining F = 1.3295. Equations (15.115) for given parameters were 
solved numerically and the numerical simulation results are shown in Fig. 15.32. 
The phase trajectory “jumps” in a random way between two points corresponding 
to a minimum of two wells of the potential V(y). Figure 15.32b shows the strange 
chaotic attractor on the plane in the form of an infinite set of points, while the 
distance in time between two successive points is T = 27/w (the Poincaré map). 
In Fig. 15.33 as a control parameter taken was the amplitude of the exciting force 
F (other parameters unchanged) and plotted the maximum value of the Lyapunov 
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Fig. 15.33 Changes of 
Lyapunov exponent as a 
function of the parameter F 


Wh 


; 


yt lg 


L 


———_= 


Fig. 15.34 Strange chaotic 
attractor discovered by Ueda 


exponent for 1 < F < 2. You can see that chaos appears for F = 1.33, and then 
disappears in the vicinity of F = 1.62. 

Consider the case of the potential when w = 0 and B > 0. This case was analysed 
by Ueda [233]. Presented strange chaotic attractor is often referred to as Japanese 
attractor. 

Vibrations of many simple physical systems can be simplified to the Duffing 
equation. The equation of motion of the plane pendulum of inertia mass moment 
equal B = ml * with air resistance coefficient c forced by the moment M = 
M, cos ot has the form (see Fig. 15.34) 


BG = —mgl sing — cog + M cosat. (15.119) 
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ry Liquid 


Fig. 15.35 Scheme of the process of Rayleigh—Benard convection used to derive equations Lorenz 


After dividing by B we get 
G+cge+ Bsing = F cosat, (15.120) 
where: c = co/B, B = mgl/B, F = M,/B. 


Chaotic dynamics of the pendulum takes a place form = 1, F = 2.4,c = 0.2, 


p=. 


15.7.4 Lorenz Attractor 


Lorenz model is a system of three nonlinear ordinary differential equations of the 
first order [157]. Now we will derive those equations basing on the old problem 
of Rayleigh—Benard (reading of this induction of equations process can be omitted 
without problems in further analysis of the chaotic dynamics). 

Let between two infinitely long plates with H distance be a liquid (Fig. 15.35). 
The liquid is heated from the bottom. Let u to be the velocity of liquid particles, let 
T; to be the temperature surface, p; to be density surface and pressure ps, where 
To corresponds po and g is the acceleration due to gravity. Temperature, pressure 
and density are changed according to the following formulas (for u = 0), AT is the 
linear increase of the temperature. 


T.@) = TM + AT - (=) ar, 


Ps(Z) = poll _ a(T; (z) = To)]. 
V ps (2) = —Ps(Z)8Z, (15.121) 


where Z is the normal vector in the z direction. Firstly (that is with the provision 
of the low thermal energy) occurs laminar convection. Subsequently, stable vortices 
are formed, wherein the temperature increase is nonlinear described by 


O (x, y,z,t) = T (x, y,z,t) — T; (2). (15.122) 
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Speed u changes in time and the dynamics of the flow is described following 
system of partial differential equations 


1 
a + (u-V)u = a@gz— (.) Vip + Vu, 
at Po 


dO AT 
pce .V = yV20— ==, 
ar te JO=xV'O (FF). 


Vu=0. (15.123) 


Here dp is the pressure change proportional to the convection state, v is the liquid 
kinetic viscosity coefficient, y is a constant thermal diffusion process, and V? is the 


Laplace operator. Since u, = 0, then the remaining components of the velocity 
vector can be obtained from the equations: 
0 0 
Ux = v ae (15.124) 


az? uz = Ox. 


In addition, Lorenz introduced the following boundary conditions: 
8(0) = O(A) = V0) = (A) =V¥ (0) = VY (A) =0. (15.125) 


Function of temperature dispersion © and flow function y can be found in the 
form of the following Fourier series: 


J 
O(x,y,z,t) = Y= sin (jz) @; (x,t), 


j=l 
(15.126) 


J 
W(x, y,z,t) = YS sin (juz) Wj (x,t). 


j=l 


Further Lorenz limited his considerations to only three basic solutions, and taking 
into account the boundary conditions he obtained 


© (x,z,t) = a | var (t) cos (=) sin (=) — z(t) sin (F)| ; 


2 
w (x,z,t) = PAE Gta =S) sin (=), (15.127) 


where R, is the Rayleigh number with the critical value R-: 


HPRAT m(1+a’) 
Ree ee Ae), (15.128) 
xv a 
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X,Z and Z are amplitudes of three successive forms of the assumed solution that 
are dependent on time. Lorenz equations we obtain by substituting (15.127) into 
Eq. (15.123). They have the following form 


dx (Y —X) 
—_ =o — ; 
dt 
dY 
—=-XZ+rx -Y, 
dt 
dZ 
—=XY—-DzZ, (15.129) 
dt 
where 
mw(1+a’) yt 4 Ry 
9 a er (15.130) 
ea x l+a? Re 


During computer simulations of these equations Lorenz noticed irregular oscilla- 
tions for certain parameters of this strongly simplified version of a physical model. 
He also noted in the plane (X, Y) a geometric shape somewhat resembling a human 
kidney. Phase point wandered around the left or right kidney, while the jumps 
between them were random and impossible to predict. 

Lorenz equations system is an autonomous system (without acting external 
force). Let us try to determine the equilibrium position of the system and investigate 
their stability. For b > 0,0 > 0 andr > 0, Eq. (15.129), we obtain 


ao (¥ —Z)=0, 
—XY¥+rxX-Y=0, 
XY —bZ =0. (15.131) 


As one can easily verify (X,Y,Z) = (0,0,0). Disturbing the equilibrium 
position and limiting the discussion to the differential equations of the linear 
disorders we obtain the characteristic equation of the form 


[A+ b][A? + (6+ 1)A+o(1—-r)] =0. (15.132) 


For 0 < r < 1 Eq.(15.132) has three real roots neither of which is negative. 
This means that considered equilibrium position is a stable. For r = 1 occurs 
solutions branching—bifurcation. For r > 1 we have the following solution set (the 
equilibrium) 


X=Y=4+Vb(r-D, 
Z=r-l. (15.133) 
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Fig. 15.36 Lorenz attractor 
projection on the plane 
(X,Y) foro = 10, r = 28, 
b = 2.67 


The previous solution (0,0,0) still exists, but is unstable. Characteristic equation 
in the considered case takes the form 


M+(+b41)7+(r +0) bA 4 20b(r — 1) = 0. (15.134) 


Both the equilibrium positions defined by Eq. (15.133) lose their stability after 
exceeding the critical value of the parameter. 


poo (15.135) 
o—b-1 
Lorenz attractor projection is shown in Fig. 15.36. Numerically calculated 
attractor dimension equals d = 1.768 + 0.071. Figure 15.37 shows a graph of 
the Lyapunov exponent A in dependence of the control parameter r. For big values 
it assumes positive values, what reflects the chaotic traffic. 


15.8 Synchronization Phenomena of Coupled Triple 
Pendulums 


15.8.1 Mathematical Model 


The investigated system consists of N identical triple pendulums [27]. Each triple 
pendulum, exhibited in Fig. 15.38a is a plane subsystem of three rigid links, 
rotationally coupled in points O; (7 = 1,2,3), with viscous damping of the 
coefficients c; (i = 1,2,..., N), respectively. The position of the system is defined 
by 3N angles wij @ = 1,2,...,N, 7 = 1,2,3). Masses of the corresponding 
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Fig. 15.37 A Lyapunov 
exponent as a function of the 
parameter r 


Fig. 15.38 The ith triple pendulum (a) and example of three coupled sets of pendulums (b) 


links are denoted by m; (j = 1,2,3), while 7; denote mass moments of inertia 
of the corresponding bodies with respect to axes z,.; (7 =1, 2,3) - principal central 
axes perpendicular to the motion plane. It is assumed that the mass centers (axes 
Zc; ) of the links lie on the lines including the corresponding joints (O;, 7 =1, 2, 3). 
The first link of each pendulum is forced by the external and common signal 
y(t) = ot (where T is time), realized by relative rotation of additional body (of 
mass mo and inertia moment Jo) connected to the first link in the joint O,. Other 
geometric parameters of the system are visible in Fig. 15.38a. The pendulum sets 
are situated along a line perpendicular to the motion plane and they are coupled by 
viscous and elastic connections (with angular viscous damping coefficient k;¢,; and 
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angular stiffness k,) between the first links of neighbouring sets of triple pendulums. 
Figure 15.38b exhibits an example of three coupled sets of triple pendulums. 

The system is governed by the following set of differential equations in the 
Lagrange formalism 


d { 9T; yn) 
= =Q;; i=1,....N, j =1,2,3, 15.136 
dt | OWi,j oh Q iif J ( ) 
OW; j 


where (. .)—denotes derivative with respect to real time T, T:, V;—teal kinetic and 
potential energy of the ith pendulum, Qj, j-—teal generalized forces acting in the 
system. The reader may find more material devoted to numerical and experimental 
investigations of the triple pendulum set in [27, 28, 36]. 

Real kinetic energy of the ith pendulum follows 


= | 1 1 | 1 | 
T; = Ai(Wi4) + 5 BW + 5 BW ia = 5 BBWis 


| | | | 
+ Nii 1 Wi2 608 (Wi — Wi2) + Ni3Wi1Wi3 608 (Wi — Wis) 


I | 
+ N2x3Wj2¥i3 C08 (Wi2 — Viz) (15.137) 


where: 
By = In +1, +e;m, + emo + 17 (m2 +m), 
By =1I,+ e5m + 3m, 
B3 = 1; + e3m3, 
Nz = meal) + mall, 
Ni3 = m3e3l1, 
N23 = m3e3l2, (15.138) 
and where 
Abia) = 5 E (a = 211) + e5mo (« + 2) . (15.139) 


Real potential energy of gravitational forces for the i-th pendulum is as follows 


V; = —Mocos (Wi + @:7)— M, cos W.1—M> cos Wi2—-M3coswi3, (15.140) 
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where 


Mo =mogeo, M, =mge, + (m2 +m3) gh, 
(15.141) 


Mz = mg e2+m3gl,, M3 = m3ge3, 
and g is the gravitational acceleration. 


The coupling between the adjacent sets of triple pendulums is modelled by 
following generalized forces 


7 | | 
+—k; |e, — Wia) + Wi-1 — Via) + Crs (Yrs = via) 


| | 
+Crs (Vin = via) | , 


z | | 
0.3 = -C3 (Z _ via) , where i =1,...,N (15.142) 


| | | 
and where we assume that Yor = Wii, Wo. = Via Ywtii = Yui, Vngia = 


| 
Yui 


Then we introduce the non-dimensional time t 


t =ayT, (15.143) 
where 
1 
a = (M\B;')?. (15.144) 
Furthermore, we take 

d(...) d(...) 
= 15.145 
dt | dt ( ) 


and therefore 
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WV; oa an Wi ey 
O = ajo 
(15.146) 
a(...) _ a(...) OW (WV) _ 1 0(...) 
Wij | oy OY; 
OW; j : OW; j , 
wherei = 1,...,N, 7 = 1,2,3, m denotes the non-dimensional counterpart of real 


angular frequency @ and (...) is derivative with respect to non-dimensional time f. 
Dividing both sides of the real equations (15.136) by 2), where 


1 1 
E, = ~a7B, = <M, 15.147 
tS tS ( ) 
the following non-dimensional Lagrange formulation of the governing equations is 
obtained 


d on ah; + ays QO j 1 N j 1,2,3 (15.148) 
: — =O, t= 1:4; j =1,2,3. : 
dt OWij OWi,j OWi,j i 


Non-dimensional kinetic energy of the i-th pendulum is as follows 


T; , iis: oe 1. 
T; = ai (Wi) + 5 Via + 5BaWi2 + 5Bavis 


~ 2B 

+ vei Wi2 00s (Wis — Vi2) + isWi Wis cos (Wi — Vis) 

+ v23 Vi ois cos (Wiz — Wis) (15.149) 
where 

ix= FP = pees evn =. (15.150) 
and 

Ais) 1 : , 
ai (Wia) = DE, = on [Zo (@; — 2Wia) + e6mo (a; + 2Vi1)]- 
(15.151) 


Non-dimensional potential energy of gravitational forces for the i-th pendulum 
has the form 


Si 


Vi = SE = —Lo COS (Wi + @jt)—COS Wi,1 2 COS YWi.2—f3 cos W,3 (15.152) 
1 
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where 


Mo M, M; 


Lo = =, 2 = 3 = 


; ; = 15.153 
M, M, M, ( ) 


Non-dimensional generalized forces have the following form 


0i1 = ve = —c Win —€2 (Wis = Viz) 
+ —ks [Wisi — Via) + Wi-aa — Via) + ers (Wisi — Vit) 
+Crs (Wi-11 = Wi.) | , 
Qi2= ee = —0 (Wi2-— Vi) — 3 (Wi2 — Via). 
0i3 = ee =-03(%i3-Vi2), i =1,2,...,N, (15.154) 
where 


c= , for 7 =1,2,3, 
J MB, J 
= (15.155) 
ks M, 
ks = > Crs = Crs oa 
M, B, 


and where we take Wo = Wii, You = Win, Yngia = Vu, Yn = Yi. 
Finally, the non-dimensional governing equations can be written as follows 


M(¥;) ¥; +N(W;) we + C4; +P (¥j.0) =£(Vi-1. Wi Wig Wii Wie Wig) 


PH 125i dV 
(15.156) 
where 
ta). [eal a [RD [ee 
vje= Vio , v= Vio , v= bi , v= Via , 
Vi3 Via io Wi 
1 V12 COS (Wit — Wiz) vis cos (Wi. — Wi3) 
M(¥;) = | vircos (Wi — iz) Bo 23 COS (Wi2 — Wiz) | » 


113 COS (Wi.1 — Wi,3) 23 COS (Wi2 — Wi3) B3 
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0 V12 Sin (Wi — Wi2) V3 sin (Wi — Wi) 
N(¥;) = | —vi2sin (Wi — Viz) 0 V23 Sin (Wi.2 — Wiz) |» 
—V13 Sin (Wi — Wi3) —V23 sin (Wi.2 — Wis) 0 

cite. —c 0 sin Wj,1-+ Lo sin (Wi, +@r) 

C=] -c. +c3-c3}, P(Vi.t) = fiz sin W;,2 ; 
0 -@ 63 [2 ar sin Wi3 
Wi-1 — Wi + Wisi + crs (Wi-1 — 2Wi + Wi41) 
= 0 . (15.157) 
0 


15.8.2. Numerical Simulations 


The following set of real parameters is constant during the numerical simulations 
presented in the current section 


my =m, = m2 =m; = 1lkg, 


1 
b= Nh=h=h= kgm, 


é=&=0;=01Nms, Zé; =0.347611s, g = 10m/s’. (15.158) 


The set of real quantities (15.158) leads to the following non-dimensional 
parameters 
Bo = 0.5517, B3 = 0.1379, 
bo = 0.25, M2 = 0.75, 
23 = 0.2068, vj2 = 0.6207, 13 = 0.2068, 


C1 = C2 = €3 = 0.01438, crs = 1. (15.159) 
Figure 15.39a exhibits bifurcational diagram for one (NV = 1) or for unco- 
upled triple pendulums (k; = 0), with the excitation angular frequency w as a 


bifurcational parameter. In Fig 15.39b—d there are presented two exemplary orbits: 
the periodic (b) for @ = 0.68 and the chaotic one for @ = 0.72 (c, d). Then, 
for (chaotic behaviour of uncoupled systems), we present bifurcational diagrams 
(Fig. 15.40) of dynamical behaviour of three coupled pendulums (N = 3), with 
coupling coefficient k, as a control parameter. The first Poincaré section (fork; = 0) 
of each bifurcational diagram is performed by the use of the following set of initial 
conditions 
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Fig. 15.39 Bifurcational diagram for one (V =1) triple pendulum (a) and the corresponding 
periodic solution for @ =0.68 (b) and chaotic attractor for @ =0.72 [(c) trajectory, (d) Poincaré 
section] 


Wij(0)=0, wWij;()= 107% where i=1,2,...,N, jf =1,2,3, 

(15.160) 
so the pendulums start from closely located, but different states. During a jump to 
the next Poincaré section (the change of control parameter), see Fig. 15.40a, the 
system state preserves continuity or is restarted to the initial conditions (15.160)— 
see Fig. 15.40b. Figure 15.40 exhibits rich spectrum of synchronization phenomena 
governed by the investigated system (the associated Poincaré maps are reported in 
Fig. 15.41). In particular, we have observed the intervals of chaotic and periodic 
behaviour of the system, or even regions of coexistence of chaotic and periodic 
attractors. We have also found the intervals of exact synchronization between 
chaotic behaviour of all three pendulums and the zones of exact synchronization 
between irregular motion of the first pendulum and the third one, while the second 
pendulum moves non-synchronically on chaotic attractor. We can also observe 
other kinds of non-exact synchronization, usually between periodic motions of the 
pendulums. 

To conclude, in this section the preliminary research results of the system of 
coupled triple pendulums are presented. We have identified and shown examples 
of rich dynamics exhibited by the investigated system, including many different 
kinds of synchrony and opening the route to more deep and general view of 
synchronization phenomenon. Since there is a direct mechanical interpretation of 
the proposed model, the experimental verification is potentially possible. There are 
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Fig. 15.40 Bifurcational diagrams for three (NV =3) coupled triple pendulums 


many possibilities of further research of the system, e.g. investigations of larger 
number of coupled subsystems of pendulums consisting of larger or smaller number 
of links. 


15.9 Chaos and Synchronization Phenomena Exhibited 
by Plates and Shells 


15.9.1 Introduction 


In the past two decades a key role of the theory of bifurcation and chaos has been 
exhibited in the studies on high-dimensional nonlinear systems, and in particular 
structural members like beams, plates and shells. On the other hand, the mentioned 
structural members are widely applied in civil aerospace and mechanical engi- 
neering, including space stations, satellite solar panels, precision micromachines 
and instruments, and so on. In engineering an attempt to fabricate light-weight 
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Fig. 15.41 Poincaré sections corresponding to Fig. 15.40a, for ks = 0.05 (a, b) and ks = 1.4 (e, 
d) 


high-speed and energy-saving structures by simultaneously keeping large structural 
flexibility and stability, even for relatively large vibration deformation, is observed. 
In order to satisfy the engineering expectations, novel mathematical models are 
needed, supported by development of the theory of bifurcation and chaos as well as 
novel theoretical/numerical tools aimed at solving the governing partial differential 
equations are highly required. Below, a brief state of the art validating the mentioned 
remarks is given. 

An averaging method was applied by Yang and Sethna [246, 247] to detect and 
analyse local and global bifurcations in parametrically excited nearly squared plates 
for symmetric and anti-symmetric cases. They formulated analytical conditions 
for the Shilnikov-type homoclinic orbits and deterministic chaos. A double mode 
approach to predict chaotic vibrations of a large deflection plate utilizing the Mel- 
nikov method was proposed by Shu et al. [218]. Lyapunov exponents, bifurcation 
diagrams and fractal dimension concepts were applied by Yeh et al. [249] to study 
chaotic and bifurcation vibrations of a simply supported thermo-elastic circular plate 
in large deflection. 

Nagai et al. reported analytical results for a shallow cylindrical panel with a 
concentrated mass under periodic excitation [178] as well as experimental results 
of a shallow cylindrical shell-panel [177]. Amabili [5, 6] analysed the transition 
to chaotic vibrations for circular cylindrical shell and doubly curved panels in the 
vicinity of the fundamental frequency. 
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Ye et al. [248] analysed chaotic vibrations of antisymmetric cross-ply laminated 
composite rectangular thin plate under parametric excitation. 

Wang et al. [241] studied chaotic vibrations of a bimetallic shallow shell of 
revolution under time-varying temperature excitation using the Melnikov functions, 
Poincaré maps, phase portraits, Lyapunov exponents and Lyapunov dimensions. 
They reported the onset of chaos, transient chaos, direct and reversed period- 
doubling scenario, jump phenomena and interior crisis. Nonlinear dynamics and 
chaos of a simply supported functionally orthotropic gradient material rectangular 
plate in thermal environment subjected to parametric and external excitations was 
studied by Zhang et al. [252]. The governing partial differential equations were 
reduced to ordinary differential equations modelling the truncated three degree-of- 
freedom nonlinear mechanical system. 

Touzé et al. [232] studied von Karman equation for thin plates which exhibit 
large amplitude vibrations putting emphasis on the transition from periodic to 
chaotic vibrations in free-edge, perfect and imperfect circular plates. The bifurcation 
diagrams, Lyapunov exponents and Fourier spectra were applied to analyse both 
transitions into chaotic regimes and the energy exchange between modes. 

In spite of the application oriented and so far briefly described papers, the 
existence of global attractors and inertial manifolds exhibited by von Karman 
equations for various types of damping laws was rigorously analysed by Chuesov 
and Lasiecka [66-68]. 


15.9.2 One Layer Shell 


This section is devoted to the investigation of plates/shells subjected to harmonic 
load actions of their parameters, as it is shown in Fig. 15.42 (see [23]). 

We consider flexible one-layer thin shells of length a, width b and height h, made 
from an isotropic and homogeneous material. The shell is loaded via continuous px 
and p, loads distributed along its perimeter. The following hypothesis are applied: 
arbitrary shell’s cross-section, being normal to the shell middle surface deformation 
remains normal after the deformation, and the cross-section height is not changed; 
although rotational inertia of shell elements is not taken into account, inertial forces 
associated with displacements along a normal to the middle shell surface are taken 


rose 
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Fig. 15.42 Shell with normal 
and longitudinal harmonic 
loads 


Py = Py + DP, Sin(@, t) 
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into consideration; external forces do not change their directions during the shell 
deformation; geometric nonlinearity is taken in the Karman form [240]. 

The so far listed hypotheses are based on the Kirchhoff—Love ideas, and they can 
be understood as the first approximation approach to build a mathematical model of 
the shell. The governing non-dimensional PDEs have the following form [239]: 


1 a°w dw 
aN WV = LF) = = t) = 
12(1 — p?) A w k (w, ) q(x, y; ) 0, 


1 
VIF + View + 5 L(w.w) = 0, 


(15.161) 
where 
1 a at at ewer wer 
Vii = Fie 2 L(w, F) = 
Saag aye | oan’ ST) = oom aye ay? ot 
ow OF 
dxdy Oxdy’ 
a g2 
Ve= hoe 
k ky ao Fre 


Here w and F are the deflection and stress functions, respectively; A = a/b, 
where a, b are the shell dimensions regarding x and y, respectively; jz is Poisson’s 
coefficient and ¢ denotes the damping coefficient. The initial conditions follow 


ow 
W(X, Yao = Pil, Y), = g2(x, y), (15.162) 


and the boundary conditions have the form 


0?w 0? F 
w = 0, ax2 = 0, F=0, 3x2 = py for x=0,1, eas 
i, “ag, pg, 2 f 0,1 | 
=0, 35 =%, =0, => =px for =0,1. 

System (15.161)-(15.163) is transformed to its non-dimensional counterpart 
form using the following parameters: A = a/b ,x = aX, y = by, w = 
hw—deflection; F = Eh? F—Airry’s function; t = 7a i time; g = ENF 
transversal load; ¢ = A ae > &—damping coefficient; ais acceleration; 


p = yh (y—unit weight oy ky = heey ky = = iG y — +, ky = 
tk, k,y—shell curvature regarding x and y, respectively); r,, ry—curvature 
radius of the middle shell surface regarding x and y, respectively. We have also 
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5 3 3 
E—elasticity modulus, py = Er Px = ae 


52 —longitudinal loads regarding x and 
y respectively. Bars over the non-dimensional quantities are omitted. Harmonic load 
Px = Po + pisin@y;t, py = po + p2sinw,t, where po = const, w, is the 
frequency of harmonic excitation, and p; and p> are the amplitudes of the excitation. 
In addition, g = go + qi Sin@,t, where go = const, w,, q, are the frequency and 
amplitude of the transversal harmonic load, respectively. 

The system of PDEs (15.161) is reduced to ODEs via the FDM (Finite Difference 
Method) with approximation O(h7) regarding the spatial coordinates x and y. First, 
equations of nonlinear ODEs in time are solved via the fourth-order Runge-Kutta 
method with respect to the deflection w. Then, the values w are substituted into 
the right-hand side of the second system of ODEs. Therefore, the second equation 
becomes linear, and it is solved using the method of inversed matrix regarding the 
Airy’s function F on each time step. The latter is chosen via the Runge principle. 
The number of FDM partitions n = 14. Discussion of the influence of 1 on the 
obtained results can be found in [31], where the rectangular plate is studied. It is 
shown, among others, that convergence of the results can be obtained in the averaged 
meaning, i.e. via the estimation of wavelets spectra and Lyapunov exponents. In 
the case of chaotic vibrations only the integral convergence is achieved, whereas 
for small amplitudes of the exciting loads also the convergence regarding regular 
vibrations can be obtained. 


(i) Reliability of the Results 


Reliability of the results is examined via the relaxation method applied for the 
first time for shells by Feodos’ev [88]. Since stability loss of any deformed system 
is a process which takes place in time, it should be studied from the point of view of 
dynamics. However, in many cases stability of the majority of constructions carrying 
the load can be estimated by a static method (in the case of a conservative system it 
yields the same results as those obtained using a dynamical approach [215]). 

Solving the Cauchy problem for ¢ = ¢&,,, for a series of constant load { P;}, 
we get a sequence of deflection {w;}. The value of deflection w should tend to 
steady-state. Then the dependencies px(wst) and py(wet) are constructed and the 
strain-stress system state is investigated. Observe that in order to initiate vibrations 
the shell had initially introduced imperfection of the magnitude of qo = 0.001. 

We compared the dependencies p,(ws:) and py(ws.) for the fixed parameters 
k, = 12,ky =Oandk, =0,ky = 12 (Fig. 15.43a); k, = 24,k,y = Oandk, = 0, 
ky = 24 (Fig. 15.43b); ky = 48, ky = Oandk, = 0, ky = 48 (Fig. 15.43c). In 
order to solve the second governing equation via the inversed matrix method, it is 
necessary to build this equation in the corresponding matrix form and to construct 
the matrix A [n? x n?] and the column matrix B containing n* rows. Boundary 
conditions regarding x and y appear in B in a different way. Comparing the obtained 
results reported in the mentioned figures it is seen that the curves coincide (the 
difference is less than 1%). The difference appears only for the shells with two 
geometric parameters ky = 12; 24,k, =Oandk, =0,ky = 12; 24. It happens 
when the same longitudinal load along the shell perimeters is applied in unstable 


15.9 Chaos and Synchronization Phenomena Exhibited by Plates and Shells 591 


“0 100 200 “0 100 200 300 


Fig. 15.43 Dependencies w(p) fork, = 12, k, = O/k, = 0, ky = 12 (a); ky = 24, ky = 
O/k, = 0, ky = 24 (b); ky = 48, ky = O/ky = 0, ky = 48 (C) 


zones, i.e. when the load intensity belongs to (100; 200). In the latter case non- 
unique solutions are observed, and this case is described and studied in [26, 140]. 

The zone of instability occurs only for high order loads. Dependencies px (Wet) 
and p,(wg) for curvatures ky = 48,k, = Oandk, = 0, ky, = 48 are computed for 
the load intensity po € (0; 10). For the longitudinal loads of po > 10, the deflection 
values are not within the assumed hypotheses regarding the introduced shell model. 
In the reported results we do not observe zones of stability loss and the difference in 
results does not reach 1%. This validates the reliability of the results and correctness 
of the applied algorithms. 

Since we studied the squared shell with a = 5, intensity of the applied loads in 
both directions is the same for each experiment. In other words, the given pairs of 
curves describe in fact the same physical models. Therefore, the analysis carried out 
using the Feodos’ev method with respect to the geometric parameters shows good 
coincidence with the physical aspects of the investigated process. This validates the 
reliability of the results and correctness of the applied algorithms. 


Gi) Wavelet Analysis 


Observe that signals obtained as a result of the numerical experiments are 
presented in time domain. To visualize the signal we need time (independent 
variable) as one coordinate, and amplitude as a dependent variable, i.e. we should 
get an amplitude-time signal representation. For the purpose of a qualitative 
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investigation we need to study the frequency spectrum of a signal, i.e. the set of 
its frequency components. The Fourier transformation has been applied for a long 
time to study frequencies of a signal. However, from the point of view of exact 
analysis and detection of the local signal properties, the Fourier series has a lot of 
limitations and drawbacks. Being well localized in the frequencies domain, it does 
not yield time representation. It is well known that practically all signals obtained 
while studying dynamics of nonlinear systems are non-stationary. This fact indicates 
difficulties while applying the standard Fourier approach. The theory of wavelets, 
which is an alternative approach to the Fourier analysis, offers deeper techniques of 
signal analysis. The main advantage of the wavelet analysis relies on a possibility 
of monitoring of the signal localized properties, whereas the Fourier analysis fails 
to solve the latter task. The Fourier coefficients express characteristic features of the 
studied signal within the whole time interval. In other words, if we study a complex 
signal using the Fourier analysis, i.e. a signal whose characteristics change in time, 
then in the output we will get the sum of all features exhibited by its local behaviour. 

Signals produced by numerical simulations while investigating the continuous 
mechanical systems often have a complex structure. Their frequency characteristics 
strongly change in time. Therefore, in this paper in spite of the classical Fourier 
analysis, the wavelet analysis is applied, which allows us to detect a number of 
interesting peculiarities of vibrations of the studied systems. 

A first key point requiring a serious investigation concerns the choice of a 
wavelet, which entirely depends on the character of the studied problem. In order to 
solve the given problem, we consider a non-stationary signal obtained in a numerical 
experiment. Here we consider the shell with parameters k, = 24, k, = 0, we apply 
the harmonic longitudinal load in the directions of axis x and y withw, = 6.7 < wo, 
and amplitude pj = 4.9 (wo is the natural shell frequency). For a given signal 
various wavelet spectra are constructed [75, 76, 163, 173, 174,220]. 

The Haar wavelet is badly localized in the frequency domain, whereas the 
Shannon wavelet is badly localized in time. Analysis of the wavelets spectra 
obtained with the help of the Daubechies wavelets, coiflets and symlets shows that 
an increase of the order of the applied filter implies an increase of the wavelet 
resolution regarding frequency. 

In spite of the differences in the wavelets forms, the wavelet spectra obtained 
on the basis of the Daubechies wavelets, coiflets and symlets of the same order 
are practically the same. However, they do not allow us to get a sufficient 
frequency localization of the investigated vibrating continuous mechanical systems. 
Considering the results obtained on the basis of the Gauss function derivatives, the 
accuracy of frequency estimation increases with an increase of the derivative order. 

Table 15.1 gives results obtained via Meyer, Morlet (real and complex), Gauss 
(real and complex) wavelets from 16 up to 32 derivative order, and the Daubechies 
16 wavelet. 

The data given in Table 15.1 show that the localization with respect to frequency 
increases with an increase in the number of zero-order moments of an applied 
wavelet. Complex Morlet and Gauss wavelets exhibit better localization regarding 
the frequencies than their real counterparts, but the time localization is better in the 
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Table 15.1 Frequency vs. time (wavelet spectra of different wavelets) 


Daubechies 16 
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Fig. 15.44 2D wavelet 
spectrum of the plate 
(Wp = @ = 5.8, 

k, =k, =0) 


50 100 150 200 250 
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case of real wavelets. Therefore, in order to study chaotic vibrations of plates and 
shells one can apply either complex or real Morlet wavelets, as well as the real and 
complex wavelets obtained via high order differentiation of the Gauss function. 


(iii) Numerical Results 


Numerical experiment carried out for (w» = wo = 5.8, ky = ky = 0) yielded 
a bifurcation for a small excitation amplitude with a sudden reconstruction of the 
plate vibrations character, which is shown by 2D wavelet spectrum in Fig. 15.44. In 
the initial time interval excitation frequency is exhibited, and then beginning from 
t ~ 50 the first subharmonic @} = 2.9 = w,/2 dominates. Since in this case 
the change of the vibration character takes place through a narrow chaotic window, 
therefore the application of Fourier transformation in the whole time interval is not 
feasible to monitor peculiarities of evolution of the frequency characteristics in time. 

However, as expected, the application of Fourier analysis in each of shorter 
time interval coincides with the results obtained by the wavelets spectrum (second 
bifurcation for p; = 1.1 takes place for t > 120). The monitored scenario is a kind 
of modification of the Feigenbaum scenario (see Table 15.2). 

While investigating a shell with geometric parameters ky = ky = 12 forw, = 
5.7 < Wo the following scenario of transition from periodic to chaotic vibrations is 
observed. For the excitation amplitude 1.7999, the Fourier spectrum exhibits a pair 
of dependent frequencies w2 = Wp —@ (@ = 1.644, w2 = 4.36). For p; = 1.8 the 
Fourier spectrum consists already of two pairs of non-commensurable frequencies 
and one more frequency of a third pair with small amplitude (Table 15.3a). The 
increase of control parameter p; makes the Fourier spectrum noisy implying chaotic 
vibrations of the shell. The monitored wavelet spectra approve that the transition into 
chaotic vibrations is realized via the Pomeau—Manneville route. 

We pay more attention to the information obtained by the wavelet spectra. The 
wavelet spectra register frequency w; = 1.644 for p; = 1.81, but only in the initial 
time interval (Table 15.3b). This low information property of the applied apparatus 
is caused by the domination of excitation frequency over the remaining frequencies. 
However, this drawback is removed while constructing a wavelet spectrum with the 
frequency constrained. Namely, considering the interval of frequencies for w < 4, 
the mentioned phenomenon is now well reported (Table 15.3c). 
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Table 15.2 The Fourier S(w) and wavelet 2D spectra fork, = ky = 0,@, = w = 5.8, 
A= 1.1 


S(@) t <[0,286] S(o), t €[0,125] 
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The wavelet spectrum corresponding to the periodic Fourier spectrum (p; = 0.1) 
exhibits two pairs of linearly independent frequencies which are detected by the 
Fourier spectrum for p; = 1.81. Therefore, the frequency spectrum constructed on 
the basis of the wavelet transformation allows for the detection and monitoring of 
frequency characteristics of vibrations. 

The numerical simulation for the fixed parameters: ky, = ky = 24, @) = w = 
24.8 shows that a number of linearly dependent frequencies may increase not only 
due to the increase of a control parameter, but even for its fixed value (p; = 0.1) 
owing to the modified Ruelle—Takens scenario. Namely, in the interval t < 150 we 
have two pairs of frequencies w2 = W, — @ and @3 = Wp — Ws, where w, = 3.927, 
@2 = 20.873, w3 = 7.854, wy = 16.946. In time interval t € [150,250] the 
frequency ws = 10.21 appears which belongs to a third pair. Then the number of 
frequencies increases more in the finite time interval. The signal time evolution is 
well demonstrated by the 2D wavelet-spectrum in Table 15.4. 
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Table 15.3 Fourier S(@) and wavelet W(q) spectra for different p, 


a S(@) (p,; =1.81) b W(o) (p, =1.81) c Wa) (p, =0.1) 


6 : 50 100 150 200 250 50 100 150 200 250 
t t 


Table 15.4 Fourier S(w) and wavelet spectrum for k, = ky = 24, w, = wp = 24.8, py = 0.1. 
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15.9.3. Two-Layer Shell 


(i) Problem Formulation 


In this section we study a two-layer spherical flexible isotropic elastic shell 
with constant stiffness and density which is subjected to the action of harmonic 
longitudinal load (Fig. 15.45) (see [23]). The constant load g is applied only to the 
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Fig. 15.45 Computational 
scheme of a two-layer shell 
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upper shell layer. The layers move freely or slide without friction. Due to small 
values of the contact pressure, zones of permanent sticks rather do not occur. Contact 
conditions occurring between the layers can depend on the coordinates, and they 
include all possible cases of a one-sided contact. The hypotheses are the same as 
for the one-layer shell. The contact pressure function is excluded from a number 
of unknowns. The shell occupies the following space: Q) = {x1, yi, Zi|(%1, yi) € 
[0; a] x [0;b],z1 € [-Aishi]}; Qo = {x2, yo, Zo|(%2, y2) € [O;a] x [0;b],z~ € 
[hej hal}, 0 St < 00. 

The governing equations of the theory of flexible shallow shells [239] taking 
into account a contact between the layers [133] have the following non-dimensional 
form: 


ayy dw 
aa Vm — L Wins Fn) — Ve Fin + 4 K (Wy — he — Ww) = Fe + 0 Si, 
4 1 2 
Vin = En: Win) ~ ViWn> 
(15.164) 
where 
1 ot at ot 7 07 
Vi= i 2 » Ve = kin a tka zs 
Edt aye aye ie ye 
0 m 0? Fin a? m 0? Fin a? m 0° F, 
L(Wm, Fn) = — “ = “ 


dx2, dy2 dx2, dy2, xn IVm OXmOVm- 
1 : 
y= 5 [1 + sign (w; — hy — wo)]. 


Here w,, and F,, are the deflection and stress functions, respectively; m = 1, 2; 
K is the stiffness coefficient of the transversal contact zone. We have WV = 1, if w, > 
wz + hx, ie. contact between panels occurs, or VY = 0; w1,w2 denote deflection 
of the upper and lower panel, respectively. The following boundary conditions are 
attached: 
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a°w 0? F; 
m=0, a7 =0, A=0, a = py) for 2p— 0:1, 
1 
wy 0 F, 
w; = 0, =0, F, =0, = py (t) for y, =0,1, 
dy? dy? 
a 02 F. 
Ww = 0, a = 0 F,=0, a? =o for x2 =0,1, 
2 
aw Fr 
wo = YU, ye =0, &=0, 2 = Px(t) for y2= 0,1, 
2 2 


(15.165) 
where px, (t) = Pot pi Sin(@pt, Py, (t) = Po+ pz sin(wpt) denote the longitudinal 
loads. The initial conditions are as follows: 


Win (Xm Yn) |t=0 = Pi (Xm, Vm)s = 2(Xm; Ym). (15.166) 


Wm 
ot 

Equation (15.164) is transformed to non-dimensional using the following rela- 
tions: Xn = AXn, Vm = bYm3 kx, =k 2, = oe ae a 


Xx; yj y Xx, , 7 
m hy? “Ym Ym hy? m Tx? Ym Tym 4 


= Emhi, = ab Pm d i 


= poh = _ Pm — 4 F , 
Gm = Ym [rp Tm Fa i Bae where a,b are the dimensions of 


B? 
the rectangular cylindrical panel regarding x,, and y,, respectively; h,, denotes 
the shell thickness; g,, is the Earth acceleration; Pm» = Ymlm, where ym is the 
volume weight density; r,;,,, ry,, 18 the curvature radius of the shell regarding x,, 
and y, respectively. Furthermore, ¢ is time, €,, is the damping coefficient, 44 = 0.3 
is Poisson’s coefficient for the isotropic material, FE’, is the elasticity modulus, 
dm(Xx, y, t) denotes the transversal load, and K = Ki is the stiffness coefficient 
of the contact zone. Bars over non-dimensional quantities are omitted. 

In order to reduce PDEs (15.164) to ODEs we apply FDM (Finite Difference 
Method) with approximations O (c?) regarding spatial coordinates. The obtained 
Cauchy problem is solved via the fourth-order Runge-Kutta method. Simultane- 
ously, on each time step a linear system of algebraic equations is solved. 


(ii) Phase Chaotic Synchronization 


We introduce phase ¢ (ft) of a chaotic signal [188,199], with its frequency denoted 
as an averaged phase velocity (p()). There is no universal way to introduce the 
phase of a chaotic signal which gives correct results for an arbitrary dynamical 
system. Here, we apply wavelets to detect a regime of chaotic synchronization 
of mechanical dynamical systems with a badly defined phase. Dynamics of the 
mentioned systems can be characterized with the help of a continuous set of phases 
which are defined by a continuous wavelet transformation of the chaotic signal w(t) 
[147] in the following form 
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+00 
1 _ 
V(S.t0) = f WOW (Dd Vault) =H (2). 


where y,,,(¢) is the wavelet function, obtained from wavelet W(t), where (*) 
denotes a complex conjugate. Time scale s defines wavelet width, and fp is the time 
shift of the wavelet function along time axis. We take the Morlet wavelet of the 
form Wo(n) = a~'/4 exp (jaon) exp (—n°/2). Owing to the choice of m), = 27, 
we keep the s = 1/a ratio between time scale s of the wavelet transformation and 
the frequency w of the Fourier transformation. Therefore, the time scale s within 
the wavelet analysis corresponds to the frequency yielded by the Fourier analysis. 
The wavelet surface V(s,to) = | V(s,to)|exp(j¢s(to)) characterizes the system 
behaviour on each time scale s in the arbitrary time instant fo. Magnitude | V(s, fo) | 
characterizes the time scale s in the given time instant fo. Analogously is defined the 
phase ¢;(t) = arg V(s,t) for each time scale s. Therefore, behaviour of each time 
scale s is characterized by the corresponding phase ¢;,(f). 

If the structural members are out of the synchronization regime, their behaviour 
is asynchronous on all time scales s. If synchronization takes place on certain time 
scales, then the phase synchronization occurs. It is clear that firstly these time scales 
are synchronized where the largest system energy is transmitted via the wavelet 
spectrum. Consequently, the phase synchronization implies the phase locking in the 
synchronized time scales: | }s1(¢) — @s2(t) | <const, where ¢gi(t) and s2(t) are 
the continuous phases of the first and second shells respectively, corresponding to 
the synchronization of the time scales s. 


(iii) Numerical Experiment 


We consider nonlinear dynamics of the flexible two-layer shell (plate) with 
curvatures k,, = 0, ky, = 0, where the first plate is subjected to harmonic 
longitudinal load px, (t) = py,(t) = pisin(@,t), andw, = 5.6, K = 1.75 x 104. 
In the initial time interval 0 < t < 0.001 we apply the uniform and constant 
load of g = 0.001. The amplitude of excitation p; changes in the interval p; € 
(0.5; 0.5358), and the gap between panels is h,; = 0.5. The obtained time histories 
Wm(t) (Fig. 15.46), and phase portraits as well as Fourier spectra are shown in 
Table 15.5 for periodic vibrations for pj = 0.5. 


wm(t) 


Fig. 15.46 Signals w,,(¢) for periodic vibrations (p; = 0.5) 


600 15 Chaos and Synchronization 


Table 15.5 Fourier spectra and phase portraits (p; = 0.5) 


Upper plate Lower plate 


Table 15.6 Fourier spectra and phase portraits (p; = 0.534) 
[ Upper plate | Lower plate 


Se) 


WWE WT EMI EM 
YY VV YN 


VV VV V 


Fig. 15.47 Signals w,,(t) for periodic vibrations (p; = 0.534) 


Increasing the excitation amplitude implies the Hopf bifurcation. Table 15.6 pre- 
sents the power spectra (time histories are shown in Fig. 15.47) and phase portraits 
for the upper and lower plate obtained for pj = 0.534. Hopf bifurcations are easily 
recognized in the power spectra, whereas phase portraits exhibit two limit cycles. 

A further increase of the amplitude of the longitudinal load causes intermittency, 
i.e. periodic vibrations interacting with chaotic vibrations. Figure 15.48 shows time 
histories obtained for pj = 0.534. After an initial chaotic burst for 0 < ¢t < 100, 
time history w,,(t) becomes periodic (see Table 15.7). All characteristics besides 
the phase difference given in Table 15.7 hold for the upper plate. The Fourier 
analysis carried out in time interval ¢ € (100; 330) implies periodic vibrations. 
Then the system changes its dynamics in time. Power spectrum and phase portrait 
constructed for t € (330; 450) again exhibit chaotic vibrations. Further, for 450 < 
t < 532, the signal again becomes laminar. The phase difference shows that 
the frequencies synchronization of both plates takes place only on the excitation 
frequency. A further increase of the excitation amplitude increases development of 
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Fig. 15.48 Time histories of plate vibrations for py = 0.534 
Table 15.7 Time histories, phase portraits, power spectra and phase differences for different time 
intervals 
0<r< 100 100 <r<330 | 330<t<450 | 450<r< 532 


Time history w,(t) 


Phase portrait w,(W,) 
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Table 15.8 Time histories, phase portraits, power spectra and phase differences for gq; = 0.15, 


Wp = 8.4 
‘ cog oe Power spectrum Power spectrum 
pene tny (upper shell) (lower shell) 
w 
F(@) 
0 -5 
L 
500 505 t 7 7 
Phase portrait Phase portrait 
(upper shell) (upper shell) 
Ww Ww 
ae 0.505 
4 
05 0.5 
-1 0.495 
5 0 w’ —0.2 0 w’ 


the intermittency effect. Therefore, our mechanical signal exhibits a transition from 
periodic to chaotic vibrations via the classical Pomeau—Manneville scenario. 

Next, we investigated a two-layer shell with k,, = 12, k,, = 12, the first 
shell being subjected to the periodic load p,,(t) = py,(t) = pi sin(@pt), where 
Wp = 8.4, K = 1.75 x 10*. In the initial time interval 0 < t < 0.001 we applied the 
transversal constant load with g = 0.001. The amplitude of excitation p; is changed 
in the interval p; € (0.15; 0.178), and the gap between shells is hy = 0.5. Similar 
characteristics as in the previous case are shown in Table 15.8 for py = 0.15. In 
the time instant of a contact between the shells, the first shell continues to vibrate 
periodically. Power spectrum of the first shell has one frequency w,, whereas in the 
power spectrum of the lower shell two frequencies w; = 0.41724, w3 = 2.1476 
and the linear combination of @, @2 = 2m, = 0.83448 appear. Phase portraits well 
coincide with the power spectra. Phase portrait for the upper (lower) shell presents 
a limit cycle (torus). The phase difference shows that the action of small pressure 
on the lower shell implies its vibration asynchronously with the upper shell (black 
(white) color corresponds to synchronous (asynchronous) vibrations). 

A further increase of the excitation amplitude up to py = 0.177 (Table 15.9) 
yields shell vibrations of the same frequencies. In the power spectrum of the upper 
shell one independent frequency w, = 0.41724 appears, and the linear combination 
of @, is @ = 2a, = 0.83448, wo, = 3a, = 1.25172. Power spectrum of the 
upper shell does not have the frequency w3. Phase portraits of both plates show 
tori. Chaotic synchronization of the frequencies takes place only on the frequency 
of excitation w,, and synchronization (black areas) appears in the interval of 6 < 
@ < 10. This is confirmed by the character of their simultaneous vibrations. 

A further increase of pj = 0.178 (Table 15.10) forces the system to reach 
chaos. Power spectra exhibit broad band regions, and phase portraits exhibit black 


Xm 
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Table 15.9 Time histories, phase portraits, power spectra and phase differences for g; = 0.177, 
Wp = 8.4 


Power spectrum Power spectrum 


Time history (upper shell) (lower shell) 


Phase portrait Phase portrait 
(upper shell) (lower shell) 


Table 15.10 Time histories, phase portraits, power spectra and phase differences for gj = 0.178, 
Wp = 8.4 


Power spectrum Power spectrum 


Time histories (upper shell) (upper shell) 


Phase portrait Phase portrait 
(upper shell) (lower shell) 
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areas. Synchronization has only a local-timing character and is associated with the 
excitation frequency. Therefore, transition into chaos takes place for the upper and 
lower shells within the different scenarios: the upper shell exhibits Ruelle-Takens— 
Newhouse scenario. 

In conclusion, the studied simply supported shells being harmonically excited 
along its perimeter exhibit mainly subharmonic vibrations with the frequency w,/2. 
The analysed vibrations are mainly transitional exhibiting sequences of bifurcations 
typical for the classical scenario of transition from regular to chaotic vibrations. 
In addition, we have reported the modified scenarios, where the qualitative change 
of system vibrations appears in time, i.e. in the illustrated modified Feigenbaum 
scenario bifurcations appear for the fixed values of the control parameters. The 
modified Ruelle—Takens scenario stands for another example, where the increase 
of a number of dependent frequencies takes place in time. 

The second part concerns dynamics of a two-layer flexible isotropic elastic shells 
harmonically excited taking into account the contact interaction between them. In 
particular, various phase chaotic synchronizations have been detected and studied. 
We have also reported different scenarios of a transition from periodic to chaotic 
vibrations of both interacting shells, among others. 
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